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This thesis is meant to be an introduction to the theory of quantum groups, a new and
exciting field having deep relevance to both pure and applied mathematics. Throughout
the thesis, basic theory of requisite background material is developed within an overar-
ching categorical framework. This background material includes vector spaces, algebras
and coalgebras, bialgebras, Hopf algebras, and Lie algebras. The understanding gained
from these subjects is then used to explore some of the more basic, albeit important,
quantum groups. The thesis ends with an indication of how to proceed into the deeper

areas of the theory.
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Chapter 1

The Advent of Quantum Groups

1.1 Introduction

At the writing of this thesis the theory of quantum groups is a young and burgeoning
area of study. The excitement surrounding the theory is due to its implications for
both pure and applied mathematics. My particular interest in the subject was aroused
on both accounts. I was actually introduced to the concept while reading a book on
the mathematical structure of quantum mechanics. Given my affinity for both pure
mathematics and mathematical physics, quantum groups was a very clear choice for
me. And what aspiring mathematician wouldn’t be thrilled to participate in a new and
exciting area of research? This, however, is a double edged sword since although there is
a lot of potential for one to contribute, brand new mathematical ideas are generally very
involved, complicated, abstract and just plain difficult. They are built on and blossom
from deep, as well as broad, mathematical ideas. One cannot hope to simply dive in,

but needs a diverse wealth of mathematical background just to get started.

Suffice it to say, this is what I very clearly discovered while writing this thesis and, to
a large extent, is why it turned out so long. Even despite the length, I was only able
to address the very basics of the theory. Nevertheless, the study was most worthwhile
and enlightening, giving me occasion to greatly expand my mathematical knowledge and
understanding as well as deepen my understanding of what I was taught in my course
work. It is my hope that the reader will gain a similar benefit from exploring this thesis

and will appreciate the beauty of this most fascinating subject.
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1.1.1 Basic Description

To some extent, quantum groups almost sound like science fiction, especially given the
weirdness surrounding the discoveries of quantum physics. So, just what are these
exciting new structures called quantum groups? It’s always good to be honest at the
outset of a significant undertaking. With that said, the reader might be disappointed
to learn that there is no rigorous, universally accepted definition of the term quantum
group. However, this has not prevented the development of a rich, powerful and elegant
theory with an ever broadening horizon of application. Interestingly, there is also a
significant collection of examples for which mathematicians in general can say, “Yeah,
that’s a quantum group.” The situation is reminiscent of the more common difficulty of
defining terms like “love”. Nevertheless, we can often identify very clear examples. This
is not to say that identifying quantum groups is merely a matter of judgement, but only
that there are several fruitful and fascinating approaches to the subject which lead to
broadly similar structures. For instance, one might take a purely algebraic approach or
one might view the matter from a functional-analytic perspective. What is universally
agreed upon is that the underlying ideas of quantum groups are (a) algebraic and non-
commutative geometry, (b) deformations of “classical” objects and (c) the category of
quantum groups should correspond to the opposite category of the category of Hopf
algebras. These will become clearer in the next section when we explore the relatively

short history of this exciting area of study.

The name quantum group is actually something of a misnomer, since they are not really
groups at all. In light of (c) above, one common interpretation of quantum groups is
that they are a particular kind of Hopf algebra, which one can intuitively think of as
a structure rich generalization of a group. In general, a Hopf algebra may or may not
be commutative or cocommutative. By a “special kind”, then, we mean that quantum

groups are Hopf algebras of the non-commutative and non-cocommutative type.

Now, there are several ways to understand how quantum groups generalize standard
groups. First, the reader might recall that groups have a strong affiliation with symme-
tries. That is to say, groups can be thought of as collections of transformations which
act on other objects. Quantum groups also possess this ability to act on structures. The
difference, however, is that whereas all transformations in a group are invertible, such is
not the case with quantum groups. Thus, with groups, it is always possible, by defini-
tion, to define an inverse map on the group in question and in case the group is abelian
the inverse map becomes an automorphism. For quantum groups one has a similar,
albeit weaker, version of an inverse mapping. This mapping is called an antipode and,

unlike an inverse mapping, it is not required that the antipode applied to itself be the
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identity. Instead, only certain linear combinations become invertible. This is referred to

by [1] as a “non-local linearized inverse”.

Even though the antipode is a relaxed version of the inverse, some remarkable proper-
ties are preserved in the generalization from groups to quantum groups. For instance,
[1] notes that like groups, quantum groups can act on themselves in an adjoint rep-
resentation. Also, the antipode, like the inverse, provides a corresponding conjugate

representation for every representation of a quantum group.

In this thesis we shall see extensive use of a very important concept in many areas of
mathematics called the tensor product, which is, in essence, the most general bilinear
operation possible. This provides a second way of understanding how quantum groups
generalize regular groups. Specifically, representations of groups are known to admit
a tensor product. This holds for representations of quantum groups as well. As be-
fore, however, there are some underlying modifications that come with this due to the
greater generality of quantum groups. Naturally, physicists probably lean toward this

understanding of quantum groups given the prevalence of tensors in the field.

Yet another way of understanding quantum groups is as self-dual objects. For instance,
Hopf algebras have the property that their dual linear spaces are also algebras. This view
has natural applications in physical quantum theory. Similarly, the notion of a quantum
group as a sort of non-commutative geometry is essential to quantum field theories. To

aid in our understanding of what this all means let us start from the beginning.

1.2 Background

One of the “miracles” of reality is that it appears to be “written” in the language of
mathematics. It is not a rare occasion that a bit of mathematics is developed with
no physical application in mind, yet sometime later finds itself as an indispensable
description of some aspect of our universe and its workings. However, this is not a one
way street. It can also happen that scientific undertakings inform our mathematics,
inspiring new ideas about what is or may be possible. The theory of quantum groups
happens to be an occasion of this. Their birthplace is in the work of theoretical and
mathematical physics, it being no accident that the adjective “quantum” suggests a
strong kinship with quantum mechanics in particular. Let us begin therefore with a

synopsis of the transition from classical to quantum mechanics.

The quantum revolution began in the 1920’s. Without plowing through the details of
the various experiments which called out for a complete overhaul of our understanding

of reality, suffice it to say that the intuitive heritage built and handed down to us
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failed miserably when applied at the atomic level. Our goal here will be to survey the
accompanying mathematical shift, which ultimately led to the advances in mathematics

considered in this thesis.

1.2.1 The Mathematical Structure of Classical Mechanics

A large part of physics involves studying physical systems and how they evolve over
time. Toward this end, one considers the phase space of a physical system which is a
manifold consisting of points representing all possible states of a particular system. Each
state/point P is described by a set of canonical variables {p, ¢} where p = (p1, ..., p) and
q = (qi,...,qn). Physical quantities that can be measured (e.g. position and momentum)
are called observables of the system and refer to polynomials in p,q along with real
continuous functions f(p, q) on the phase space. The important mathematical structures
studied in this context are the theory of functions and first order differential equations

on phase space manifolds.

Arising out of this is an algebra of observables or, more precisely, these observables give
rise to an abelian algebra A of real (or more generally complex) continuous functions
on the phase space. One of the immediate downfalls of this approach is the erroneous
assumption that the canonical variable can be measured with infinite precision, hence
the identification of a state with a unique point. What we have so far described, then,
is merely an idealization. In practice, infinite precision cannot be obtained which means
that there is always a measure of error involved. This leads to statistical mechanics
which deals with probability distributions rather than strict points. What exactly this
means and/or entails, however, is irrelevant to this thesis. The important issue is that

the associated algebra and hence geometry in the classical case is commutative.

1.2.2 The Mathematical Structure of Quantum Mechanics

The gist of quantum mechanics is that observables can only be measured with finite
precision. For instance, if one wants to measure the position of an electron with greater
and greater accuracy, then more energy must be inserted into the system which inevitably
changes its momentum. Ultimately, this means that there is a tradeoff in how accurately
one can measure both position and momentum simultaneously. This idea is summarized
by the now famous Heisenberg uncertainty relations. The resulting implication is that
it matters in what order one measures observables like position and momentum, which

is characterized by the Heisenberg commutation relations

qipk — Prq; = 1hd;1
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where 1 is the multiplicative identity of the algebra, ¢;; is the Kronecker delta function
and £ is Planck’s constant. The implications of this simple commuting relation are
enormous. It essentially says that the foundations of reality require a non-commutative
language and that the so called classical mechanics can be viewed as a limiting case.
That is, the algebra of observables becomes commutative as A — 0. In this sense, then,

we can think of the quantum case as a particular deformation of classical mechanics.

Of course, the above is a monumental simplification of the transition from classical to

quantum mechanics. For those interested in a more in depth treatment see [2] and [3].

1.2.3 Quantum Groups Emerge

Fast forward to the early 1980’s. One of the problems of interest was understanding
exactly solvable models in quantum mechanics, which involves integrable systems. Two
key tools for this area of study are the quantum inverse scattering method and the
quantum Yang-Baxter equation. From this emerged the first quantum group to be
written down, namely the quantum analogue or g-analogue of SU(2) which is the special
unitary group of degree 2 consisting of all 2 x 2 unitary matrices with determinant 1.

Unitary matrices are such that for any matrix U € SU(2)
vt =UU =1

where UT indicates the conjugate transpose of U. The key participants were Kulish,
Reshetikhin, Sklyanin, Takhtajan, and L.D. Faddeev working with quantum inverse
scattering to study integral systems in quantum field theory. In short, the quantum
inverse scattering method is a means of finding exact solutions of two-dimensional models
in quantum field theory and statistical physics. While inverse scattering was central to
the development of quantum groups, the details are a bit physics heavy. The reader is
therefore referred to [4] for more details regarding the physical theory behind inverse

scattering.

Though the g-analogue of SU(2) was the first discovered quantum group, it was not
known as such. The actual name “quantum group” was coined by V.G. Drinfel’d in 1985
who, along with M. Jimbo, also did extensive work in the area of integrable systems.
At first, quantum groups were understood to be associative algebras whose defining re-
lations are expressed in terms of a matrix of constants known as a quantum R-matrix.
Universal R-matrices are also attributed to Drinfel’d. In the same year, Drinfel’d and
Jimbo independently observed that these algebras are really Hopf algebras. Hopf alge-
bras themselves were not novel at this time, but were introduced in the 50’s and since

the 60’s have been examined in depth. While the language of Hopf algebras has more
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than proved useful, the important feature of these particular Hopf algebras is that they
are deformations of universal enveloping algebras of Lie algebras as well as classical
matrix groups. This gives an idea behind the motivation of the term quantum group,
since it closely resembles the notion of quantum mechanics as a deformation of classical
mechanics. Drinfel’d introduced this new object along with ground breaking examples
at the International Congress of Mathematics in 1986. Not long after, non-commutative
deformations of the algebra of functions on SLy(C) and SU(2) were independently con-
structed by Yu. I. Manin and S.L. Woronowicz.

These deformations were originally intended to aid in the construction of solutions to
the now famous Yang-Baxter equation. This equation is of significant importance to
modern theoretical physics. In fact, it can very well be considered the basis of quantum
group theory [5], since solutions to the Yang-Baxter equation provide a starting point
for the quantum inverse scattering method [6], which, as mentioned above, is what led
to the discovery of quantum groups in the first place. Today, it is believed that quantum
groups provide the necessary framework for solving the holy grail of physics, namely the
unification of quantum mechanics with gravity. This alone makes quantum groups an

appealing and intriguing area of study.

Since their inception, however, quantum groups have graduated from their physics nurs-
ery to have far reaching effects in pure mathematics. For instance, quantum groups have
asserted their influence in such areas as category theory, representation theory, topology,
analysis, combinatorics, non-commutative geometry, symplectic geometry and knot the-
ory to name a few. The rapid growth of this theory unfortunately means that this thesis
will have to refrain from commenting on most of these fascinating applications and focus
on a very narrow slice of the theory. The goal is to present a sufficient algebraic basis
for entering this exciting world which is pregnant with possibility and has a richness of

theory promising to lead to ever greater discoveries.

1.3 Overview of Approach

Now that we have some idea of where quantum groups came from and their usefulness,
it will be good to lay out a general schematic for this thesis. As mentioned above, the
course followed in this thesis is algebraic in nature. We shall therefore embrace the view
adopted by [7] and [1]. Chapter 2 is meant to be something of a review of essential
structures such as vector spaces and modules, but we will also develop some specifically

important concepts such as the tensor product and duality.
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Beginning in Chapter 3 the material will very likely become less familiar. We introduce
the notion of an algebra along with the dual notion of a coalgebra. Some basics of
their theory will be considered, but the primary focus will be on the connection between
them. This will lead us to Chapter 4 where we first consider bialgebras, which are a
precursor to Hopf algebras. Since quantum groups are considered to be a special class
of Hopf algebra the greater portion of Chapter 4 endeavors to introduce the theory of
Hopf algebras in general, elucidating their unique features and providing a survey of
notable results. Admittedly, Chapter 4 is heavily focused on theory, but three central
examples of Hopf algebras will be considered to facilitate understanding, namely the

group algebra, GL(2) and SL(2), the latter two being related.

A large part of quantum group theory involves Lie groups and Lie algebras. Chapter
5 therefore takes something of a detour to explicate this important facet. While Lie
groups are especially relevant to the origin of quantum groups, emphasis is placed more
heavily on Lie algebras, since Lie groups lead into analytic methods, while Lie algebras

lead into algebraic methods, the latter coinciding with our approach.

Chapter 6 finally introduces the reader to the quantum setting with an invitation to
the quantum plane, which is a nice and simple example of a deformation of a classical
object, in this case the affine plane. Certain features, such as a quantum calculus, are
briefly discussed. In this chapter, the reader will also meet two well known examples
of quantum groups which act and coact on the quantum plane. These are GL,4(2) and
SL4(2), which the reader may have gathered, are deformations of GL(2) and SL(2)

respectively.

As a grand finale, Chapter 7 gives the reader a taste of the more involved quantum
groups. In particular, U,(s[(2)) is examined, which draws heavily upon material from
Chapter 5, but also calls upon Chapter 4. Again, the central idea is deformation. Ties
will also be made to material in Chapter 6 regarding the action of this quantum group

on the quantum plane and its duality with SLg(2).

Below is a category diagram, which provides something of a “road map” for our ensuing

investigations.
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Set
J
Vec
/
Coalg
/
BzAlg
Lie Hop ¥ (Q.G.)
/ \
FinSet 3 A H<_ . FinGp
FI1GURE 1.1

At this point the connecting arrows have been left blank to reduce clutter and confusion.
As we progress, the goal will be to illuminate and examine these connections in order
to gain a sufficient understanding of the objects residing in (Q.G.), namely quantum

groups.

It is hoped that, at worst, the reader finds this thesis an interesting read, but more
optimistically an inspiration to immerse his/herself ever deeper into this challenging
and exciting area of research and study. Because of its nascent status there is still much
to be discovered. But every journey of discovery needs a place to start so let us begin

this journey together and uncover the foundations of quantum group theory.



Chapter 2

The Basics: Vector Spaces and
Modules

Though there are several approaches to quantum groups, it is best to first take stock of
and understand the essential ingredients that go toward the theory. In this chapter we
introduce and develop some of these basic or foundational concepts required for grasping
the theory of quantum groups. Although the reader is hopefully acquainted with much
of this material, the aim will be to provide a sufficient refresher as well as to extend the
reader’s understanding so that the later, more difficult concepts are not so opaque. The
main focus of this chapter will be key aspects of the theory of vector spaces, especially
the development of the tensor product which will be heavily used throughout. A cursory
treatment of modules is also given since, while not of primary importance, they do show

up in some important areas of consideration.

2.1 Vector Spaces

Central to our study is the familiar notion of a vector space. It will be assumed that the
reader possesses a working understanding of these objects, but some time will be taken
to establish some of the more abstract areas of the theory. Let’s begin by agreeing on

some notation.

As a matter of common knowledge, vector spaces come with arrows, morphisms or maps
which allow one vector space to be transformed into another. Apropos, we call these

linear transformations.
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Definition 2.1 (Linear Transformation). Let V and W be vector spaces over a field x.

A function 7 : V. — W is a linear transformation (or linear morphism) if
T(Au + yv) = A1(u) + y7(v)

for all scalars A,y € k and all vectors u,v € V. The set of all linear transformations
from V to W is denoted by L£(V,W) or hom,(V,W). In this last case, the s is often
suppressed if there is no danger of confusion. A linear transformation 7 € L(V, V) (or
hom,(V,V)) is called a linear operator on V and the set of all linear operators on V is
usually abbreviated to £(V'). Alternatively, we can think of linear operators on a space

V' as endomorphisms and so it is also common to write End(V).

A result which is often useful is that hom(k, V) = V for any vector space V. Note that
f € hom(k, V) is determined by what it does to 1 € k. So, if {v;}scs is a basis for V,
then let 9; € hom(k, V') be the map 0;(1) = v;. The set {0;}ier thus forms a basis for

hom(k, V') and from this the isomorphism follows.

While linear transformations are generally important, we will be particularly interested

in a special kind of linear transformation known as a linear functional or linear form.

Definition 2.2 (Linear Functional). Let V' be a vector space over k. A linear transfor-
mation f € L(V, k), whose values lie in the base field x is called a linear functional (or

functional) on V. The space of all linear functionals on V' is denoted by V*.

One reason linear functionals are important is because for any vector space V there is
a corresponding dual vector space V* := hom(V, k). Addition and scalar multiplication

are given as follows

(f+9)(x) = f(z) + g(x)
(Af)(x) = Af(=)

for all f,g € V*,z € V and A € k. Besides “linear functionals”, the vectors of V* are

sometimes referred to as covectors or one-forms.

Right away we hit upon a crucial idea and theme in the study of quantum groups, namely
duality. The idea of duality in mathematics is pervasive, but nuanced. Crudely speaking,
a duality indicates a kind of complementary relationship between two “objects” where
results concerning one object translate into “complementary” results for the dual object.
It is also often the case that dual objects possess similar or complementary structures.
In this context, we can gain some insight as follows. If V is a vector space over a field

k with basis {v;}icr, then for each basis element v; we can determine a corresponding
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covector v; € V* which is defined by
v (vj) :== 0;; [Kronecker map]

The set {v}}ier has the property of being linearly independent. This can be seen by
applying

*
0=a4v; +...+a,vi,*

to a basis vector v;, , which yields
n
0= Z a,-jv;‘j (viy,)
j=1

n

= g a;;0i; iy
Jj=1

= aik

for all 4. When V is finite dimensional, then {v}} is a basis for V* called the dual basis
of {v;} and V = V*. This is not a natural isomorphism, but depends on the choice of
basis. There is, however, a natural isomorphism between V and the double dual V**
when the dimension of V' is finite. For details see [8]. We’ll revisit this after introducing

the tensor product. Later, we’ll consider duality from a more categorical perspective.

Now that we have an understanding of the dual of a vector space, we introduce an
important map known as the transpose of a linear map, which relates vector spaces with

their duals.

Definition 2.3 (Transpose of a Linear Map). Let V and W be vector spaces over a
field x with V* and W* their respective dual vector spaces. If f : V — W is a linear
map, then the transpose of f, (usually) denoted by f*, is the linear map f*: W* — V*
defined by

[ (¢)i=¢of
V»LW»&F;

This type of map will make regular appearances throughout this thesis. For now, how-

ever, let us give due consideration to some other useful concepts.
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2.1.1 Direct Sums

Generally, whenever we have a particular mathematical object of interest it is useful to

determine in what ways new objects of this type may be constructed out of old ones.

One common means of doing this is via a direct sum. There are two equivalent ways of
looking at a direct sum. One is called the external direct sum, while the other is referred

to as the internal direct sum. They are defined as follows:

Definition 2.4 (External Direct Sum). Let A be an indexing set and V,, with a € A,
be a collection of vector spaces over a field x. The external direct sum of this collection,
denoted by

V= [+]aeaVa

is the vector space V whose elements are sequences indexed by A.
V = {(va)aeA : Vo € Vo, Va € A and almost all v, = 0}

The condition “almost all v, = 0” means that v, = 0 for all but a finite number of a.

Operations are component-wise.

Definition 2.5 (Internal Direct Sum). Let V' be a vector space. We say that V is the
internal direct sum of a family of subspaces F := {S, : « € A} of V if every vector v € V
can be written uniquely (up to order) as a finite sum of vectors from the subspaces in
F, that is, if for all v € V,

V=Ul+ ...+ Uy

where u; € S, for a set of distinct oy; € A and furthermore, if
V=W + ...+ Wy

where w; € Sg, for a distinct set of 8; € A, then m = n and appropriate reindexing

yields that a; = §; and w; = u; for all ¢. If V' is the internal direct sum of F, we write

vz@sa

a€el

and refer to each S, as a direct summand of V.

Note, in particular, that if 5 = {v1,...,v,} is a basis for V, then V' = @, Span(v;).

Although superficially different, an internal direct sum is isomorphic to its corresponding
external direct sum, and therefore, we merely refer to the direct sum without qualifica-

tion. We will adopt the symbol “®” in general, since the internal form is often most
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useful. Even so, the question might naturally arise as to why we need a new summation
symbol at all. Why not just use sigma notation? The answer to this is that the symbol
“@” conceptually captures more than just summation. We illustrate this in the following

theorem.

Theorem 2.6. A vector space V is the direct sum of a family F = {Sy : a € A} of

subspaces if and only if

1. 'V is the sum of the S,

V= Z So  (i.e. the Sy span V')
a€cl

2. For each o € A,

Sa N (Z Sg) ={0} (i.e. the S,’s are independent)
Ba

Proof. Suppose that V is the direct sum of a family F = {S, : a € A} of subspaces.
Then by definition (1) must hold. To show that (2) holds, let

veSun (Y )

BFa

Then it must be that v = u, for some u, € S, and
v=1ug +...+ug,

where B # a,k € {1,...,n} and ug, € Sg, for all k. But this says that v is expressible
in two ways and therefore the uniqueness of v forces both to be zero. Hence (2) holds

as desired.

Conversely, suppose that (1) and (2) hold. Then we need only establish uniqueness of
expression. Suppose

V=1Uy + ...+ Uq,

and

U:t51+...—|—tﬂm

where u,, € Sq, and tg, € Sg,. By adding in the appropriate number of zero terms
we can equalize the indexing sets so that we just have the indexing set {1, ...,7,}. We
therefore have

V= 1Uy ... 4 Uy,
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and

v=1ty +...+ 1y
Subtracting yields

(Uyy —ty) + oo+ (uqy, —1,,) =0

If we solve for any (u,, —t5,) € Sy,, we will then have that this element is a sum of
vectors from subspaces other than S, , which by (2) means that u,, —t,, = 0 and hence
U, = tq,, for all 7. We therefore have that v is unique and V is the direct sum of
F. O

2.1.2 Quotient Spaces

It is well known that new vector spaces can also be constructed as quotient spaces.
We need not say more than this, but two results concerning quotient spaces are worth
mentioning. The first concerns something called a universal property of quotient spaces

and the second is the familiar First Isomorphism Theorem.

Theorem 2.7. Let S be a subspace of V and let 7 € L(V,W) satisfy S C Ker(t). Then

there is a unique linear transformation 7' : V/S — W with the property that
/
T omg =T

where Tg is the canonical projection of V to V/S. Moreover, Ker(1') = Ker(7)/S and
Im(7") = Im(7).

This universal property can be pictured in the following diagram:

Vv
TS -

v/S

Essentially, it says that 7 € L(V, W) can be factored through the canonical projection

TS.

Theorem 2.8 (The First Isomorphism Theorem). Let 7:V — W be a linear transfor-
mation. Then the linear transformation 7' : V/Ker(t) — W defined by

(v + Ker(r)) = 7(v)
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1$ injective and

V/Ker(t) = Im(T)

Since these results are well known in the theory of vector spaces, and more generally for
modules (see below), we shall omit the proofs here and simply take them for granted.

The interested reader, however, can find proofs for both of these theorems in [8].

2.1.3 Tensor Products

The tensor product can safely be deemed one of the most important foundational con-
cepts to quantum groups. Like direct sums, tensor products provide another very useful
way of creating new vector spaces out of old ones. More than this, we shall see that the

tensor product often provides a means of creating a new object out of old ones.

Central to the notion of tensor products is bilinearity. To really understand what the

tensor product is we build it from the ground up. The motivation proceeds as follows.

Definition 2.9. Let U, V and W be vector spaces over k. Let U x V be the cartesian
product of U and V as sets. A set function f : U x V — W is bilinear if it is linear in

both arguments separately, that is, if
flru+ su',v) =rf(u,v) + sf(u,v)

and

flu,rv+ sv') = rf(u,v) + sf(u,v)

The set of all bilinear functions from U x V' to W is denoted by hom,(U,V;W) ( or
hom® (U, V; W)). A bilinear function f : U x V — &, with values in the base field, is

called a bilinear form on U x V.

The motivation for defining tensor products is to have a universal property for bilinear
functions, as “measured” by linearity. The key is to define a vector space T and a
bilinear map ¢t : U x V' — T so that any bilinear map f with domain U x V can be

factored uniquely through ¢ in accordance with the commuting diagram:

tbilinear
UxV ————T
Tlinear

}M
w
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which just says that any bilinear map f: U x V — W can be factored in the form
f=T1ot

where t is fixed and 7 is a linear map depending on the chosen f. Athough this compo-

sition involves a linear map and a bilinear map, the composition is bilinear since

(Tot)(ru+ su',v) = 7(t(ru + su',v))
= 7(rt(u,v) + st(v',v))
= r7(t(u,v)) + st(t(u',v))
=r(tot)(u,v) + s(tot)(u,v)

The second argument is similarly shown to be linear.
Let us now state this as a formal definition.

Definition 2.10 (Universal Pair for Bilinearity). Let U x V' be the cartesian product
of two vector spaces over k. A pair (T,t: U x V — T) where T is a vector space and t
is bilinear, is universal for bilinearity if for every bilinear map g : U x V. — W, where W
is an arbitrary vector space over k, there is a unique linear transformation 7 : T' — W
for which

g=Tot

Having a definition is one thing, but it remains to be seen that there exists such a
universal pair for bilinearity within the “universe” of vector spaces. There is more than
one way to demonstrate this existence. We shall explore two such methods. The first is
much more constructive in nature, while the second is of a more abstract essence, using

quotient spaces.

First Proof of Existence. Let {u;}icr be a basis for the vector space U and {v;};cs a
basis for the vector space V. Define a map t on U x V' to the set of formal images of ¢

by assigning a formal image to each pair of basis elements. That is,
(Ui, /Uj) = t(ulv /U])

In order that ¢ look more like a function we devise the formal notation u; ®v; to represent
this image. Thus

t(us, v5) == u; ® v;

This is called the tensor product of u; and v;. Note that, in some sense, this is only a

pseudo-product, since u; ® v; is not in either U or V. In fact, even if we took u;,u; € U
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we still find that u; ® u; ¢ U. Instead, we define a new vector space 1" having formal

basis {u; ® vj}(; jyerx.- A generic element will thus have the form:

D Ailug, @ vg,)
=1

We then extend our map t by bilinearity, and this makes ¢ unique, since bilinear maps

are uniquely determined by what they do to the “basis” pairs (u;,v;).

For this reason too, if g : U x V. — W is a bilinear function, then the condition that
g = T ot is equivalent to

T(u; ® vj) = g(u;, vj)

where 7 is the linear map 7' — W we are constructing. And because {u; ® Uj}(z‘,j)e IxJ
is a basis of T" this also uniquely defines a linear map 7 : T — W so that (7',¢) is indeed

universal for bilinearity.

Also, if u= 737" \ju; € U and v = 377" | v;0; € V then we have

u®v = t(u,v) (2.1)
= t(Z)‘iui’Z7jvj> (22)
i=1 j=1
= Z Xivj(u; ® vj)  [using bilinearity of ¢] (2.3)
4,3

As a matter of notation, we denote the vector space T by U ® V and call it the tensor
product of U and V. Here, the element u ® v of U ® V is known as a pure tensor. A

generic element of U ® V' will actually be a finite sum of pure tensors. O

Although this way of defining U ® V is straightforward, it has the disadvantage of
requiring a choice of a basis for U and V. The next method of defining U ®V circumvents

this drawback quite elegantly.

Second Proof of Existence. Let Fyxy be the free vector space over F' with basis U x V.
Let S be the subspace of Fyyxy generated by all vectors of the form

r(u, w) + s(v,w) — (ru + sv,w)
and

r(u,v) + s(u,w) — (u, rv + sw)
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where r, s € F and u,v and w are in the appropriate spaces. Now consider the quotient

space
Fuxv

S

Quotienting out by S thus gives the necessary bilinear relations and it is this space that

we define to be the tensor product of U and V -i.e. U® V. A typical element will have

the form:

Z )‘(u,v) (uv U) + 5= Z )‘(u,v)[(uv 1)) + S]

(u,0)eUXV (u,0)eUXV

where all but a finite number of A(, ) = 0. But because
AMu,v) — (Au,v) € S and A(u,v) — (u, \v) € S
we have that

)‘(u,v) (u> ’U) + 5= ()‘(u,v)ua U) + 5
= (u7 A(u,v)v) +S

which allows the scalar to be absorbed and we may simply write the elements of U ® V'

> [(u,v) + 5]

If we denote (u,v) + S by u ® v, then the elements of U ® V' are simply

Zu@v

In this case the function ¢ : U x V — U ®V is just the canonical map and will be bilinear

due to the fact that we are quotienting Fyrxy out by S.

With this way of defining tensor products we now want to show that the pair
UeVt:UxV ->UV)

is universal for bilinearity. Consider the diagram given below.
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t
T T
UxV Fyxv UV
f | /,// T
w e

We want to show that any bilinear function f factors through ¢. Note that t = m o j,
where j is the inclusion map and 7 is the canonical projection map. Since U x V is a

basis of Fyxy, there is a unique linear transformation
o:Fywy — W

which extends f, i.e. coj = f. This follows from the universal property of vector spaces
(see [8]). Furthermore, since f is bilinear and o is a linear transformation which extends

f, then o will send the vectors generating S to zero. For instance,

o(r(u,w) + s(v,w) — (ru+ sv,w)) = o (rjlu,w) + sj(v,w) — j(ru+ sv,w))
=ro(j(u,w)) + so(j(v,w)) —o(j(ru+ sv,w))
=rf(u,w) + sf(v,w) — f(ru+sv,w) =0

The linearity of the second argument is similarly shown. Thus, S C Ker(o) and hence,
by Theorem 2.7, there is a unique linear transformation 7 : U ® V. — W for which
7om = o and therefore

Tot=Tomoj=co0j=f
Now suppose that there is 7/ such that 7/ ot = f. Then ¢/ = 7/ o 7 satisfies
doj=7omoj=70ot=f
But the uniqueness of o implies that ¢/ = o, which in turn implies that
Tor=0=0c=7o0nm
and the uniqueness of 7 implies that 7/ = 7. ]

The key result here is that bilinearity on U x V is just linearity on U ® V. That is, there

is an isomorphism

hom(z)(U, VW)= LU ®V,W) as abelian groups
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These two seemingly different definitions of a tensor product are equivalent. In fact,
any two models or constructions of the tensor product are isomorphic. To see this, let
U ®;V and U ®, V be tensor products resulting from Definition 2.10. Consider the

following diagram:

UxV
t | t
/ ) \
T1 l T2
U1V ----------- » U ®oV - ------ - - » U 1V
\\\\\\\ . ’(’/,//

In the diagram, ¢; and ¢y are the associated bilinear maps. 71 is the unique linear mor-
phism given by the universal property of (U ®1 V,1). T2 is the unique linear morphism
using the universal property of (U ®2 V,t2) and 73 is the unique linear morphism again
given by the universal property of (U ®; V,t1). Observe, however, that we can simply
take 73 to be the identity morphism on U ®; V - i.e. 73 = idyg,v, or we can take

73 = 79 o 71 and then, by uniqueness

dyg,v =m0

By a symmetric line of reasoning, if we switch the roles of ¢; and to we also get that
T1 0Ty = idU®2V

This shows that U @1 V =2 U ®3 V' and establishes, more generally, that any two models
of U ® V will be isomorphic.

Next, we consider some important results concerning certain isomorphisms.

Corollary 2.11. For any triple (U, V,W) of vector spaces, there is a natural isomor-
phism of abelian groups
LOeV,W)=L{U,LV,W))

Proof. Recall that
hom (U, V; W) = L(U @ V,W)

Ifp e hom(2)(U, V;W)and u € U, then p(u, —) € L(V,W). Consider, then, the additive
mapping
Q=9
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where ¢ : U — L(V, W) is defined by ¢(u) := ¢(u, —). Since ¢ is bilinear, p(u, —) will
be linear for any u € U, and so, ¢ will be a morphism of abelian groups. This mapping
is onto, since if f € L(U, L(V,W)) then choose ¢ : U x V. — W to be the function
defined by

p(u,v) := f(u)(v)

which is easily verified to be bilinear. By definition, then, ¢ gets mapped to the linear
map ¢ with

Thus, onto is established.

Now suppose ¢ is in the kernel of the mapping in question. Then ¢ — 0 € L(U, L(V,W))
where O(u) = 0 € L(V,W). By the definition of our mapping, however,

O(u) == @(u,—) =0¢€ L(V,IV)

for all w € U. Thus, for each u € U we will have that ¢(u,v) = 0(v) =0 for all v € V.
This implies that ¢ =0 € hom(Q)(U , V; W) whence our mapping is also 1-1 and therefore

an isomorphism. ]

Proposition 2.12. Let (U;)icr be a family of vector spaces and @;c; U; the direct sum
of this family. There exist linear maps q; : Uj — @, Ui, such that for any vector space
V', we have that

bom (@ U V) = [T hom(Ui, V), /= (foa):

i€l el

Proof. Define each g; in the following way: For all ¢ € I, let g; be the map such that for
u € U;

gi(u) := (uj)jer, withu; =0for j #iand uj =u for j =1

That these are linear is clear from their construction. Now let V' be any vector space

and consider the map

® : hom (@Ui, V) — Hhom(Ui, V)

i€l i€l
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such that ®(f) := (f o ¢;);. This map is linear, since for any f,g € hom (@ie[ Ui,V)

and A € k we have, using properties of composition, that

O\ f+9) = (A +9)oa),
=(Afogi+goq)
=Afoaq)i+(goa)
= A2(f) + ®(9)

To show that @ is an isomorphism we first consider its kernel. Suppose h € Ker(®).
Then by definition ®(h) = (ho¢;); = (0). So, h =0 on I'm(g;) for all i € I. Note that

each ¢; is essentially a canonical injection of U; into @,; U;. Thus

> Im(a) = EPU

el i€l
which means that A = 0 on its entire domain and is therefore the zero map. This shows
that Ker(®) = {0} and hence that ® is 1-1. To finish, let (g;)icsr € [[;c; hom(U;, V).
We want to know if there is f € hom(ED,c; Ui, V) such that f +— (gi)icr. This is the

same as asking if there is f such that

qi

U;

Gaiel Ui

N

Vv

commutes for all 4. Since ¢; is just the canonical injection of U; into @,; U;, define
f = @ gi where (P gi)(vi)iecr = >_gi(v;). This is the f we need to make the above
diagrams commute. This establishes that ® is onto from which it follows that ® is an

isomorphism. O

We now show that the tensor product distributes over the direct sum of spaces.

Proposition 2.13.

EPu)ev=EPU V)

el el
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Proof. By Corollary 2.11 and Proposition 2.12 the following chain of natural isomor-

phisms hold for any vector space W:

hom ((@ U)oV, W) ~ hom (@ Us, hom(V, W))
i€l i€l
= [ [ hom (Ui, hom(V, W)
i€l

~[[wi e v, W)
i€l

= hom (@(Ul ®V), W)

el

Let ayp represent the isomorphism

hom ((@ U) eV, W) > hom (@(Ui ®V), W)

i€l el
where W is considered to be a “variable”.

Now, if in particular W = (,.; U;) ® V, then we have

hom ((@ U)oV, (EPU) @ v) ~ hom (EB(UZ- @ V), @PU) e v)

iel el i€l iel

For simplicity set 7' := (;c; U;) ® V. Then the relevant isomorphism is az. Define a
linear map ¢ : @, (Ui @ V) — (P,  Ui) ® V by ¢ := ap(idr).

Next, if W = @,.;(U; ® V), then

hom ((EB U)®V, EB(U’ ® V)) =~ hom (@(Uz ®V), @(Uz ® V))

el el i€l el

and if we set T := @,.;(U; ® V), then the relevant isomorphism is ap. Now define a
linear map ¢ : (P,;c;Ui) @V — @, (Us @ V) by ¢ := a%l(idf).

Let W’ be any vector space and f : W — W' a linear map. Then because « is a natural

isomorphism the following diagram commutes:

hom(T, W) hom(T', W)
By By
hom(T, W) "~ hom(T, W)
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where (3 is defined by (f(w) := f ow for w in the relevant domain. The commutativity

of this diagram gives us the following relation: for w € hom(7T, W), we have
aw (Br(w)) = Brlaw (w))
or
aw (fow) = foaw(w) (2.4)

We now verify that ¢ and ¢ are inverses. Using W = T and W’ = T, one order of

composition yields

Il
Q
~i
=

A symmetric argument, using W = T and W’/ = T, shows that the composition in

reverse order, namely ¢ o 9, results in idp. Thus, ¢ and v are inverses and hence
Pu)ev=Pu V)
icl iel

O]

Now, whenever a product is defined we generally want it to possess the usual niceties
such as being associative and commutative. Tensor products do enjoy these properties,
but only to a slightly “weaker” degree. That is, instead of strict equality we must settle

for isomorphisms.

UV)eW=2U® (VeW) associative isomorphism
VoW2W®V commutative isomorphism

We also have, for any vector space V,
EQVEVEVER

Recall, the tensor product of vector spaces is unique (up to isomorphism) and hence
these isomorphisms can be easily established by showing that each side is the appropriate

tensor product. In particular we have k & k ® k, a fact that will be extensively used
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later. This follows from the fact that x is one-dimensional with basis {1,;} and so k ® &,
having basis {1, ® 1.}, is also one-dimensional. The isomorphism is then provided by

the mapping A — A ® 1 =1® A with inverse A @ p — Au.

Finally, for convenience we write down some important relations that hold in U @ V. If

u,u/ € U and v,v’ € V and X € k, then bilinearity yields

(u+u)@v=u®uv+u ®v [right distribution]
u@W+v)=uxv+u®v [left distribution]
Mu®@v)=(Au)®v=u® () [scalar multiplication]

Besides these, it will also be important to determine just when a tensor product is zero.
Note first that
0u=0+0)Q@u=00u+0®u

This implies that 0 ® « = 0 and by similar reasoning u ® 0 = 0.

Now let {u;}icr be a linearly independent set of elements in U and {v;},cs an arbitrary

set of vectors from V. Suppose that
Z U; & V; = 0
%

By the universal property, for any bilinear function f : U x V' — W, there is a unique

linear function 7: U ® V' — W such that 7 ot = f. We therefore have

0= T(Zuz ® 1/@-)
= ZT(t(ui,w))
=2 fluiw)

Hence, > f(u;,v;) = 0 must hold for any bilinear function f: U x V — W whatsoever.
Because each u; and v; is fixed, we may choose any bilinear function on U x V to discover
what exactly these elements must be. Let U* and V* be the dual spaces of U and V/
respectively. Take f: U x V — k to be the bilinear map defined by

fu,v) = a(u)p(v) acU"BeV"
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To see that this is indeed bilinear, consider:

FfOu+u',v) = a(du +yu')B(v)
= (Aa(u) +ya())B(v)
= Xa(u)B(v) +ya(u)B(v)
= M(u,v) +vf(u,v)

Similar reasoning shows linearity in the second argument. We therefore have

> flusv) = 3 ou)B() =0

%

We can extend {u;}ier to a basis of U, let us say {by}rerx where I C K and
{uitier € {br}rex. Take oo € U* to be the covector u; defined on the basis by

u; (bj) := 0i5, [Kronecker map]

We therefore have

0= ZuZ(bz)ﬁ(%) = B(w)

for all § € V* and this implies that each vy = 0. We have therefore justified the following

theorem:

Theorem 2.14. If uy,...,u, are linearly independent vectors in U and vy,...,vy, are

arbitrary vectors in V, then
Zm@w =0 = v; =0, foralli

In particular, u @ v =0 if and only if u =0 or v=0.

Theorem 2.15. Let w be a non-zero element of U ® V' and express

n
w = Z a; ® b;
i=1
with n minimal. Then {a;} and {b;} are linearly independent sets.

Proof. Suppose that the result is not true. Without loss of generality, we may assume
that {a;} is dependent. Furthermore, by relabeling we may assume that a,, depends on

the other a;’s so that

n—1
ap = § i@
i=1
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But then

)_l

n—

( a; ® z)‘l'an@bn

i=1
n—1 n—1
:<Zaz Z)—i—(z/\iai)@bn
7,1:1 o =1
= Zai®bi+z)\iai®bn
i=1 i=1
n—1
= (a; ®b; + Mia; @ by)
i=1
n—1
= a; ® (b + Aiby)
i=1

which contradicts the minimality of n. Therefore, {a;} must be linearly independent
and the result holds. O

We end this section with two final useful results. The first concerns the tensor product
of vector subspaces. The second concerns the tensor product of linear maps and their

kernels.

Proposition 2.16. Let V and W be two k-vector spaces, and X CV, Y C W wector
subspaces. Then (V@Y)N(XeW)=X®Y.

Proof. Since X is a vector subspace of V' it has a basis, say {x;};cr, which is embedded

within a basis for V. Thus, we may complete or extend {z;};c; to a basis of V, say
{xitier (I CI'). The same holds true for Y. That is, if {y;};cs is a basis of Y, then
we may extend it to a basis of W, say {y;}jcs (J € J').

We now know that X ® Y has basis {z; ® y;} (i jjerxs- Since both V@Y and X @ W
are subspaces of V @ W we know that (V®Y) N (X ® W) is a vector space. Note that
V @Y has basis {z; ® y;}(ij)erxs, X ® W has basis {z; ® y;} jyerx and V @ W has
basis {z; ® y;} i j)er =

Now, it is clear that X @ Y C(V®Y)N (X ® W). Suppose
te (VaY)Nn(XeW)

Then since t € V ® Y we have

t= Z AijrTi @ Yjr
(ij") eI’
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But also t € X ® W and so
t= ) ywe ©y;

(! j)el'xJ
Now consider that
O0=t—t
= Z Nijrxi @ yjr — Z VirjTir @ Yj
(ivj,)EIXJ/ (ilvj)EI/XJ

Since {zy @y, : (i',5") € I' x J'} is independent, this implies that A;;y = 0 for 5’ ¢ J,
vy =0 for i’ ¢ I and \;jy =~y for (i,5') = (i',j) € I x J. So

t = ZAU$1®?/36X®Y
(i.j)elx]

and therefore
VaY)N(XeW)CXeY

thereby establishing the desired equality. O
Before tackling the final result, we want to establish that the tensor product of two
linear maps is again a well-defined linear map. Let U,U’, V, V' be vector spaces. Then

hom(U, U’), hom(V, V') and hom(U ® V,U’ ® V') are each vector spaces as well. Let the

following commutative diagram be our template:

hom(U,U’) x hom(V, V") hom(U,U") @ hom(V, V')

x/

hom(U @ V,U' @ V')

If f € hom(U,U’) and g € hom(V,V’) note that the expression f(u)® g(v) makes sense
(as opposed to f(u)g(v) in this context). Furthermore, it is clearly bilinear in v and v.

There is therefore a unique linear map, say (f ® ¢) € hom(U ® V,U’ ® V') such that

(fog(uev) = f(u) @g(v)
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In the above diagram, then, ¢ is the map: ¢(f,g) = f ® g. This map is bilinear, since

((Af +79) © k) (u,0) = (Af +79)(w) @ h(v)

= (Af(u) +79(u)) ® h(v)

= Af(uw) ® h(v) +vg(u) @ h(v)
AMf ©h)(u,v) + (9 © h)(u,v)
= (Mf O h)+(9 © h))(u,v)

A symmetric argument shows that linearity also holds in the second coordinate. Thus,

by the universal property of tensor products there is a unique linear map
6 : hom(U,U’) ® hom(V, V') — hom(U ® V,U' @ V')

with 0(f ® g) = f ® ¢g. In fact, 0 is an embedding map. To see this, it suffices to show
that 6 is injective. So, if (f ® g) = 0, then f(u) ® g(v) =0 for all w € U and v € V. If
f =0, then f ® g =0. Suppose, then, that f £ 0. Then there exists a u € U for which
f(u) # 0. Fix this u. Then since f(u) ® g(v) =0 for all v € V, it must be by Theorem
2.14 that g(v) = 0 for all v € V and hence that g = 0. It follows that f ® g = 0. Thus
0 is injective.

From here on we shall simply use the notation f ® g to refer both to the tensor product

of linear maps and the linear map f © g.

Proposition 2.17. Let f: V — V' and g : W — W’ be morphisms of k-vector spaces.
Then
Ker(f®g) = Ker(f)@ W +V & Ker(g)

Proof. In light of Theorem 2.14, it is clearly true that
Ker(f)@ W +V @ Ker(g) € Ker(f ® g)

so we need only show the reverse inclusion. Let {v;};er be a basis for Ker(f) and
{wj}jes a basis for Ker(g). Extend {v;}icr to a basis of V, say {v;}ic;r and extend
{w;}jes to a basis for W, say {w;};es. It follows easily that {f(v;)}ier—s is linearly

independent in V’ and {g(w;)};je — is linearly independent in W’.
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Now let t = 3 2; iyepxp Aijvi ® w; € Ker(f @ g). Then

0= > Xjf(v) ® glwy)

(i)l x J'

- D> A fvi) @ g(wy)

()’ =D)x(J'=J)

since f(v;) =0 for i € I and g(w;) = 0 for j € J. Also, the family

{1 (i) @ g(w)) i gyerr—nyx (/=)

is linearly independent and therefore A\;; = 0 whenever i € I’ — I and j € J' — J. Thus
te Ker(f) @ W +V ® Ker(g) thereby establishing the equality. O

2.1.4 Duality

Before ending our explicit discussion of vector spaces, let’s revisit the notion of duality
brought up at the start. Often, duality is conceived in terms of a pairing, which is given
by a bilinear form between two objects. So, if V' is a finite dimensional vector space and

V* its dual, then we can create a pairing
():V'xV >k

defined by (f,v) := f(v). Thus, if {v;} is a basis for V and {v}} is the set of dual
v;)

elements, then (v}, v;) = d;5.

Now, if f : U — V is a linear map and f* : V* — U™ is the transpose of f, then in terms

of our pairing, for any o € V* and u € U we have

(f*(a),u) = (e, f(u))

Because the map (,) is bilinear, it can be represented via the tensor product. That is,

we get a linear map, say () : V* ® V — k, such that

VExV VeV

commutes. This approach to duality will be important later when we discuss a special

kind of duality between two important Hopf algebras central to our study.
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Let us now elaborate a bit on the nature of the map
6 : hom(U,U’) ® hom(V, V') — hom(U @ V,U’ @ V')

introduced above.
Theorem 2.18. The map 0 is an isomorphism provided at least one of the pairs

(U, U, (V, V") or (U, V) consists of finite-dimensional vector spaces.

Proof. Begin by supposing that U and U’ are finite dimensional. Write

U:@Hui and U’z@/@u;

i€l jeJ

with {u; }ier a basis for U and {u’;} e a basis for U’. If we repeatedly apply Proposition
2.12 and Proposition 2.13 we end up with 6 being the map

0 : GB (hom(ku;, kuj) @ hom(V,V')) — @hom(fwi @V, ku; @ V')

,J 4]

which is possible due to the finite dimensionality of U and U’. Because these are finite

direct sums and 6 acts component wise, we only need to show that
hom (ku;, ku;) @ hom(V, V') 2 hom(ku; ® V, kuj @ V')

which is just a special application of 6.

We know from the section on tensor products that 6 is an embedding map and hence
is injective. But it is also quite clearly surjective here, since ku; and fi’u,; are both

isomorphic to k. We then use the fact that
hom(ku;, kuj) = hom(k, k) =k and Ky @V =2k V=2V

So 6 is indeed an isomorphism. This completes the case for when U and U’ are finite

dimensional. The other cases are proven via similar arguments. O

The following corollary is a specialization of the above theorem. To see this, it will be

important to recall that

U* :=hom(U,k),V* :=hom(V,k) and (U® V)" :=hom(U ®@ V, k)
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Corollary 2.19. The map
0. U@V - (U V)"
is an isomorphism provided U or V are finite-dimensional.

Thus, the result follows simply from setting
U=V =k
Note that the surjectivity of § means that for h € (U ® V)*, h can be represented by a

finite sum of the form ), f; ® g; for some f;, g; in U*, V* respectively.

Corollary 2.20. The map A\yyy : V ® U* — hom(U, V) given for w € U, v € V and
aeU* by
Avy (v @ a)(u) = a(u)v

is an isomorphism if U or V are finite dimensional.

From this corollary we see that if V' is a finite dimensional vector space, then

VFRV 2V eV*~EndV)

Since duality will be a regular theme, 6 will be of interest to us again later when we

discuss algebras and coalgebras and the important connection between them.

2.2 Modules

Modules are an important generalization of vector spaces. Most of the ideas we con-
sidered with vector spaces can be extended to modules, but require some modification.
However, since we are primarily interested in vector spaces, this section will be rather

brief.

To motivate the idea of a module, let V be a vector space over a field x and let 7 € L(V).
Now consider the ring of polynomials k[z]. For any p(x) € k[z] we know that the operator

p(7) is well-defined and has the form
p(T) = Aot + M7+ X’ + .+ AT

where \; € x (all j), ¢ is the identity operator and the notational convention 7™ refers

to the iterated composition of 7 with itself m times. We can now define a product
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S:k[z] xV =V by

If it isn’t already obvious, note the similarity of this map to the scalar product for vector
spaces. The only difference is that we have allowed the role of the scalar space to be
played by a mere ring rather than a field. To see this is, in fact, a generalized scalar
product we can check that the usual properties are satisfied. Let r(x), s(x) € k[z] and
u,v € V. Then

r(z)(u+v) =r(7)[u+ v
= Xot(u+v) + ...+ X7 (u +v)
= ot + AU A+ -+ AT (W) + A7 (v) [T € L(V)]
=r(7)(u) +r(7)(v) [after rearranging]

=r(z)u+r(z)v

By similar reasoning we also find that

This example suggests a new structure, which, as mentioned above, generalizes the

notion of a vector space in an important way. We define this new structure as follows:

Definition 2.21 (Module). Let R be an arbitrary ring. A left module over R (i.e. left
R-module) is an abelian group M under addition together with an operation of R on M

(Rx M — M with (r,m) — rm) such that for all ;s € R and z,y € M we have

rle4+y)=re+ry
(r+s)x =rx+ sx
(rs)x = r(sz)

lx =2z

Though it might seem, superficially, that weakening the requirement of the scalar space
from being a field to just a ring is insignificant, the result is actually quite drastic.
For instance, every vector space has a basis, but most modules do not. For example,
consider the abelian group Zs as a Z-module. It’s not hard to see that Z, has no linearly
independent subsets and hence no basis. Even when a module does have a basis, it need

not have a unique rank.
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Thankfully, as was mentioned above, many important results about vector spaces do
carry over to modules. For instance, one gets quotient modules along with analogous
isomorphism theorems, direct sums and products and even tensor products. We won'’t,
however, concern ourselves too much with this. The important thing to keep in mind is

that modules embody the notion of an object acting on another object.

As a note, the above definition is actually for a left module. Right modules are similarly
defined and if we happen to be working with a commutative ring, then the distinction is
superfluous. But because everything that can be proved for a left module easily transfers
to right modules we will simply refer to left modules as modules. Here are a few common

examples.

Example 2.1. Any ring R is a module over itself.

Example 2.2. Any commutative group is a Z-module.

Example 2.3. All vector spaces are modules over their respective fields.

Example 2.4. Let R be a ring. Then the set My, »,(R) of all matrices of size mxn is an
R-module under the usual operations of matriz addition and scalar multiplication over
R. Since R is a ring, we can even take the product of matrices in My, ,(R) provided

n=m.

2.2.1 Noetherian Rings and Noetherian Modules

One concept from ring and module theory that will be of use is the notion of being

Noetherian. This is to be understood as follows.

Theorem 2.22. Let R be a ring. The following statements are equivalent:

1. Any left ideal I of R is finitely generated - i.e. there exist ay,...,a, in I such that

I=Ra+...+ Ray,

2. Any ascending sequence I} C Iy C I3 C ... C R of left ideals of R is stationary -

i.e. there exists an integer k such that Iy,; = Iy, for all i > 0.

A ring R is said to be Noetherian if it satisfies one of the above equivalent conditions.

Example 2.5. Consider the polynomial ring k|x] where k is a field. Let I be a proper
non-zero ideal of k[z] and let f € I be of minimal degree. If g € I, then there exist
q,r € K[x] such that g = fq+ r with r = 0 or deg(r) < deg(f). Now, r = g — fq and
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hence is a member of I. But f has minimal degree, which forces r = 0. Thus, g = fq
demonstrating that any other member of I is a “multiple” of f. So, any non-zero proper

ideal I of k[z] is principal, which satisfies condition 1. Therefore, k[z] is Noetherian.

As with rings, an R-module M is Noetherian if it satisfies the ascending chain condition
but with submodules substituted for ideals. That is, if L; C Ls C ... is any ascending
chain of submodules in M, then there is k for which L; = L;, for all j > k.

Theorem 2.23. The following statements regarding R-modules are equivalent:

1. M 1is Noetherian
2. Fvery submodule of M is finitely generated.

3. Every nonempty set { My} of submodules of M has a maximal element with respect

to set inclusion.

For a proof, see [9].

2.2.2 Artinian Rings

As a matter of interest, just as there is an ascending chain condition there is the opposite
notion of a descending chain condition. Given a sequence of left ideals Iy, Io, I3, ..., we
say it is a descending chain if

LD 2oI32...

and we say that the descending chain is stationary if it is finite or there exists an integer
k such that I, = Iy, for all € N. Now, if R is a ring such that every descending chain
of left ideals is stationary, then R is said to be (left) Artinian.

Example 2.6. Let R = M, (D) where D is a division ring. Any left ideal I of R is a
D-subspace and if Iy D Is O ... is a descending chain, then

dimp (Ij41) < dimp (1) < n?

for all k and so the chain must be stationary. Therefore M, (D) is Artinian.

This chapter has addressed some of the key foundational concepts required for delving
deeper into the theory of quantum groups. In summary, we explicated a new and
important way of creating new vector spaces with the tensor product which is universal

for bilinearity. We have also introduced the essential notion of duality and with that the
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important concept of the transpose of a linear transformation, which we will use next
chapter. Finally, we briefly reviewed the notion of a module which will be needed later
when we discuss actions and comodules. With these tools in hand, let us proceed to the

next level in our pursuit of the fundamentals of quantum groups.



Chapter 3

Algebras and Coalgebras

3.1 Algebras

Intuitively speaking, a x-Algebra is just a vector space over a field k equipped with a
bilinear vector product. This product is essentially a multiplication in that it provides
a second way (other than addition) to combine two vectors and obtain a third. This
multiplication must satisfy certain compatibility axioms with the vector space structure

(e.g. distributivity and scalar multiplication).
Definition 3.1 (Algebra). An algebra A over a field « is a non-empty set A, together
with three operations, called addition (+), multiplication (juxtaposition) and scalar
multiplication (also juxtaposition) for which the following properties hold:

(i) A is a vector space over k under addition and scalar multiplication.

(ii) A is a ring under addition and multiplication.

(iii) If X € k and a,b € A then

A(ab) = (Aa)b = a(Ab)

Now suppose only that A is a ring. If we let n4 : kK — A be a ring map from a field x
to the ring A such that Im(na) C Z(A) (the center of A), then we can equip A with a

vector space structure by defining scalar multiplication, ¢4 : kK X A — A, by
s(Aa) =na(Na

The easiest way to denote 74 is to set n4(\) := X- 14 for all A € k. It is referred to as

the unit map. If we denote the multiplication map by ua : A x A — A, it is easy to see

37
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that it is bilinear. Note that for any algebra A, the fact that multiplication is bilinear
gives the unique linear transformation A ® A — A, which sends a ® b — ab. In accord

with custom we will also denote this linear map by pu.

In summary, an algebra (A, -, +; k) over a field « is a ring (A, -, +) and an action of k on
A (i.e. scalar multiplication) which is compatible with both the product and addition.
So, (A,-,+) is a ring and (A, +; k) is a vector space such that (iii) above holds.

Really we are saying that algebras can be approached from two points of view. On the
one hand, we can obtain an algebra by first starting with a vector space (A, +; k) and
equipping it with a vector product (i.e. multiplication). On the other hand, we can
begin instead with a ring (A, -, +) and infuse it with a vector space structure via the

unit map 74 : kK — A as indicated above.

From the perspective of category theory, we are half way to establishing a category of
algebras. We have the objects, namely the algebras themselves, and now we need the
morphisms between these objects. Below we give two equivalent definitions. The first is
a more “standard” definition, while the second is suited for the conversion to coalgebras,

which we will come to a bit later.

Definition 3.2 (Algebra Morphism (standard)). Let A and B be algebras over a field
K. A morphism of algebras is a map f : A — B such that

fAab+c) = Af(a)f(b) + f(c)

for all A € k and all a,b,c € A.

More intuitively, f is a linear map which also preserves multiplication. This is repre-

sented by the commuting diagram:

fxf

Ax A B x B

HA “B

A B

Our second definition makes use of the ring map n4 : Kk — A given above.

Definition 3.3 (Algebra Morphism (alternative)). Let A and B be algebras over a field

k. A morphism of algebras or algebra morphism is a ring map f : A — B such that

fona=nmng



Chapter 3. Algebras and Coalgebras 39

This relation can be better pictured via the commuting diagram:

=

1B
nA

In this definition, all that is assumed prima facie about f is that it is a morphism of

rings which means that for all a,b,c € A

flab+c) = f(a)f(b) + f(c) and f(1)=1

It is the added relationship with n4 and np that gives “scalar slideout”, since

f(Aa) =f(A-1a-a)
= f(A-14)f(a)
=\-1p- f(a)
= Af(a)

This means that our alternative definition implies the satisfaction of the standard defini-
tion. That the standard version implies the alternative definition is obvious. We denote
the space of all such morphisms by hom 4;4(A, B) (or by Alg.(A, B)) where A and B are
any two algebras. We now have a category of algebras, which we denote by Alg from

Figure 1.1.

3.1.1 Common Examples of Algebras

Example 3.1 (Opposite Algebra). Let A be any algebra, then we let A°P be the vector
space A, but with multiplication defined by

[Aop = LA O TA A

where T4 4 1s the transposition map interchanging the order of factors of A x A. More

specifically, if a,b € AP, then pa0p(ab) = ba.

Immediately we see that an algebra is commutative if and only if pgop = p4a.
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Example 3.2 (Polynomial Algebra). Let k be a field. Let k[x] be the space of all

polynomials in the indeterminate x. That is

o

klz] == {Z Nzt Vi A\ € k,\; = 0 for almost all z}
i=0

It is a well known fact that this forms a ring under addition and multiplication of poly-

nomials. But scalar multiplication is also obviously well defined, which makes k[x] into

an algebra.

Example 3.3 (n x n Matrix Algebra). Let k be a field. We denote the space of all
n X n matrices with entries in k by My (k). Under the usual operations of matriz addi-
tion, multiplication and scaling M, (k) is an associative algebra, but not, unless n =1,

commutative.

Example 3.4 (Algebra of Endomorphisms). Let V' be a k-vector space. Then End(V),
the space of all endomorphisms on V', is an algebra under the usual function addition
and function composition for multiplication. Since endomorphisms on a vector space are

linear we get another endomorphism by multiplying by a scalar from k.

Example 3.5 (Group Algebra). The group algebra is reminiscent of the polynomial
algebra, which explains the notation k[G] where k is a field and G is a group with

operation x. Here the elements of G form a basis for the space. Formally we write

k|G] == { Z Agg i Ag = 0 for almost all g € G}
geG

Like the polynomial algebra, addition is given by

D Xg+D g =D (A +)g

geG geqG geG

and scalar multiplication by

A 199 =Y (Mg

geG geG

The multiplication map makes use of the group operation x and is defined by

(Z)‘gg><z%}9) = Z (Agvn)g * h

geG geG g,h€qG

This will be an important example in Chapter 4.

Example 3.6 (Quotient Algebra). Let A be an algebra and I a two-sided ideal of A.
We can then create the quotient vector space A/I and endow it with a unique algebra
structure. As a quotient vector space addition and scalar multiplication are already well-

defined. For multiplication, if a + I and b+ I are in A/I, then define their product
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by
(a+I)(b+1I):=ab+1

This is well-defined since if a+1 = a +1 andb+1 = b + 1, thena—d € I and
b—1U € 1I. The fact that I is a two sided ideal tells us (a —a')b = ab—a’b € I and also
that a'(b —b') = a’b— d't/ € I. But then ab — a'b+ a'b — a'b' = ab — a'b’ € I thereby
implying that ab+ 1 = a'b' + 1. Therefore this multiplication is independent of the choice

of a representative and hence well-defined.

Note, here, that because multiplication is well-defined, the linear canonical projection

m: A — A/I extends to an algebra morphism. That is,

mw(ab) = ab+ 1
=(a+1)b+1)
= 7(a)m(b)

3.1.2 Setting The Stage: A Preliminary Result

The point of this section is to establish a categorical result which will be instrumental
in our study of quantum groups. Specifically, we shall establish the connection between
the categories F'inSet and A (see below) in Figure 1.1. Although seemingly isolated,
we will return to this and similar investigations throughout the thesis. We start with

defining a semi-simple ring.

There are a couple of ways to understand what a semi-simple ring is. For instance, from
a homological perspective, a ring R is semi-simple if and only if all of its left modules

are projective. For our purposes, we will use a more basic definition.

Definition 3.4 (Semi-simple Ring). A ring R is said to be semi-simple if it is the direct

sum of minimal left ideals.
According to the Wedderburn-Artin Theorem, if R is a semi-simple ring, then
R = H M, (D;) as rings

where each D; is a division ring. If R is also a C-algebra, then each division ring D; is

isomorphic to C as rings so that

12

k
R[] M., (C)
i=1
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Furthermore, if R is also commutative, then necessarily n; = 1 for all ¢ yielding;:
k
R=JJC:=c*
i=1

As a C-vector space, then, we get that dimc R = k.

Recall from basic ring theory that an ideal I of a ring R is mazimal if whenever
ICJCR
J =1 or J= R. For C* there are exactly k such ideals, say M1, My, ..., M}, where
M; = {v € C* : i"™ component of v is 0}

and dim M; = k — 1. Since R is commutative, each M; is also prime, meaning that for
any a,b € R with ab € M;, either a € M; or b € M; (or both). In case R is commutative
and Artinian, then prime and maximal are the same. But for any commutative ring R
with identity

() I=nil(R)

Iprime
where nil(R) denotes the set of all nilpotent elements of R. Thus, for any commutative

Artinian ring

Jac(R)= (| M= () I=nil(R)

Mmazximal Iprime

where Jac(R) is the Jacobson radical of R.

Now let A be a finite dimensional commutative C-algebra with no nilpotent elements.
As in Example 2.6, since A is of finite dimension, every ideal will be a subspace so that
any descending chain must be stationary. This implies that A is Artinian. But A has no
nilpotent elements, which means nil(A) = 0, implying that Jac(A) = 0 and therefore A

is semi-simple (as a ring). We therefore find that
Ax=CF as rings with k£ = dim¢ A

Next consider Algc(A,C). For any a € Alge(A,C) we have that a(14) = 1¢ and hence
for any z € C

a(z-14)=za(ly)=z-1c ==

This implies that « is onto and therefore, by the first isomorphism theorem for rings

A/Ker(a)=C
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Since C is a field, this implies that Ker(a) is a maximal ideal. But A is commutative

and Artinian, which means Ker(«) is also a prime ideal.

The set of all proper prime ideals of a ring R is called the spectrum of R and denoted
by Spec(R). Thus, Ker(«a) € Spec(A). What we get is a function

Alge(A,C) — Spec(A)

a— Ker(a)

Notice that this map is onto, since if M is one of the k£ maximal ideals of A, then A/M

is isomorphic to C.

«
Am@

The above diagram shows that this allows us to get an o € Algc (A, C) for which

M = Ker(a)

Not only is Algc(A,C) — Spec(A) onto, but it is also one to one, for suppose that
Ker(ay) = Ker(az) = M. Then, as a subspace, dim M = k — 1 as mentioned above
and so

A=MaC-1y as vector spaces

Now, a1 and as agree on M, since both vanish. Notice too that a; = as on C- 14, since
ar(z-1a)=2z-1c =2

and

ag(z-1a)=2z-1c =2

Hence
Alge(A,C) < Spec(A)

and since there are exactly k£ maximal/prime ideals of A we have

|Spec(A)| = k = dimc A
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Now switch gears and consider an arbitrary set X. Then CX represents the set of all

functions from X to C. We can think of CX as a C-vector space with basis

1, ify==x

{0z 12z € X}, 0:(y) = {O, £+

Clearly, the size of the basis is determined by the size of X and hence dim C* = |X|.

Now, for each = € X, let C,, be a copy of C corresponding to x. We then get a mapping

cX = H C,
rzeX

f = (f(x))mGX

which is clearly bijective and hence an isomorphism of vector spaces. But C* and [] C,
can be viewed as C-algebras where the multiplication in CX is the ordinary product of
functions and the multiplication in [] C, is component wise. It is then clear that the

above vector space isomorphism preserves these products and so

CX =~ H (O as C-algebras
zeX

Because C has no (non-zero) nilpotent elements, neither does CX. Furthermore, CX
is commutative. So, we have that C¥ is a commutative C-algebra with no (non-zero)
nilpotent elements. If X is also finite, then dim C¥* = |X| and per what we found above

we have

Alge(CX,C) « Spec(CY)
|Spec(CX)| = dim CX = | X|
What we get is a contravariant functor:

FinSet — A

where FinSet is the category of finite sets and A is the category of finite dimensional,

commutative C-algebras with no nilpotent elements.

If f is an arbitrary element of C¥, then we can express it as

rzeX
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and so for any a € Alge(CX,C) we have
zeX
= Z Az () [o is linear] (3.2)
zeX
For the identity we have
1@X - Z 5:(:
zeX
and for any a € Alge(CX,C), a(lgx) = 1¢ so therefore
a(lex) = Y a(d,) =1¢ (3.3)

zeX

Now, based on the definition of &, it is clear it is idempotent for all x € X - i.e. 62 = J,.

Moreover, a(62) = (a(d;))?, since a is an algebra morphism. Therefore

which means that «(d;) is an idempotent in C. However, there are only two elements

in C having this property, namely 0 and 1. Therefore, a(d,) = 0 or «(d,) = 1 for any

x € X. Given (3.3), this implies that there is a unique x such that «(d;) = 1 and

a(dy) = 0 for y # . This unique x we label by z, and so we get a function

Alge(C*,C) — X

Qa— Ty

This means that for f € CX, using (3.2), that

a(f) =Y dea(sy)
zeX
= )‘xa
But f(za) = > ,cx Aede(Ta) = Az, and therefore
a(f) = f(xoz)
so that « is really evaluation at x.

Suppose now we fix an element zg € X. Then

f = f(zo)
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is a function CX — C. But it is also clearly an algebra morphism and so we get

X — Alge(CX,C)

z — B,
where E, is evaluation at xz, F,(f) = f(x) is a bijection and hence

X = Alge(CX,C)  as sets

So, for any A we have that A = CX = C¥ where X = Algc(A,C) or X = Spec(A) and
kE=1X]|.

What we get from all this is that our contravariant functor establishes an equivalence of
categories, namely
FinSet? = A

the “inverse” being A — Algc(A,C) or, alternatively A — Spec(A). We will build off
this result throughout this thesis, especially in Chapter 4. In fact, as a bit of foreshad-
owing, one natural question is to consider what happens when F'inSet? is replaced with
FinGp°P (the opposite category of finite groups). In other words, we shall be interested

to know what equivalence comes of this replacement.

FinGp® = (7)

3.1.3 Free Algebras

Definition 3.5 (Free Algebra). Let X be a set. Then the free algebra on the set X
is the vector space k{X} with basis the set of all words =;, ...x;, in the alphabet X,

including the empty word &. Multiplication is given by concatenation of words - i.e.

(I‘il .. .xip)(a:ipﬂ .. ﬂ?ln) = Ty - - 'xipxip+1 e Ty,

Here the empty word acts as unit - i.e. @ = 1. A word is referred to as a monomial
and its degree is given by the length of the word. There is a universal property for free

algebras, which is stated in the following theorem.

Theorem 3.6. Let X be a set. Given an algebra A and a set-theoretic map f: X — A,
there erists a unique algebra morphism f : k{X} — A such that f(z) = f(x) for all
rzeX.
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For a proof see [7]. Another way of saying this is that
hom 454 (k{X}, A) = homge (X, A)

so X +— r{X} is the left adjoint of the inclusion functor Alg < Set. If X is finite with

| X | = n, then in particular we get that

hom y54(k{X}, A) = A"

Any algebra A is the quotient of a free algebra x{X} and an appropriate ideal I of
k{X}. For example, simply take A and forget that it is an algebra, then create the free
algebra r{A} and take I to be the two-sided ideal of K{A} generated by the elements

(a+b)-c—a-c—b-¢c, a-(b+c)—a-b—a-c

(Aa) - (N'b) — (AXN)(a - b)
for all a,b,c € A and A\, \' € k. The algebra A is then recovered as the algebra k{A}/I.

One important example is the polynomial algebra k[zi,...,x,] in n variables. This
algebra is isomorphic to the quotient algebra k{z1,...,x,}/I, where I is the two-sided
ideal of k{x1,...,z,} generated by all elements of the form x;x; — xjz;, i,j = 1,...,n.

These relations give us commutativity.

Proposition 3.7. For any algebra A’ there is a natural bijection

hom g1, (k{X}/I,A") = {f € homge(X, A) : f(I) =0}

Proof. This is a consequence of the fact that hom 4;4(k{X}, A) = homge (X, A). O

Corollary 3.8. For any algebra A the following natural bijection holds:

hom gpq(K[x1, ..., 2], A) = {(a1, ..., an) € A" : aja; = aja; for all (3,7)}
Proof. This follows by a straightforward application of the previous Proposition. O

Note that if A is a commutative algebra, then we simply get

homAlg(’f[l’b ---,l‘n], A) = A", as sets
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From this we get an important functor from the category of commutative x-algebras to

the category of sets where A 2 A" can be thought of as
A — hom y4(k[x1, ..., 0], A) = A"

This is what is known as a representable functor being represented by k[x1, ..., z,]. The
polynomial algebra k[z1, ..., ] is itself referred to as the representing object for F. Gen-
erally, a representable functor Alg L, Set is called an affine scheme. Another example
is given by k{X} where A L AX s represented by k{X} as a functor Alg L Set. Tt is
a well known and famous result that there exists a type of duality between commutative
algebra and geometry. For this reason, the elements of hom 4;4(k[21, ..., z,], A) are often
referred to as A-points of k[z1,...,z,]. We will deal with this again in a more specific

context in Chapter 6 when we consider the affine line and the affine plane.

We end this section with one last result which will be of use later. For our purposes, we

will omit a proof and simply take it for granted.

Proposition 3.9. Let A be an algebra with gemerating set X and a set of defining
relations R. Then if B is any algebra and f : X — B is a function such that f preserves
the relations of R, then f extends uniquely to an algebra morphism f: A — B.

3.1.4 Tensor Products of Algebras

As promised, just as we are able to generate new vector spaces out of old ones using the
tensor product, if A and B are algebras over k, we can define an algebra structure on
A ® B. This can be done in a straightforward way. Let a ® b,a’ @ b/ € A ® B, where
a,a’ € A and b,V € B. We then take the product of these pure tensors to be given by

(a®@b)(d @V) :=ad" @bV

and then extend additively to all of A ® B. Such a product will be well defined since, as
a tensor product of vector spaces, A ® B has a basis, meaning all elements have unique
expressions as linear combinations of this basis. So, suppose {a;}ics is a basis for A and
{b;}jes is a basis for B. Then we know {a; ®b; }(; j)erx.s is a basis for A® B as a vector

space. Now suppose a @b =a' @ V' and c®d = ¢ ® d'. We want to show that
ac®@bd =d'cd @b'd

If

a=Y Nai, =Y Nai, b= by, V=) b
i i J J
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CZZQ% C’ZZC{% d:ijbj, d/zzf§bj
i i J J

then
a®b= Z)\Z"Yj(ai X bj) = ZA;’}’;’(%‘ ® bj) —d b
0,J i,
cod=> G&lai®b) =Y ¢aieb)=dad
2, ij

which implies that A;y; = A}y for all i, j and (;§; = ([€; for all 4, j. With this we have

ac @ bd = Z AiiCuée(aia; @ byby)
ikl

a'c ® Vd = Z )\Q%Q’g&(ala] ® bkbf>
i7j7k7€

Since the coefficients will clearly be equal it follows that ac ® bd = a’'d’ @ v/d'.

The unit, of course, is 1 4 ® 15, which we abbreviate to 1® 1. A® B also clearly contains
isomorphic copies of A and B as sub-algebras. This can be seen by defining embedding

maps:
ia:A—>AQB, ig:B—>A®B
isla)=a®1, ip(b)=1®b

for all @ € A and b € B. Note further that these maps are algebra morphisms. They

will help us establish a universal property for the tensor product of algebras.

Theorem 3.10. Let f : A — C and g : B — C be algebra morphisms such that, for
any pair (a,b) € A x B, the relation f(a)g(b) = g(b)f(a) holds in C. Then there exists
a unique morphism of algebras f ® g : A® B — C such that (f ® g) oig = f and
(f®g)oip=g.

This can be pictured in the following commuting digram.

A r
iAh fog g
A9 B B
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The essence of this theorem is that

homy4(A® B,C) = {(f,g9) :Va € A,be B, f(a)g(b) = g(b)f(a) € C}
C hom 434(A, C) x hom y4(B, C)

with equality holding in case C' is commutative.

Proof. Suppose o : A® B — (C'is an algebra morphism satisfying the relations aoig = f

and aoip = g. Then

ala®b) =a((la®1)(1®Db))
ala®1)a(l®b)

= (aoia)(a)(aoip)(b)
f(a)g(b)

which means that « is uniquely determined by f and g. Thus, such an algebra morphism

is unique.

Let us therefore define a: A® B — C by a(a®b) := f(a)g(b). All that is needed, then,

is to verify that this definition entails that « is an algebra morphism.

Fora®b,d’ @V € A® B we have

a((a®b)(d @b)) =

a’)g(t)) [commutativity condition]

and, hence, « is an algebra morphism. Now, since « is the unique algebra morphism

out of A ® B determined by f and g we denote a by f ® g. O
An important result which we will make use of in the sequel is given in the following
theorem:

Theorem 3.11. Let A = k{X}/I be a quotient of the free algebra on a set X. Take
two copies of X, say X1 and 1X. Let Iy and 11 be the corresponding ideals in k{X;}
and k{1 X}. Then the tensor product algebra A ® A is isomorphic to the algebra

A®? = k(X1 U XY/ (I, 1L X1 1 X —1X - X))
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where X1 1X denotes the disjoint union of the two copies and where X7 -1X —1X - X3

18 the two-sided ideal generated by all elements of the form
r1 1T — 1 - X1

with x1 € X1 and 1x € 1X.

Proof. For any x € X, take the corresponding copy in X; to be z1 and the corresponding
copy in 1X to be 1z. Now define a function f: X7 U1X — A® A by

flz1)=2®1 and f(iz)=1®«z

By Theorem 3.6 this extends to a unique morphism of algebras f : k{X; U1 X} — A®A.

e (X} (X
k1 X ki X
I ® I

so it is clearly the case that f(I;) = f(1I) = 0. But we also want

AR A=

X11X —1XX; C Ker(f)

Consider, then, what T does to the generators x11x — 12271

(ler)-(1ez)(zel)

flzr iz —x-x) = f(z1) f(x) — FQx) far)
=(z®1)
=(z®z)-(z@z)=0

We therefore get a uniquely induced algebra morphism f : A®? — A ® A.

By Theorem 3.10 there exists an algebra morphism g: A ® A — A®2 such that

gz ®y) =211y

Notice that g is the inverse of f, since
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and

This is sufficient, since f and g are algebra morphisms and so this inverse property will

extend over all sums and products. Therefore, we may conclude that

A® A A®?

3.1.4.1 Multilinear Maps and Iterated Tensor Products

Theorem 3.11 is important, at least in part, because it provides motivation for what is
known as the tensor algebra of a vector space V', which we introduce below. First we
do some brief preliminary work that will extend the notion of bilinearity and hence the

tensor product of vector spaces.

Definition 3.12. Let V1, V5, ..., V,, and W be vector spaces over a field k. A function
fVix...xV,—>W

is said to be multilinear if it is linear in each variable separately - i.e.

f(uly ...,kal,)\’l) + ’)/U/,’U,k+1, 7un) - Af(ub vy U—1, Uy U415 7un) +f)/f(u17 -~'7uk*17/u/7uk+17

forall k=1,...,n.

Multilinear functions in n variables are also commonly known as n-linear functions. We

denote the set of all n-linear functions by
hom, (V1, ..., Vp; W)

A multilinear function f: V; x ... x V,, — k is called a multilinear form or n-form.

We can extend the notion of tensor products of vector spaces in two ways, each being
respectively similar to how the tensor product was defined above. In light of this, our

discussion will be brief.

 Un)
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First Way

Let B; = {e;; : j € Ji} be a basis for V; (i = 1,...,n). For each n-tuple, (€1, ..., €n,i,),

we create a new “object” denoted
€1, ®...Q €nin
and then define T" to be the vector space with basis
D={e1i, ®...Qeng, : €k, € B}
Now define a map ¢t : Vi x ... x V,, — T by setting
t(e1,irs o Eniin) = €1, @ ... Qe€ni,

Finally, extend by multilinearity and we have a unique multilinear map, which is as

“universal” as possible among multilinear maps.

Let V1, ..., V,, be vector spaces over a field x and let T" be the subspace of the free vector

space F on Vi X ... x V,, generated by all vectors of the form

/
A(Ulu ooy Uk—1, Uy V-1, "'7UTL) + ’Y(Ula vy UVk—1, U, Vg1, ...,’Un)

/
— (V15 o0y V15 AU+ YU, Uk 1, o5 Un)

for all A,y € k and vectors from their appropriate spaces. We then take the quotient

space F /T to be the tensor product of Vi, ..., V,, and write
Viw...V,

As before, a typical element (vy, ..., v,)+ T is written as v1 ®...®v,. Thus, any element

of 1 ®...®V, is a sum of pure tensors:

> v @@,

where the vector space operations are linear in each variable.

3.1.4.2 Important Multilinear Maps

Having introduced the notion of mulilinear maps, it will be important here to make

special mention of a select subset of these maps.
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Definition 3.13 (Symmetric Multilinear Map). A multilinear map f : V" — W is
called symmetric if the image of any element is invariant under any permutation of it’s

coordinate positions - i.e.

f(vla e Un) = f(va(l)? "'7”0(77,))

for all o € 5,,.

Definition 3.14 (Antisymmetric Multilinear Map). A multilinear map f: V" — W is

called antisymmetric (or skew-symmetric) if

fv1,vn) = (=17 f(Vo(1)s -+ Vo(n))

where
o —1 if o is odd
(-1)° =

1 if oiseven

Definition 3.15 (Alternating Multilinear Map). A multilinear map f : V" — W is

called alternating if
f(vh ""Un) =0

whenever v; = v; and @ # j.

Note, if the characteristic of the underlying vector space is not 2, then every anti-
symmetric multilinear map is also an alternating map and vice versa. To see this, let
f V"™ — W be an antisymmetric multilinear map. Suppose v = (z1,...,z,) € V" is

such that z; = x; for some ¢ # j. Then

f@1, o @iy, @, ) = = f(Z1, 0, Ty ooy Ty oo, )

and hence

2f(x1, .y @iy ooy T,y y) =0

But the characteristic is not 2 and therefore f(x1,...,%;, ..., 2, ...x,) = 0 thereby making

f alternating. The other direction is actually always true regardless of the characteristic.

Like bilinear maps, multilinear maps possess a universal property. This is expressed in
the following theorem, which we shall merely state. The reader not satisfied only with

statements may consult [8] for a proof.

Theorem 3.16. Let Vi, ..., V,, be vector spaces over the field k. The pair (V1®...QV,,t),
where

t:Vix..xV,=-V1®...0V,
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1s the multilinear map defined by
V1, .y Up) =01 @ ... Q vy

has the following property. If f : Vi x ... x V,, — W is any multilinear map to a vector
space W over k, then there is a unique linear transformation 7: V1 ® ...V, — W for
which

Tot=f

That is to say, the following diagram commutes.

Vix...xV,

3.1.5 Graded Algebras

In this section we briefly consider an important classifying property possessed by certain
algebras, namely a grading, which essentially amounts to being able to express these
algebras as a special kind of direct sum that respects multiplication. In the next section

we will see that it is a property possessed by the, very important, tensor algebra.

Definition 3.17 (Graded Algebra). An algebra A over a field k is said to be graded if

as a vector space over kK, A can be written as the direct sum of a family of subspaces

(Aj)ien - ie.
A=P A
€N

and such that multiplication behaves according to

A;- Aj - Ai+j for all 1,7 €N

The elements of A; are said to be homogenous of degree i, which is essentially a sort of

“equivalence”. The unit of a graded algebra will belong to Ag.

A simple, but instructive example of a graded algebra is the free algebra on a set X.
Such an algebra is graded by the length of the words. This means that the subspace A;
of k{X} is defined to be the subspace linearly generated by all monomials (words) of
length 1.
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On a related note, the polynomial algebra k[z] is a prime example of a graded algebra.
Simply define k;[x] to be the subspace of k[z] consisting of all scalar multiples of z°.

Clearly, then, we have that
klz] = P rila]
i=0

This example, of course, can be generalized to the algebra of polynomials in several
variables, namely k[x1,...,2,]. In this case, each subspace consists of homogeneous
polynomials of degree i, where a homogeneous polynomial of degree i is one whose
terms are all of degree i. For instance, xlx% + 12923 is an instance of homogeneous

polynomial of degree 3.

3.1.6 The Tensor Algebra

The tensor algebra is one of our most important examples. In fact, it will be instrumental
in Chapter 5 when we define something called a universal enveloping algebra, which, in
turn, leads to our most important quantum group. We will also consider the tensor

algebra again in the next chapter.

To start, we use our antecedent work and define
°V):=k, TY(V):=V and T"(V):=V®"

for any vector space V', which we can now take to mean the tensor product of n copies

of V. Using this idea we define the vector space, T'(V') by
T(V):=EPT(V)
=0

This vector space has an induced associative product coming from the canonical isomor-
phisms
(V) T™(V)= T ™(V)

which equips it with an algebra structure. So considered, T'(V) is called the tensor
algebra of V. Notice that the tensor algebra is very clearly an example of a graded
algebra where T™ (V') is the space of homogeneous elements of degree n, where degree
n, like the free algebra, refers to length of “words”. For example, if a,b,c¢ € V, then

a®@b@b+a®b®cisin T3(V) and is a homogeneous element of degree 3.

Admittedly, operating in T'(V') is a bit “clunky”, since a product takes the explicit form

(T1®...0Tn)(Tnt1® ... Q@ Tnam) =T1® ... QTp @ Tpt1 ® ... ® Tmn
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where x1, ..., Tn, Tpil, .o, Tntm € V. We can make this more convenient by realizing
that the unit for this product is the image of 1 € x = T9(V). Let 4y be the canonical
embedding of V = T(V) into T(V). We therefore have that

1 ® ...z, =1dy(x1)... 0y ()

which permits us to write 1 ® ... ® x,, = z1 - - - T, whenever z1,...,x, are in V. Note,
this is merely a convenience at our disposal and won’t necessarily be the norm. Instead,
the reader will be notified when it is in use and should be expected only when notation
might become convoluted. The reader should also note the clear resemblance to free

algebras. In fact, the next result establishes a concrete connection between the two.

Proposition 3.18. (a) The algebra T(V) is graded such that T™(V') is the subspace

of degree n homogeneous elements.

(b) [Universal Property] For any algebra A and any linear map f : V — A, there exists
a unique algebra morphism f : T(V) — A such that f oiy = f. Consequently, the

map f — foiy is a natural bijection:
hom 44(T'(V'), A) = hom(V, A)

and so T is the left adjoint of the inclusion functor Alg — Vec.
(c) Let I be an indexing set for a basis B of the vector space V.. Then the tensor

algebra T'(V') is isomorphic to the free algebra k{I}.

Proof. (a) Since T(V) = @52, T'(V) by definition and T"(V) @ T™(V) = T ™ (V)
it is immediate that T'(V) is graded with the subspaces T™ (V') consisting of degree n

homogeneous elements.

(b) For any integer n > 0 define f,, : V" — A to be the multilinear map

fa(v,oyon) = f(vr) - f(vn)

By Theorem 3.16 there is a unique linear map f,, : V¥ — A with

fn(1® . ®@vn) = fv1) - f(vn)

Putting all these maps together yields a linear, and clearly algebra, morphism

f:Tr(V)— A
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which will also be unique given that V' generates T'(V') as an algebra. Now, for any
v € V we find that (f oiy)(v) = f(v) = fi(v) = f(v). Thus, (b) is established.

(c) Let B := {bi}ier be a basis for V. Since B is indexed by I there is a bijection

between them with ¢ < b;, which we may use to identify I and B. Using this we have

[ W}

In the diagram, i is the linear transformation extending i’ and, via the identification of
B with I, also extending i. If we now apply the universal property for 7'(V') and the

universal property for k{I} we get

O E—— o}

where i is the unique algebra morphism such that io iy = 1 and iy is the unique algebra

morphism such that iy (i) = iy (e;) for all i € T or iy = iy o 7. From these we find that

i=(ioiy)oi, iv = (iy 014) oy
But because iy and i are unique and

i=idoi, iy =idoiy

it must be that i o7y = id = iy 0. It follows that T(V) = r{I}.
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As indicated in (b), T can be thought of as a functor. If « : V' — W is a linear map,
then
Ta:T(V)—T(W)

is the algebra map obtained from setting A = T(W). It is this functor T" that gives the
connection from Vec to Alg, namely V +— T'(V), in Figure 1.1.

As we have seen, the tensor algebra is something like a tensor version of a free algebra.
Recall, too, that if we start with the free algebra x{x1,...,z,} and factor out the ideal
I of k{z1,...,z,} generated by all elements of the form x;x; — z;x;, where i, j run over
{1,..,n}, then the result is the polynomial algebra k[z1,...,x,]. There is an important
analogue of this in the case of the tensor algebra called the symmetric algebra. It is
defined by taking the tensor algebra T'(V') of a vector space V and factoring out the
ideal I(V') generated by all elements of the form z ® y — y ® x, where z and y run over
V. That is,
S(V) = T(V)/1(V)

The symmetric algebra is also graded and the image of 7"(V') under the projection of
T(V) onto S(V) is denoted S™(V'). For this reason, the symmetric algebra can also be

expressed as
S(V) =P s'v)
i=0
The analogue result for the symmetric algebra is as follows.

Proposition 3.19. (a) The algebra S(V') is commutative, and is graded such that S™ (V)
is the subspace of degree n homogeneous elements. (b) For any algebra A and any linear
map f:V — A such that f(z)f(y) = f(y)f(z) for any x,y € V, there exists a unique
algebra morphism f : S(V) — A such that foi, = f, where i, is the canonical map from
V =TYV) to S(V). (c) If I is an indexing set for a basis of V, then the symmetric
algebra S(V') is isomorphic to the polynomial algebra k[I] on the set I.

One interesting result, that does not hold for the tensor algebra, is that for any vector

space V', we have an isomorphism
SVeV)=sSV)e SV
Note, too, that (b) implies the bijection
hom 4;4(S(V'), A) = hom(V, A)

when A is commutative.
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3.2 Coalgebras

Now that we have defined the concept of an algebra and the language of tensor products,
we introduce the dual of an algebra, known as a coalgebra. The use of “dual” here is
different from how we used it before, but, as we will come to see, there is a connection
between the two. Because coalgebras are dual to algebras, we shall begin with a refor-
mulation of the definition and axioms of an algebra in terms of tensor products so as to

make this form of duality more transparent.

Before giving the tensor definition of algebra, recall that if A is an algebra over a field &,
then it is also a vector space over k. Thus, A® Kk £ A = kK ® A as vector spaces. But s
is also an algebra in its own right. We can therefore think of A ® k as a tensor product
of algebras. We then get that A® k =2 A = k ® A as algebras under the isomorphism
a® 1+ a (resp. 1®@ar a).

Definition 3.20. A k-algebra is a triple (A, u,n) where A is a vector space and
Hw:AA— A and n:k— A

are linear maps such that the diagrams:

id
AoAwA—"2 A® A
|
id® up iz
| I
AR A A

and
id id
H@A&A(@Aﬂfl@li
N
|
A
commute.

The first diagram essentially shows that multiplication (1) is associative and the second
shows that 7(1,) is the unit for u. Note that an algebra is commutative if, in addition

to the above, the following diagram commutes:
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AR A

oA

A

where 74 4 is the transposition map that swaps the factors of an element a ®b € A ® A.
That is

TaA(a®b)=b®a

The reader should note that if we represent the product u(a ® b) by ab, then the dis-
tributive property follows from the distributivity of the tensor product over addition

along with the linearity of u. More explicitly, if a,b,c € A, then

pla®@ (b+c¢) =pla®@b+a®c)
=u(la®b)+ pla®c)

which translates to

a(b+c¢) =ab+ac

Note the use of the tensor product with the linear functions involved in the above
diagrams (e.g. p ® id). Recall (following Proposition 2.16) that this usage is to be

understood as follows:

If f:U—U"and g:V — V' are linear maps, then their tensor product
fRg: UV UV

is given by

(f@g)(uev) = f(u) @g(v)

forallu e U and v € V.

To match what we will see below with coalgebra morphisms, we shall give a different

version of the definition for an algebra morphism.

Definition 3.21 (Algebra Morphism Revisited). Let (A, pa,n4) and (B, up,ng) be
two k-algebras. The k-linear map f : A — B is a morphism of algebras if the following

diagram commutes:
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Agoa—T% pen
HA K HB
VRN
nAa nB
VAP EERN
A B

The outer square is the tensor version of the diagram in Definition 3.2, and the inner

triangle says that f respects the units of A and B.

We now proceed to define a coalgebra. As stated in the opening of this section, coalgebras
are dual to algebras, and so we return to this central concept which was introduced in
the previous chapter. Here, however, is where we begin to see some of the nuance. The
duality referred to in this context is of a quasi-categorical nature. That is, given an
object (e.g. algebra) there is an associated object (here a coalgebra) which is obtained
by reversing all the arrows in the diagrams. Where this version of duality departs from
the category version is that there is some asymmetry involved because of the linear
maps used in defining algebras. In other words, if it were merely a matter of reversing
arrows, then there would be no need to study coalgebras separately because every result
about algebras would have a corresponding result obtained by reversing the direction of

arrows. We proceed, then, with the intention of seeing where this “asymmetry” leads.

Definition 3.22 (Coalgebra). A coalgebra is triple (C, A, e) where C' is a vector space,
while A : C — C ® C and € : C — k are linear maps such that the following diagrams

commute:
C 2 C®C
|
A id® A
: |
coc—221 cecec
and

id id
ko C 2% coc 225 0wk

N
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The first diagram represents coassociativity and the second the counit. The map A is
called the coproduct (or comultiplication) and e is called the counit of the coalgebra.

We also say that the coalgebra is cocommutative if

C

/ \
TC,C

CxC CxC

commutes. Finally, note that the isomorphism x ® C = C' = C'® k holds under the same

mapping as the algebra case, namely ¢ +— c¢® 1 (resp. ¢ +— 1 ® ¢).

This is not an altogether unfamiliar concept. Suppose we just have a set X and let
A : X — X x X be the diagonal function A(x) = (x,z). Let ¢ be the unique map
X — 1 where 1 is the singleton {*}. It is clearly the case that

X x1=2X=21xX

Finally, let 1x be the identity function on X. We then have the following commutative

diagrams:
X 2 X x X
A 1x><A
Xx X — X xXxX
AXIX
and

€><1X 1x><€
Ix X ——XxX—— Xx1
\T
W A I’
|
X

which have the same form as the coalgebra axioms.

Example 3.7. We can also motivate the definition of a coalgebra with our work from
Section 3.1.2. Take X to be a finite group G. Then per the definition of a group, G has

structure maps
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m:GxG—-G uw:{l}—-G S:G—-G

(g:h) —gx*h l—e gr—g!

where * is the group operation and e is the group unit. Now consider the space C&. The
multiplication of the group G induces a map CE — CE*G where f € CC is mapped to f
defined by f(gl,gg) = f(g1 * g2). But C¢*C = C% @ CY where a € CF*Y corresponds
to a1 ® ag € CE ® CY with a1(g) = a(g,1) and as(g) = a(l,g). This isomorphism
will be considered in a more general setting and with greater detail in Chapter 4. But

taking this for granted, we actually have an induced map A : C¢ — CY% ® CY where

A(f)=fi® fa.

Likewise, u : {1} — G induces a map C¢ — CI1} = C where
fr=four flu(l)) = f(e)

Call this induced map €.

Finally, S : G — G induces a map C& — C& where

f—=fofS

So, for each structure map on the group G we get a corresponding linear structure map.

To recap, these are

A:CE—-C6eCE ¢:C6>C §:C¢—cC¢
f—=A(f) fr=fle) f—=S(f)

where A, e and S are the transpose maps of m,u and S respectively. As already indicated,

this means, in particular, that

A(f)(g,h) == f(gh) and S(f)(g):=f(g™")

For our current purposes, however, we need not worry about the map S. Instead, consider

A. Note that since the group multiplication is associative we have the commuting diagram

m X id

GxGxG GxG
|

id X m m
l m

GxG G
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Now, G — CC is a functor (we’ll consider this later) and so we immediately get the

corresponding commutative diagram

(CG><G><G CGXG
(CCJXG (CG

and via the above isomorphism, the above diagram yields

CC % CCoCt 29" (Gt
T
idQ‘Z)A A
C¢®CC X CG

or more specifically that
(A®id) o A(f) = (id® A) o A(f)

which is exactly the coproduct axiom in our definition. A similar procedure yields the

counit ariom.

In the next chapter we’ll show more completely that k¢ is a coalgebra for x an arbitrary

field and G a finite group.

At this point, let us make a change of notation. In the definition of algebra we used p for
multiplication. Now, there is nothing wrong with using u, in fact, it is used because it is
suggestive. Nevertheless, because we wish to emphasize the duality between algebras and
coalgebras we shall denote the product by V to highlight more obviously its connection

to the coproduct A.

Definition 3.23 (Coalgebra Morphism). Let (C,A¢,ec) and (D,Ap,ep) be two k-
coalgebras. The k-linear map g : C — D is a morphism of coalgebras if the following

diagram is commutative.
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C J D
AN /
EcC ED
NS
Ac K Ap
g9

CeC

D®D

We now have a category of coalgebras, which we denote by CoAlg (see Figure 1.1).

Definition 3.24 (Subcoalgebra). Let (C, A, ¢) be a coalgebra. A k-subspace D of C' is
called a subcoalgebra if
A(D)CD®D

Example 3.8 (Ground Coalgebra). A basic first example is the ground coalgebra. Just
as the ground field k is naturally an algebra, it also has a canonical coalgebra structure.
The coproduct is determined by A(1) := 1® 1 while the counit is simply (1) :== 1. In

this case, the counit is just the identity map, since
eA)=eA-1)=X(l)=A-1= A
As for the coproduct, it is just the isomorphism Kk = k ® Kk, since
AN =21)=A101)=A1=1® A

Example 3.9 (Opposite Coalgebra). Another simple example is the opposite coalgebra.
This is a more generic example because we can take any coalgebra C and get its opposite
coalgebra denoted by CP. The coproduct for CP is defined by

AP :=100c0A

The counit, however, remains unchanged.

Example 3.10 (Trig-Coalgebra). A more concrete example is the trigonometric coal-

gebra. Let C be the k-vector space having basis {s,c}. Define the coproduct by

A(s):=sQc+c®s
Alc):=c®Rc—s®s
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and the counit by

By way of illustration, let us show that ¢ satisfies the coassociativity axiom. Going one

direction we have

(A®id)(Al0) =(A®id)(c®c—s®s)
=Alc)®@c—A(s)® s
=(®c—5Rs)Rc—(sRc+c®s)® s
=CcRQCRC—5VSRCc—5QVCcRS—CcRSRS

Going the other direction yields
(id® A)(A(e) = (i[d@ A)(c®@c—s® s)
=c®Ac) — s® A(s)
=cR(cRc—5®s)—sR(s®c+c®s)

=CcRCcRCc—CRSRS—5SRsRec—sRcRs

Hence, we get identical results (save for the order of terms).

The reason for the name “trigonometric coalgebra” becomes clear once one realizes that
the use of ¢ and s is suggestive of cosine and sine. The definition of this coalgebra is

based on the behavior of sine and cosine, since

sin(x + y) = sin(x) cos(y) + cos(z) sin(y)
cos(z + y) = cos(z) cos(y) — sin(z) sin(y)
sin(0) =0
cos(0) =1

We will revisit this example a little later.

Example 3.11 (Polynomial Coalgebra in One Variable). Nezt, consider the polynomial

ring k[x]. This becomes a coalgebra if we set

A" =x1+1®x)" g(z"):=0, n>1
Al)=1®1 e(1):=1
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Let us verify that id®@ A = A ® id on a generic basis element x". First, we find that

(id@ A)(A(z") = (id® A)(z® 1+ 1@ z)")

n

= (id® A) ( > <Z> kg xk)

k=0

Second, we find that

(A id)(A@")) = (

id) ((x
® id) ( < >xk®xn_k)

I I
3 H 3 |l
M /_\
\_/ N
/\
\/
/\
/\
v
\_/
8
@ 3
&
= 8
3 ET‘
® \i
Hs &
. 8,
-

Clearly the two results are equal, since both are

Z < " ) <Zf‘7>w"®x]’®xk
1+ ?

i+j+k=n

For the counit we will compute (id ® )(A(z™)) only, since the other case is essentially

symmetric. We have

(id® e)(A(z")) = (z‘d®5)( n (Z)x”_k ®mk)

k=0
_ Z (n>xnk Q E(flfk)
k
k=0
=2"®1

We will return to this example below when we consider the finite dual, where we will see
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something of a motivation behind defining the coalgebra structure in this manner. We
will also consider it in Chapter 6 where the need for this particular coalgebra structure

will be even more apparent.

3.2.1 Sweedler’s sigma notation

At this point we take an important detour in order to consider some convenient notation
adopted by those working in this field. If = is an element of the coalgebra (C, A, ¢), then
A(z) € C ® C is a finite sum of the form

A(x) = Z.ﬁh &K xo,, I1;,%2, € C
i
Dealing with multiple subscripts, however, can become quite convoluted so we agree to

abbreviate the above to
Az) = Zx(l) ® z?
(=)

Some authors (usually of a physics persuasion) omit the summation sign completely
and simply write W ® (@ and take the superscript with parentheses to indicate that
summation is intended. What is important to keep in mind is that this version is a
purely formal sum; it is purely symbolic. More specifically, the ¢ @ ¢(?) are not specific
elements, but rather stand for generic elements as a way of separating the first factor

from the second factor and are not uniquely determined.

What we can do with this notation is determined by the commuting diagrams that
establish the particular structure with which we happen to be working. For instance,

with such a convention at our disposal we can express the coassociativity of A by

3 ( 3 @M)W e (90(1))(2)) e =% 20e ( Y @)W (x<2>)<2)>
)

@ (@0 (@) ()

This becomes

3 Y M0 @) @@ =3 Y o0 g ()0 g ()
)

() (2D () ()

which we can write more succinctly as

Y @0 eE)@e® = 3 0 @@)D g (z2)
(2),(z1) (@),(z2)
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This is where the power of Sweedler’s convention becomes most evident. Using the

convention a second time we identify both sides of this last equation with

30 2@ g 2O
(@)

where we have three representative factors. In some sense this means that our choice of
labeling is artificial. What is more important is what is implied. If the comultiplication

is now applied yet again we find that

A 022 g2 = Y20 6 AE®) @2® = T2 20 @ AE®)

which we take to be the element

S oW 2@ g 20 @ 4@
(@)

In other words, the following diagram commutes.

H®H

A id® A
A®id®id
/—\}
H HOHRQRH -idoAid~ HQHQHQH
N

\—/
d®id® A
A®id

H®H

FIGURE 3.1

In general, define the map A(™ : ¢ — C®"+1) inductively on n > 1 by A1) = A and
A(n) — (A ® idC@(n—l)) o A(n—l) - (idc®(n—1) ® A) o A(n—l)
Following the above conventions we simply write

AP () = Z Ve, . @zt
(z)

Furthermore, we can express the condition for counitality (see Definition 3.22) by

Za(w(l)):c(2) =z = Zx(l)a(x@)) (3.4)
(2) (z)
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for all z € C. To see this, let € C'. Sweedler’s notation says A(z) = -, tW@z®, If
we now apply € ®id to this we get Z(x) e(zM) @z, but recall that £® C is isomorphic
to C under the mapping z — 1 ® z, so e(zM) @ 22 — g(x(0)2?). The other equality

is similarly shown.

To get a feel for the Sweedler notation we can express the commutativity of the first

diagram in the definition of a coalgebra morphism as
Ap(g(x) =Y g@)V @ g(@)® => g@") @ g(=)
(=) (=)

Also, we can now say that a coalgebra is commutative if
Z 2V @23 = Zx@) ® W
(z) (x)

for all x € C.

3.2.2 Some Basic Coalgebra Theory

Definition 3.25 (Coideal). Let (C, A, ¢) be a coalgebra and I a k- subspace of C. Then
I is called:

1. a left (resp. right) coideal if A(1) CC ® I (resp. A(l) CI®C).

2. a coideal if
AY)cIeC+CRI

and ¢(I) = 0.

In the case of an ordinary algebra, A, we say that a subspace I is an ideal if it is both
a left and a right ideal. Oddly, this is not the case with a coideal. In fact, if I is a
coideal, it may be that I is neither a left nor a right coideal. For instance, consider
the polynomial ring x[z] mentioned above. Now consider the subspace spanned by =z,

namely kz. By definition, for any Az € xx we have that
AAz) =Nz ®1+1®x) € ke ® k2] + k2] @ K

Also, it follows straight from the definition of ¢ that e(kx) = 0. Thus, sz is a coideal.

Notice, though, that A(Az) = ® A + A ® z is not a member of kx ® k[x] or k[z] ® K.

But should I be a left and right coideal, then by Proposition 2.16

AC(CeohnNn(IeC)=I®1
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and is thus a subcoalgebra.

We now proceed to establish an important theorem, which reveals a particular sort of

finiteness property that is inherent to coalgebras.

Theorem 3.26 (The Fundamental Theorem of Coalgebras). Fvery element of a coal-

gebra C' is contained in a finite dimensional subcoalgebra.

Proof. Let ¢ be an arbitrary element in C'. We want to show that ¢ € D where D is a
finite dimensional subcoalgebra (i.e. A(D) € D ® D). In this proof it will actually be
better to forego using Sweedler’s notation. If we apply A to ¢ we get a finite sum of the

form

A(C) = Zai ® b;

Now consider the element A?(c) € C ® C ® C, which is a finite sum, that can be written

as follows:

(A ®id)(Alc)) = Z A(a;) ® b, (3.5)
= Z <Z Cj & a,-j) ® b; (3.6)

( J
= Z ¢ Qa;; @ b; (37)

Now because C is a vector space, it has a basis, say {ex}rerx. We can therefore express

the ¢;’s and b;’s in terms of these basis elements (also finite sums) to get
Ae) =) <Z )\jkejk) ® ai; ® (Z%keik)
ij ok k

Once we expand this out we can reindex to get something of the form (3.7) again. What

this tells us is that, from the beginning, we can assume that we can write
A%(c) = ch ® aij @ b;
7:7‘7‘

where the ¢;’s and b;’s are linearly independent.

Take D to be the space spanned by the a;;’s. Of course, D will be a finite dimen-
sional subspace since there are only a finite number of a;;’s. Now consider the following

commuting diagram:
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C ~ C®k
2
A kQC®EK
T
a®if®a
coc 229 cwcec

From this we get that ¢ = 3, . e(cj)e(bi)aij, which implies that ¢ € D. It therefore
remains to show that D is a subcoalgebra - i.e. that A(D) C D ® D. We know that

ZA(Cj) ® aij ® b; = ZCj ® A(aij) @ b;
1, 1,J

and because the b;’s are linearly independent, this implies that

J

Z A(cj) ® aij = ZCj ® A(a;j) for all ¢
J

It follows that >, c; ® A(a;;) € C ® C @ D. But the ¢;’s are also linearly independent,
which implies that A(a;j) € C ® D for all 4,j. Using a symmetric argument one can

also show that A(a; ;) € D ® C for all 4, j. So, we have found that
Afaij) e(C@D)N(D®C)=D®D foralli,j

using Proposition 2.16 and hence A(D) C D ® D as desired. O

Theorem 3.27. Let f : C' — D be a coalgebra morphism. Then Im(f) is a subcoalgebra
of D and Ker(f) is a coideal in C.

Proof. Tt is a well known fact that Ker(f) is a k-subspace of C, while I'm(f) is a k-

subspace of D. Since f is a coalgebra morphism, the following diagram is commutative.

C D

Ac AD

cCel

D®D
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Using this diagram we see that

Ap(Im(f)) = Ap(f(C))
= (f® )(Ac(C))
C(feNCel)
= f(C)® f(C)
= Im(f) ® Im(f)

which shows that I'm(f) is a subcoalgebra in D.

The diagram also indicates that since

Ap(f(Ker(f))) =0

then
(f® f)(Ac(Ker(f))) =0

and using Proposition 2.17 it follows that

Ac(Ker(f)) C Ker(f® f)=Ker(f)@ C+C ® Ker(f)

Finally, since f is a coalgebra morphism we also get the following commutative diagram:

N

K

which tells us that
ec(Ker(f)) =ep(f(Ker(f))) =0

and thus Ker(f) is a coideal. O

Having developed the idea of a coideal, we can now proceed to construct specific factor
objects, which shall be called factor coalgebras. We will also see that such objects admit

a universal property of their own.

Theorem 3.28. Let C be a coalgebra, I a coideal and w : C — C/I the canonical

projection of k-vector spaces. Then:

(i) There exists a unique coalgebra structure on C/I such that w is a morphism of

coalgebras.
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(i) If f : C — D is a morphism of coalgebras with I C Ker(f), then there exists a
unique morphism of coalgebras f : C/I — D for which for = f.

Proof. (i) From the definition of a coideal, we have that
(rom)(A) C(rem)IeC+C®I)
Observe that if i® c+ @1 € I® C+ C ® I, then

(ram)(ictd @i)=(ran)(i®wc)+ (rem)(d @i)
=7(i) @ w(c) + w(c) @ w(i)
=0@7(c)+n(d)®0
=0

So, (m@7m)(I®C+C®I) =0 and thus also (7 @ 7)(A(I)) = 0. If we view C as a

vector space, then the universal property of the factor vector space implies that there

exists a unique linear map
A:C/I—-C/IxC/I

for which the following diagram commutes.

C C/1
A A
coc—"2" . c/IeC/I

This map is defined in the obvious way, namely

A:=(r@m) oA or A := Z@@C@)
©

where ¢ = 7(c) is the coset represented by c¢. We now construct the following “cube”

diagram from the coassociativity diagram for C:
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g

C/I C/lIeC/I
4 7r®7r/
A /
C A cC®C id® A
A®id
A C/lIeC/I id® A C/lIeC/lI®C/I
TR
TRTR T
oX:Xe; 2ol CoC®C

The top, both sides and the bottom of this diagram commute due to the commutativity
of the previous diagram for 7. Also, the front commutes by the coassociativity of C' and

the back commutes since 7 is onto. Using this diagram we see that
(A®id)(A@) = (i[d@A)(AE) =Y Do @B

and hence A is coassociative. Moreover, since I is a coideal, we have that ¢(I) = 0 and
so can again use the universal property of factor vector spaces to get that there exists a

unique linear map € : C/I — & such that the following diagram commutes:

and also

Thus

which is the Sweedler way of saying that the second (counit) diagram in Definition 3.22
commutes for C/I . Tt follows, then, that (C/I, A, z) is a coalgebra and 7 is a coalgebra
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morphism. Furthermore, the uniqueness of the coalgebra structure on C'/I for which =

is a coalgebra morphism follows from the uniqueness of A and &.

So, in case [ is a coideal the map A factors through a map

Z:C/I—>C/I®C/I

Aom
C

|

C/1

C/I®C/I

D

Likewise, the counit map factors through a map

€:C/I -k

(ii) From the point of view of vector spaces, the universal property of factor vector spaces
implies that there exists a unique morphism of x-vector spaces f : C//I — D such that

fom=f, defined by f(¢) := f(c) for all ¢ € C. Now consider the diagram:

Ac C/lIeC/I Ap

C D
ref

C® ® D
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Note that

C
!
|
e |C/I —F—— D
!
l
K

But we also can easily see, per the above diagram, that

ep(f(e)) =ep(f(c)) =ec(c) =(0)

and thus we have shown that f is a morphism of coalgebras. O

What we can deduce from this is that coalgebras also admit a fundamental isomorphism

theorem.

Corollary 3.29 (The Fundamental Isomorphism Theorem for Coalgebras). Let
f:C—D

be a morphism of coalgebras. Then there exists a canonical isomorphism of coalgebras
between C/Ker(f) and Im(f).

Proof. By Proposition 3.27 we know that Ker(f) is a coideal of C' and Im(f) is a

subcoalgebra of D. By the previous theorem
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C/Ker(f)

we know that C/Ker(f) is a coalgebra and there exists a unique coalgebra morphism
f: C/Ker(f) — Im(f) with f(¢) = f(c) for all ¢ € C. Furthermore, we know that

f and 7 are onto, and so, therefore f is too. Thus, we need only show that f is 1-1.

Suppose that ¢ € Ker(f). Then f(¢) = 0. But f(¢) = f(c) and hence ¢ € Ker(f)
thereby implying that ¢ = 0. Therefore, Ker(f) = {0} and f is 1-1. O

3.2.3 The Tensor Product of Coalgebras

One of the key underlying themes in this thesis is tensor products. We have considered
that the tensor product of vector spaces is again a vector space and the tensor product
of algebras is again an algebra. We now want to know if the same holds for coalgebras.
That is, if C' and D are two k-coalgebras, is C' ® D a k-coalgebra? The quick answer is,
yes, and we can see this as follows: Recall that U @ V =2 V ® U as vector spaces and
UeV)W 2 U (VW) as vector spaces. The first isomorphism is specifically

given by the “flip” or “transpose” map 7y defined by 77y (u ® v) == v @ w.

Now, since C' and D are each coalgebras we have the map
Ac®@Ap:C®D — (CeC)®(D® D)

since A¢ and Ap are linear. We then have the isomorphism of vector spaces
(CoC)®(D®D)~C®(C®D)®D

But using the twist map we get the isomorphism

idempid:C®(C®D)eD —-C®(DC)®D

and then we apply the second isomorphism again to get
C®D®C)oD~(C®D)®(C®D)

Composing these maps gives

(id®7ep ®id)o (Ac®Ap):C®D — (C®D)®(C® D)
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This will be our map A for C ® D. To verify the coassociativity axiom we will show
that the required diagram commutes in this context. To accomplish this, we first note
that since C' and D are coalgebras individually we get the commuting diagram:
Ac®A
C®D c-=b (C®C)® (D D)
| |

Ac ®Ap (id® Ac) ® (id® Ap)

l A id A id l
o (Do by Er 2 o ce 0y e (Do Do D)

C®0)®

which is essentially a tensoring of C' and D’s coassociativity diagrams. Now, using the

twist map we have the isomorphisms
(C®C)®(D® D)~ (C®D)®(C® D)

and
CeCC)(DDeD)=(CeC)®(D®D)® (C® D)

The first isomorphism is specifically given by idc ® 7¢,p ® idp and the second by

(idecge ® 17¢,p ®idpep) © (idegcep ® T7o,p ®idp)

We therefore get the commuting square:

(CaC)e e ) 2V o ce0ye (Do Do D)

2 2
A0®AD 1d®1d
Ceo) e

(C®D)® (D D) (C®D)

Similarly we have that

(C®C)®(D®D) ~ (C®D)®(C® D)
| |

(d® Ac) ® (id® Ap) (id®id) ® (Ac ® Ap)

CelCel)®(D®DeD)

(CeD)®(CeC)® (D D)

commutes. The final square

(CeC®0C)® (D D®D) ~ (CeD)®(C®C)® (D D)

2 2

CeC)®(DeD)®(C®D) (C®D)®(C®D)®(C®D)
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commutes because the isomorphisms involved are just equivalent permutations achieved

via the twist map. That is
(ITIIT)o (IIITI)o (IITII)= (III7I)o (ITIII)o (IITII)

where [ is the relevant identity map and “®” is suppressed for brevity.

Putting all this together implies that

A

C®D (C®D)®(C®D)
|
A id® A
A®id
(C®D)®(C®D) (C®D)®(C®D)® (C®D)
commutes, thereby showing coassociativity. The counit is defined by ¢ := e¢ ® €p

(identifying k with kK ® k) and the counit axiom is proved similarly. Thus, C'® D is itself

a coalgebra.

3.2.4 The Algebra/Coalgebra Connection

The dual of a vector space determines an important connection between algebras and
coalgebras. This is where we will see the relationship between our two uses of the term
“dual”. More importantly, the following work will uncover the categorical relationship

between Alg and CoAlg in Figure 1.1.

Recall that in the construction of the tensor product of linear maps we obtained the
linear map

6 : hom(U,U’) ® hom(V, V') — hom(U @ V,U' @ V')
defined by
(0(f@9)(uev) = f(u) @ g(v)
We shall also make use of a generalization of Corollary 2.19, extending the specialized

version of 8 to similar maps involving multiple tensor products.

Lemma 3.30. For any k-vector spaces Vi, ..., V,, the map
0:Vi'@..0V, -(WVe...0V,)"

defined by
0(f1@...0 fr)(v1®...Qv,) == fi(v1) -+ falvn)
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1s injective. Moreover, if all the spaces V; are finite dimensional, then 6 is an isomor-
phism.
For our purposes we will take this for granted (see [8]).

We now make the important connection between algebras and coalgebras, via use of the

material in section 2.1.4 involving dual vector spaces.
Theorem 3.31. The dual vector space of a coalgebra is an algebra.
Proof. Let (C,A,¢) be a coalgebra. Consider, from Corollary 2.19, the (not necessarily

isomorphic) map

0:C*C"— (CxC)"

defined by
0(1 @ P2)(c1 @ c2) := @1(c1) ® Pa(c2) = p1(c1)pa(c2)

Set A =C* V = A*o6 and n = €* where the superscript * on the linear maps A and ¢
indicates their transpose. To see that such a setup yields an algebra, we check that the

diagrams in the definition of algebra commute.
Since we started with a coalgebra, the coassociativity diagram commutes:

A

c CecC

Al lid@A
A ®id

Cec CoCeC

If we now take the transpose of this diagram we get

A*

o (C®C)*
(id®A)*T TA*
(C®O)* (CeCe0)*
(A ®id)*

which automatically commutes. But since the maps
0:C*xC" - (C®0)" and 0 :C*@C*"C* - (CoCxC)*

are embedding maps, we get the commuting diagram
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V®id
C*eC*® C* C*®C*
id® Vl J v
Cred - C

which is exactly the associativity diagram we need for showing that C* is an algebra.

For the unit diagram, we proceed similarly. First, we have that the diagram

k®C - c - C®k

|
\ A /
e®id N d®e

ceC

commutes. Taking the transpose yields the commuting diagram

~ ~

(k®C)* c* (C®kK)*
T
(5®id)\t A‘ lA@s)*
(CaC)y

But:C*@C* — (CC)", 0 : k*@C* - (k®C)" and @ o7+ ¢+ : C*QK* — (CRK)*

are embedding maps, which implies that

* * n®id * * id®n * *
K*®C creC C*®k
N
C*

is a commuting diagram. Since k* 22 k as vector spaces under the canonical isomorphism

W(f) = f(1) for all f € k*, the above diagram tells us that the unit diagram for C*

commutes. Therefore, (C*,V,n) is an algebra.

O]

From the above proof, the reader should especially note how taking the dual allows for

a canonical way to reverse arrows in this context, which gives the connection betwe
each duality. We therefore have a functor CoAlg — Alg, where a coalgebra C' is sent

the algebra C* and a coalgebra morphism f is sent to its transpose f*.

cen

to
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Given a coalgebra C', the actual multiplication in the algebra C* is to be understood as

follows. For a, 8 € C*, the product a8 € C* is the map given by

aB(c) = (@ ® A)(A(©))
=Y ale)B(c?)
(c)

Now, for any k-algebra A, the multiplication is completely determined by the products of
the basis elements. For example, if {b1, b, ..., b, } is a basis for A we define the structure

constants (or structure coefficients) c;jx by

bibj = Z Cijkbk
k=1

If we now start with a finite dimensional coalgebra C with basis {c1, 2, ..., ¢, } then the
dual space C* has dual basis {c}, c3, ..., ¢ }. Since the dimension is finite we may identify
C* ® C* with (C ® C)* and hence the multiplication for C* is V = A*, which means
that

Vieg®cy) =(cr®cy)oA

If applied to a basis element of C, say ¢, one gets (¢} ® ¢})(A(c)) and so we consider

A(cg) as an element of C' ® C. We write
Alcg) = Z )\ijkci X cj
2
Then we have
V(e @) (er) = (¢ ® cz)(z AijiCi ® cj)
/[:7j
= Nijrci(e) © ¢k (cy)
i,J
D IRTCACIAC)
i7j
= )‘rsk
This means that the multiplication in C* of basis elements is given by

* % *
C Cy = g ArskCr
k

where the \,4’s are the structure constants for C*.
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Now, the unity of C* is obtained by

ly—1i—e*(15) =1 o0¢

since n = £* once we identify k* with x. Considered as an element of C*, this unity acts
on the basis of C by (1} o¢)(by) = £(be). This means that the unit of C*, as an algebra,

is the functional which sends b; — ¢(b;) for all 7, so 1o+ = €.

Example 3.12 (Trigonometric Coalgebra). Let’s look again at the interesting case of
the trigonometric coalgebra, call it C. As a vector space it has basis {c,s} and hence is
of dimension 2. Recall that the coalgebra structure is given by

Alc)=c®c—s®s

A(s)=s®c+c®s

Since the dimension is finite, the dual vector space, C*, is isomorphic to C as vector
spaces. Accordingly, C* has dual basis {c*,s*} and by the above theorem is an algebra.
Note right away that c¢* is the element of C* := hom(C, k) such that c¢*(¢) = 1 and

c*(s) = 0, while s* is the element such s*(s) =1 and s*(c) = 0.

Now, n := €* and once we identify k* with k we see that
n(l)=e"(1") =1"oce=¢

Thus, n(1)(c¢) = 1 and n(1)(s) = 0 and therefore n(1) = c¢*. This means that c* is
actually the identity element for C*, which tells us immediately that

44' 2

where we are using as short hand for V. Let us now see what other relations hold

within this algebra. Using our work with the structure constants we find
e = AeesST A+ A =F
implying that Aees = 0 and Aeee = 1. As for s* - s* we have

* * * *
8% 8" = Agss8" + AgscC
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as an element of C* where
A(S) = Asss(S @ 8) + Ases(8S @ €) + Aess(c @ 8) + Aees(c ® ¢)

But because A(s) = s @ c+ ¢ ® s it must be that Agss = Aees = 0 and Ages = Aess = 1.
Likewise, because A(c) = c®c—s®s we get that Agse = —1, Aeee = 1 and Agee = Acse = 0.
We therefore find that s* - s* = —c* = —1¢+.

2

Let us agree to write ¢* - ¢* and s* - s* respectively as (c*)? and (s*)2. Then we see that

() + (s =0 and (c*)?—(s%)* =2¢"

We know of something familiar that behaves the same way, namely i> = —1. Thus, C*,

remarkably, is isomorphic, as an algebra, to k[i] with i2 = —1 or klx]/(x? + 1).

Conversely, suppose we start with C, which has R-basis {1,1}. Then the dual space C*

has dual basis {1*,i*}. The structure constants are

c111 = Cui = Ging = 1, cin = —1
C11i = C1i1 = Ci11 = Ciji = 0
These determine the coalgebra structure. We have

A1) =l @ 1" +cnl" @i" + ¢1t™ @ 1" + ¢11" @ 40*

A(T*) = 111" @ 1" + €135 1" @ % + €140 @ 17 + ¢431* @ 1

Furthermore, £(1*) = 1 and €(i*) = 0 since 1c =1-1+0-i. If we now set 1* := ¢ and

1" 1= s we find that C* is the trigonometric coalgebra.

Suppose that C' is any coalgebra. Then we now know that its dual C* := hom(C, k) is
an algebra. Let us now explore the connection between ideals of C* and sub-coalgebras

of C. For any subspace L of C* define an associated set L+ by
Lt :={ceC:lc)=0forall fc L}

It is easy to see that this set is a subspace of C.
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Proposition 3.32. If L is an ideal of C*, then L* is a sub-coalgebra of C.

Proof. 1t needs to be shown that A(L+) C Lt ® L*. Let ¢ € L*. Then ¢ € C and hence
A(c) € C®C. Now, every element of the tensor product C' ® C' can be expressed in the

n
Z a; @ b;
i=1

where {a;} and {b;} are linearly independent sets (see Theorem 2.15). We can therefore

form

write

A(C) = Zn: a; b,
=1

Now, {a;} and {b;} can be considered bases of the vector subspaces Span(ai,...,an)
and Span(bi, ..., b,) of C respectively. Therefore, we ascertain dual bases {a}} and {b}}
respectively, which we can take to consist of elements of C* and where the reader should
recall that

ai(a;) = 6ij and  bj(bj) = di;

Let us suppose that A(c) ¢ L+ ® L*. Then there exist a, or bs such that £(a,) # 0 or
V'(bs) # 0 for some ¢,¢' € L. Now, since L is an ideal, it follows that a} - ¢’ € L for all 4
and ¢ -b; € L for all i. Therefore, it must be that

a’-l'(c)=0, £-b(c)=0 for all 4

Without loss of generality, suppose ¢ (bs) # 0. Then, since the multiplication in C* is

given by A* we have

0=al -(c)
= (a5 @ £)(A(c))

n

= (ai@ﬁ’)(Zai@)bi)

i=1
= Z at(a;) @ 0 (b;)
i=1
=1® (' (bs)
= 10 (bs) = £'(bs)
which is a contradiction, since ¢/(bs) # 0. Hence, each by is in L+, and likewise, each a,

must be in L and our assumption that A(c) ¢ L+ ® L is therefore false. Therefore,

L+ must be a sub-coalgebra of C. O
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Suppose we now start with a subspace D of C'. Then we again construct an associated
space D+ defined by

Dt :={feC*: f(d)=0foralde D}

In terms of vector spaces, this is also known as the annihilator of D.

Proposition 3.33. For any subspace D of C we have
D+t =D
Proof. By definition we know that
D ={ceC: f(c)=0forall fc D'}

Thus, it is clear that D C D+, Suppose, however, that D™ # D. Then there is
b € D+ such that b ¢ D.

From linear algebra we know that any subspace of a vector space has a complement.

Thus, as vector spaces we have
C=D¢T

for some subspace T of C. As an element of C, therefore, we can write b = d + ¢ for
some d € D and non-zero t € T. Now there exists ¢ € C* such that g(t) # 0, but
g(D) = 0. So, g € D*, which implies that g(b) = 0. But then we also have that
g(b) = g(d+1t) = g(d) + g(t) = g(t) # 0, which is a contradiction. Thus, we must have
that D+ = D after all. O

Proposition 3.34. D is a sub-coalgebra of C if and only if D+ is an ideal of C*.

Proof. Suppose D is a sub-coalgebra of C. Clearly D= is a subspace of C*. Let f € D+
and g € C* and consider the product map f - ¢g. For any d € D we have

(f-9)(d) = (f ©@ g)(A(d))

= (fog(XdVed?)
(d)

=>_ fdV)®g(d?)
(d)

=0 [since f(dM) = 0]

Similar reasoning shows that (g - f)(d) = 0 for all d € D, and hence, f-g,g-f € D*. It
follows that D™ is an ideal of C*.
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The converse holds as a consequence of Proposition 3.32 and Proposition 3.33. O

Proposition 3.35. We have the following isomorphism of algebras:

C*
DL

>~ D*

Proof. Since D is a sub-coalgebra of C' we can think of the coalgebra D as embedded
in C. In other words, we have an injective coalgebra map ¢ : D — C. By taking the

transpose of ¢ we get a surjective algebra map i* : C* — D* and hence

Im(i*) = D*

Now, it is clear that f € D' is equivalent to f restricting to the zero map on D. Thus,
Dt C Ker(i*). Conversely, if g € Ker(i*), then i*(¢g) = Op entailing that g o = Op.
This implies that g(D) = 0 and hence that g € D*. So

Dt = Ker(i*)

Therefore, by the First Isomorphism Theorem and the fact that ¢* is an algebra map

C*
DJ_

~ D* as algebras

O]

Proposition 3.36. If C is a finite dimensional coalgebra, then for any subspace L of
C*
i

Proof. Since C' is finite dimensional we have that

c=cr as vector spaces

If we now identify C' with C** we get, by Proposition 3.33, that L++ = L for any
subspace L. ]

What we have so far shown is that 1 acts like a map, which we denote by Perp. In
other words, we have

Perp(D) = D+, Perp(L) = L*
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Notice, too, that Perp is its own inverse and hence we get an order reversing (in the

sense of reversing inclusion) bijection:

{sub-coalgebras of C'} « {ideals of C*}

Interestingly, although algebras and coalgebras are duals of one another, it is not gener-
ally true that the dual vector space of an algebra carries a natural coalgebra structure.
This is due to the failure of the canonical map 6 : U* @ V* — (U ® V)* to always be
invertible. To circumvent this issue, we must restrict ourselves to the finite dimensional

case, for then, # will be an isomorphism.

Theorem 3.37. The dual vector space of a finite-dimensional algebra has a coalgebra

structure.
Proof. Let (A,V,n) be a finite-dimensional algebra. Then the map
0: A" A" - (AR A)*
is an isomorphism, which allows us to define A by
A:=0"1oV*

Also, set € := n*. Now because A is an algebra we have the commuting diagram

Aodpd——  4g4
id®Vl JV
Ao A - A

Like before, we can take the transpose of this diagram to get another commuting dia-

gram, namely

(id®V)*T Tv*
(4o Ay - A

Since we are working in the finite dimensional case, we have the nice result that

(ARARA) A" ®A*®A* and (A®A)* = A* @ A*
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as vector spaces. Under these identifications, this last commuting diagram actually

becomes the coassociativity diagram for A*.

The same holds true for establishing the counit axiom. We start with the commuting unit
diagram for A and take its transpose. Using the same isomorphisms we get the desired

commuting counit diagram for A*. This shows that (4*,60~! o V* n*) is a coalgebra.

O

While the proof of the previous theorem is elegant, it doesn’t show the structure of
specific elements. To see the “nuts and bolts” of what the above theorem means, let
us consider two concrete examples. For both the forthcoming examples we should point
out again that because we will be working with finite dual vector spaces, the map

0:A*® A* — (A® A)* is an isomorphism. As in our proof, the coproduct is:
A:=0"1oV*

which we can simply think of as A = V* after identifying A* @ A* with (A ® A)*. The
counit, again, is € := ¥ on* where 1 is the canonical isomorphism from £* to s, that is,

(f) = f(1) for f € k*.

Example 3.13. First, take the finite dimensional matriz algebra A := Ms(k). This
algebra is 4-dimensional with basis

o ol oo Lol )

For ease, let us denote this basis by {E11, Fra, Eo1, E92}, where the subscripts indicate

the position of the 1 entry. The dual vector space A* is also 4-dimensional, having dual

basis { f11, f12, fo1, fo2} (using f instead of E*). These maps are defined by

1 ifi=kandj="¢
Jii(Ere) == = 0;k0j¢
i7(Ee) 0 otherwise R
We would like to understand the coalgebra structure on A* guaranteed by Theorem 3.37.

Note first that the algebra structure of Ma(k) is given by E;jEy = 0;,Ey. Once we
identify A* @ A* with (A® A)* we get

A(fi) =V (fi5) = fijoV
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Now because of this algebra structure, the structure constants must be of the form

0 otherwise

1 ifj=k i=randl=s
ijklirs —

Thus,

A(frs) = Z/\ijké,rsfij ® fre
= Z frk ® fks

In this case, there is no need for the summation; though, it shows that the same argument

works for higher dimensions. We therefore define

A(fij) == fi1 @ fij + fio ® fo;
and with this in hand, one can show, using the counit axiom, that € must be defined by
e(fij) == 0y
We then extend these by linearity to the rest of A*.

More generally, when M, (A)* is identified with M, (A), € becomes the trace map. So,
in this case, if [ = Zij:l Xijfij, then

e(f) = 5( i Az’jfij)

,j=1

2
Z Nije(fig)

ig—1
2
= 2 i
ig—1
= A1+ A2
= tr(f)

A1 >\12]

where f is regarded as the matriz
A2l A2

As indicated, the example just considered is a special case, which can be extended to the
more general algebra M, (k). That is, since M, (k) is finite dimensional for any positive
integer n, the dual vector space of M, (k) has a coalgebra structure. This structure is

understood according to similar reasoning to that used above.
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Example 3.14. Let A := k[z]/(g(x)) where g(z) is some monic degree n polynomial.
The dual vector space, then, is A* = hom(k[x]/(g(z)),k) and A = A*. Note that A
has basis {1,x,2%,...,2" 1} and so A* has basis {fo, f1, ..., fu_1} where fi(z7) = &;j.
We also know that the tensor product A* @ A* will have basis {f; @ f;}ij. Thus, for
arbitrary f € A* we will have A(f) = Z” Xijfi @ fj. But since we have given the

general definition of A to be 6~ o V* we also have
A(f)= (07" o V)(F)
=07 (foV)
Next, let us consider what this does to a basis tensor z* @ 2 € A® A. We have
07 ((fo V) (a* @ a%) = f(V(z* ® 2"))
— f(xk+€)
But also
AR @) = 3 M @ £)(o* @ 1)
'7j
=> Ajfileh) ® fi(ah)
]
= Z Aij fi(®) f5(2")
i,J

= Z >\7jj5ik5jé
5]

= ke

k:-i—ﬁ)

so we can equate f(x and Age. Putting this all together allows us to write

A(f) =) f@™)fi® f

7:7‘7‘

At this point we must address an issue, which arises when i + j becomes too large. To

simplify matters, examine A(fy). By the formula for A we have

Alf) =D ful@™)fi® fi

i7j
= Z5k,i+jfi ® fj
2%
Since we are factoring out an arbitrary degree n monic polynomial g, we can only use

Ok,ivj fori+j <mn. In case i+ j > n we need something that will efficiently reveal what
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is happening. Suppose g(z) = ag + a1z + ... + ap_12"" ' + 2™. Then the companion

matriz of g is defined to be

0 0 0 —ag
1 0 O —aq
1 0 —a2
My := )
O
1 —a,_1

We can associate each of the columns of My, in a canonical way, with a basis element

of A. First, we make the assignment

1 < 60 f—
0
then - o ] )
0 0 g
0 —a
xTr < e1 = 0 5 ,CUQ — €9 = 1 yeaey aneTL: —a9
0 0 —0n-—1

For any x* one can find its coefficients with respect to the basis {1,2,2%,...,2" 1} by

examining the first column of M;. For example,
2?=0-14+0-2+1-2°+0-2°+...+0---2""!

If we then compute M; we will find that eo has shifted to the first column position and
ez contains the coefficients just mentioned. Note further that if we compute Mg, then
the first column will be e,,, which contains the coefficients of x™ with respect to the basis
of A, and is also what we find from solving g(x) = 0 for ™. We can also compute the

specific coefficient for any x* € {1, 2,22, ..., 2" '} in 2. It is given by

e}éMéeo, [t indicates transpose]
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Thus, for i+ j > n we have that fy(x'7) = eZM;ﬂeo, which means that we should

actually write

A(fr) = (ehMiTeo) f; @ f;

l’j

For the counit, since e = on*, we find

which is what we would find using the counit diagram.

In the generic case, for finite dimensional A* with basis {b7], b3, ..., 0} }, since A = V* we

have that A(b}) = b o V. Thus

A(bg)(bi @ bj) = by (V(bi © b))
b

So the structure constants of the finite dimensional algebra A are also structure constants

for the coalgebra A*, since we can now write
A(by) = cijrbi @ b
1,3

In this context, perhaps we can call them co-structure constants or structure co-constants.

Theorem 3.37 raises an interesting question. Essentially, it says that any finite-dimensional
algebra can also be given a coalgebra structure via the vector space isomorphism A = A*.
This means we can think of the space either as an algebra or as a coalgebra. But one
might then wonder whether these structures are compatible in a natural way. The answer

often turns out to be yes and we will talk about such structures in the next chapter.
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It would still be nice to be able to associate a coalgebra, in a natural way, to any algebra
A. Fortunately, we can do this as long as we resign ourselves to defining the coalgebra

on a particular subspace of A*. This subspace is
A° ={f € A" : Ker(f) contains an ideal of finite codimension}

where a subspace W of a vector space V has finite codimension if dim(V/W) is finite.
It would be prudent to at least quickly verify that A° is actually a subspace of A*.
Toward this end, note that if W and U are subspaces of finite codimension in V', then
W N U will likewise have finite codimension, since there exists an injective morphism
V/(WNU) - V/WxV/U. So,if f,g € A°, then Ker(f)NKer(g) C Ker(f+g) implying
that f + g € A°. Likewise, af € A°, for a € k, f € A°, since Ker(f) C Ker(af).

This subspace is known as the finite dual of the algebra A. The finite dual has a natural
coalgebra structure, but to show this requires a bit of preliminary work. For a complete
treatment of the finite dual see [10]. Here it will be sufficient to simply consider a useful

example.

Consider the polynomial algebra in one indeterminate s[z]. This algebra is infinite
dimensional with standard basis {1,z,22,...}. The “dual” elements 1,%,4?, ... defined
by

&'(a?) = &y

are in r[z]°, since for each &¢, Ker(2') contains the ideal generated by 2'*! and s[z]/(z*+1)

is finite dimensional. The set {1,2,42,...} acts as a dual basis for x[z]°.

Now, because z'z/ = 27 in k[z], then x'z/ = Y, ¢;jxx" tells us that the structure
constants are
Cijk = Oitjk
and therefore, the coalgebra structure is given by a coproduct:
A@EF) =) ejri’ @ 37
(]
= > e

it+j=k

and counit determined by (¢ ® id)(A(&¥)) or equivalently by (id ® €)(A(2%)):

(e ®id)(A@E")) = (¢ ®id) ( Y i @xﬂ)

i+j=k

= > @) e

i+j=k
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This implies that £(2%) = d;0, which is the same as 7*.

We can transfer this coalgebra structure to x[x] by identifying 2° with z*. The coproduct,
then, is
A(z¥) = Z '@
i+j=k

and the counit () = dj.

In Example 3.11 we introduced, out of thin air, a coalgebra structure on k[z]. Our
work here has produced a similar, albeit different, coalgebra structure for x[z]. In some
sense, though, this construction now motivates the definition used in that example,
since we need only add in the correct binomial coefficients to recover the coproduct
A")=(z@1+1®x)".

Taking the finite dual now gives us the means to go from Alg to CoAlg, thereby es-
tablishing the connection in Figure 1.1. Next, we shall consider how the dual gives a

contravariant equivalence between more specific objects in these categories.

3.2.5 Co-Semi-Simple Coalgebras

Definition 3.38 (Simple Coalgebra). Let C be a coalgebra. Then C'is said to be simple

if it has no proper sub-coalgebras.

An easy, straightforward example of such a coalgebra is afforded by any one dimensional

coalgebra.

Definition 3.39 (Co-Semi-Simple Coalgebra). Let C' be a coalgebra. Then C' is said

to be co-semi-simple if it is a direct sum of simple sub-coalgebras.

Proposition 3.40. Any simple coalgebra is finite dimensional.

Proof. Suppose C is a simple coalgebra. Let ¢ € C be a non-zero element of C. Then,
by the Fundamental Theorem of Coalgebras (see Theorem 3.26) c is contained in a finite
dimensional subcoalgebra C’ of C. But C' is simple and therefore C' = C. Thus, C is

finite dimensional. O
Theorem 3.41. If C is a simple coalgebra, then C* is a simple algebra.
Proof. In the previous section we showed that sub-coalgebras of C are in bijective corre-

spondence to ideals of C*. But since C' is simple it has no proper sub-coalgebras. Thus,

there are no corresponding non-trivial proper ideals of C* and hence C* is simple. [
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Corollary 3.42. C is a finite-dimensional co-semi-simple coalgebra if and only if C* is

a finite-dimensional semi-simple algebra.
Proof. If C is a finite-dimensional co-semi-simple coalgebra, then, by definition
c=@pc
i
where each C; is a simple sub-coalgebra. Since C' is finite dimensional taking the dual

cr=pc

where each C is now a simple algebra. Therefore, C* is semi-simple.

yields

The converse is established in the same manner. Simply start with a finite-dimensional
semi-simple algebra A. Then A = @, A; where each A; is simple. By taking the
dual we get A* = @, Af. Since each A; has no non-trivial proper ideals, there are no
corresponding proper sub-coalgebras in A;. Thus, each A} is a simple coalgebra and

hence A* is co-semi-simple. O

Proposition 3.43. Any simple, complex co-commutative coalgebra C is one dimen-

sional.

Proof. Suppose C' is a simple complex co-commutative coalgebra. By Proposition 3.40
C must be finite dimensional. Furthermore, by Theorem 3.41 and the fact that C' is co-
commutative, C* is a finite dimensional simple commutative algebra. These properties

imply that
1

Cr = HC = C as C-algebras
i=1

which further implies that C' = C as vector spaces. Therefore, C' is a one-dimensional

complex coalgebra. O

What this section shows is that taking duals yields a contravariant functor from the cate-
gory of finite-dimensional co-semi-simple coalgebras to the category of finite-dimensional

semi-simple algebras. In fact, what we have is a contravariant equivalence
{f.d. co-semi-simple coalgebras} = {f.d. semi-simple algebras}
At the beginning of this chapter we concluded that

FinSet’ = {f.d., commutative C-algebras with no nilpotent elements}
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Note that finite-dimensional C-algebras with no nilpotent elements are the same as
finite-dimensional commutative semi-simple C-algebras. So, what we have seen in this

section is what happens when we drop the commutativity requirement.



Chapter 4

Bialgebras and Hopf Algebras

While algebras and coalgebras are separately very interesting, the aim of this chapter is
to explore a more intimate setting where algebra and coalgebra structures are “married”
into a single structure called a bialgebra. Using these as a springboard, we then turn
to the most important objects in our study called Hopf Algebras. They are the “most”
important because, as we shall see later, quantum groups are a special kind of Hopf
Algebra.

Comparatively speaking, Hopf Algebras are a neoteric phenomenon. Their mathematical
origins trace back to the study of algebraic topology and algebraic group theory. The
name “Hopf Algebra” (technically algebre de Hopf) was coined by Armand Borel in
1953 in honor of Heinz Hopf and his work in the 1940’s. The actual definition of a Hopf
Algebra went through several revisions as various mathematicians developed the theory.
Although an interesting study in its own right, we shall here be concerned only with the

contemporary meaning of the term.

4.1 Bialgebras

Even more interesting than being an algebra or coalgebra alone is to possess both struc-
tures “simultaneously” - i.e. in a compatible way. This means that a vector space H
is at once an algebra (H,V,n), and a coalgebra (H,A,¢), where some compatibility
condition exists on the structure maps V,n, A, e. It is to this compatibility that we now

turn.

The following theorem is key to the definition of a bialgebra and expresses the compat-
ibility we require. To prove it, we equip H ® H with the structures of a tensor product

of algebras and a tensor product of coalgebras.

100
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Theorem 4.1. The following two statements are equivalent.

1. The maps V and n are morphisms of coalgebras.
2. The maps A and € are morphisms of algebras.

Proof. With regards to (1), note that V can be a morphism of coalgebras if and only if

the following diagrams commute:

v

HeH ji HoH °
| |
ARA EQe
| |
HeoHoH®H A K@ K c
|
id®r®id 2
| .
HeoHoHoH —2Y  HeoH g—

Similarly, for n to be a morphism of coalgebras it is necessary and sufficient that the

following two diagrams commute:

n n
K H K

A NS

KQKk —ne®n— HQH K

H

2

Looking at (2), by definition, A is a morphism of algebras if and only if the following

diagrams commute:

A®A n

HH HoH®HH K H
v VHoH UH®I\ A
H HeH H®H

Compare the first diagram here to the first diagram for V. These will be equivalent
provided that Vygy = (V® V) o (id ® 7 ® id). We implicitly showed this when we
addressed the tensor product of algebras earlier and defined the product by

(a®b) - (c®d)=ac®bd

The second diagram for A is clearly equivalent to the first diagram for 7.
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Note, too, that ¢ is a morphism of algebras if and only if the second diagram for V and
the second diagram for n commute (7, = id). The equivalence of (1) and (2), therefore,

is clear. O

This result allows us to define our new structure.

Definition 4.2 (Bialgebra). A bialgebra over a field x is a quintuple (H,V,n, A, ¢)
where (H,V,n) is a k-algebra and (H,A,¢) is a k-coalgebra verifying the equivalent

conditions of theorem 4.1.

Despite having two equivalent ways to check for a bialgebra, the second condition is
generally easiest and, therefore, most commonly used. In a more practical format, the

diagrams tell us that for A and € to be algebra morphisms requires

A(hg) = A(R)A(g),  e(hg) =e(h)e(g) (4.1)
Al)=1®1, el)=1 (4.2)

for all h,g € H. We can also express the condition that A is an algebra morphism in

Sweedler notation. Let h,g € H. Then
A(hg) = (hg)V ® (hg)®
(hg)

and

A(h)A(g) = ( S e h<2>) (Z POPS 9(2))
(h) (9)

= 3 g0 g g
(W)(a)

Therefore, if A is an algebra morphism, then

S (hg)V @ (hg)® = 3 KW gD @ B2 g
(hg) (h)(a)

Definition 4.3 (Bialgebra Morphism). Let B and B’ be two k-bialgebras. A k-linear
map f : B — B’ is called a morphism of bialgebras if it is simultaneously a morphism of
algebras and a morphism of coalgebras between the underlying algebras and coalgebras

respectively.

We now have our category BiAlg from Figure 1.1. As always, whenever we are able to
create a new category of objects, we are interested in how to obtain factor objects. For

factor bialgebras we have the following theorem:
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Theorem 4.4. Let B be a bialgebra, and I a k-subspace of B which is an ideal in
the underlying algebra and a coideal in the underlying coalgebra. Then the structures
of factor algebra and of factor coalgebra on B/I define a bialgebra, and the canonical
projection m : B — B/I is a bialgebra morphism. Moreover, if the bialgebra B is
commutative (resp. cocommutative), the factor bialgebra B/I is also commutative (resp.

cocommutative).

Proof. Since B is a bialgebra, it is, by definition, compatibly both an algebra and a
coalgebra. Because I is an ideal of (B, V,n) we know, by Example 3.6, that B/I is a
(uniquely determined) algebra and that 7 : (B,V,n) — B/I is an algebra morphism.
Likewise, because I is also a co-ideal of (B, A, ¢) we know, by Theorem 3.28, that B/I
is a (uniquely determined) coalgebra with = : (B, A,e) — B/I a coalgebra morphism.
Since both structures are unique, our task lies in verifying that these two structures are
compatible. That is, we must show that A and ¢ (for B/I) are algebra morphisms. Let’s
start with A, which, in the quotient coalgebra case, we denoted by A. The goal is to
show that

ARA

B/I® B/I B/I®B/I® B/I @ B/1
\
v Vg, o2
X !
B/I B/I® B/I

commutes. To see that it does, consider the following diagram:

Xek
B/I® B/I ° B/I®B/I® B/I® B/I
TR T /
TRITRTR T

A®A — _
B®B = B®B®B®B Vo2

\Y%

A

v B/I Y gos B/I® B/I

TR

Note that the front face commutes, since A is an algebra morphism. The left and bottom
faces commute because 7 is an algebra morphism and a coalgebra morphism. Also, the
right face commutes, since 7 ® 7 will also be an algebra morphism. Finally, the top face

commutes, since it is essentially tensoring the coalgebra morphism diagram of 7 (i.e. the
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bottom face) with itself. Thus, since all these faces commute, the back face is forced to

commute as well, which is what we wanted.

To finish showing that A is an algebra morphism we also need

B/I B/1® B/I
\ A@z

K

to commute. Again, to see that it does, consider the following diagram:

B A B®B

\773 n ®/
N

/N

a0 KR TR
/
NB/I B/1®2
/ N
B/I B/I® B/I

Now, the upper triangle commutes because A is an algebra morphism. Likewise, the
left and right triangles commute, since m and m ® 7w are algebra morphisms. Finally, the
overall square commutes on account of 7 also being a coalgebra morphism. Therefore,

the lower triangle is forced to commute and A is an algebra morphism.
The case for € is demonstrated similarly.

O

Due to the connection established between algebras and coalgebras by taking duals, we

get the following result for bialgebras.

Proposition 4.5. Let B be a finite-dimensional bialgebra. Then B* is a bialgebra
with algebra structure which is dual to the coalgebra structure of B and with coalgebra
structure which is dual to the algebra structure of B. The bialgebra B* is called the dual
bialgebra of B.

Proof. The proof here is fairly straightforward. One simply has to apply * to the vector
spaces and linear transformations. This reverses all arrows while preserving commuta-
tivity of diagrams. The condition of finite dimensionality is needed in order to substitute
(B® B)* and (B® B® B)* with B* ® B* and B* ® B* ® B* respectively. Finally, since
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x converts algebra morphisms to coaglebra morphisms and vice versa, the desired result
holds. O

We now expand upon our work with the tensor algebra, which, as already mentioned,
is one of the most important examples in this thesis. Here we will show that it is also a

bialgebra. To motivate this, let V' be a vector space and consider the map
VoTWV)TV), v—1lv+v®l
By Theorem 3.18 this extends uniquely to an algebra morphism
T(V)—-T(V)T(V)

which will be our coproduct A. The map £(v) = 0 extends to T'(V) in similar fashion.

Example 4.1 (Tensor Bialgebra). Given a vector space V', there exists a unique bialge-

bra structure on the tensor algebra T'(V') such that
Av)=10v+v®1l, e(v)=0
for any v € V. This bialgebra structure is cocommutative and for all vy,...,v, € V we

have

and

n—1
A(v1~--vn):1®v1---vn+zz%(1)---vg(p)®vg(p+1)---vg(n)+v1---vn®1
p=1 o

where o runs over all permutations of the symmetric group S, such that
o(l)<o(2)<..<o(p) and o(p+1)<o(p+2)<..<o(n)

Such a permutation o is called a (p,n — p)-shuffle.

Proof Sketch. We have already shown that the maps A and e are unique. To show the
result for A(v; - - vy,) one can use induction, but we shall simply illustrate the situation

by computing a few examples. Consider, for instance, A(vivy):

A(v1v2) = A(v1)A(ve)
=1+ l)(1®vs+v81)
=1®@uirr+1vRu +v1 QU +v1v2® 1
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Since n = 2, we are dealing with S5, which only has two permutations. Note that the
end terms are “fixed” in the sense that viv9 occurs on each side of the tensor product.
The two middle terms reflect the two permutations in S;. Let’s do one more to get a

better idea of these shuffles. For n = 3 we have

A(v1v9v3) = A(viv2)A(vs)
=1+ u+v1Qus+v1201)(1®vs+v3®1)
=1 ® v1vv3 + Vo ® V13 + V1 ® Vov3 + V1V2 Q v+

V3 @ V102 + v2U3 @ V1 + V103 @ v2 + v10203 @ 1

Again, we get the end terms with vyvovs occurring on each side of the tensor product.
Now S3 has six permutations, which are reflected in the middle terms. Notice, however,
that indices are always in ascending order on each side of the tensor product. Because of
this, the only permutation we don’t get from S3 is 321. Instead, we get another instance
of 123, but with the tensor product in a different place. Another way to think of these
shuffles is as follows. Besides the end terms, we have six middle terms. Three of them
have the form _® __ where the slot on the left of ® represents all the ways of choosing
one of v, v9,v3. Given such a choice, the remaining two must go into the other two slots
in ascending index order. The other three terms can be thought of symmetrically, but

have the form __® _. This symmetry is what gives co-commutativity.

The result for e is trivial, since € is an algebra morphism. The counit diagram is
then easily checked using the formula for e. Likewise, coassociativity is checked in a

straightforward manner using the formula for A. O

Since providing a bialgebra structure on 7'(V') entails providing a coalgebra structure,
we see that the functor T" also takes us from Vec to CoAlg (see Figure 1.1). In fact, we

now see that T goes from Vec straight to BiAlg.

4.1.1 The Tensor Product of Bialgebras

Let B and B’ be bialgebras. We now wish to consider whether B ® B’ is a bialgebra. Of
course, we already know that B® B’ is an algebra and a coalgebra, so the question reduces
to whether these structures are compatible. We’ll show this by verifying compatibility

condition (2). This requires the commutativity of the following diagram:
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BB ® Apgp’

A
BB ®@B@B ———— BB BB @B®B @B B
| |

Veen’ VBB ®@BoB’
! / ABep’ / /
B® B BB ®B®B

Commutativity can be proved by splitting this diagram into two subdiagrams. Based

on the definition of Apgp ® Apgp, the first of these is

/ PBO AR AR S Ap / ’ / /
BB ®B®B BRBRB B B B®B ®B

VBgB VBeB@B/ @B
! ’ AB®Ap / /
B® B B®B®B ®B

Since B and B’ are algebras, so are B B, B ® B, B B’ and B® B® B'® B’. The
question of the commutativity of this diagram amounts to asking if the map Ap ® Ap:
is an algebra morphism. Surely it is, since Ap and Ap/ are algebra morphisms and the
tensor product of two algebra morphisms is an algebra morphism. The second half of

the diagram is given by the following subdiagram:

dRT®Id®Iid®T™®id ,
BRRBR®B B BRBRB B —— BB BB BB B B

VBeB@B/ @B’ VBeB'@B2B’

id®T®id
B®B®B ®B BB @ BB

As in the previous case, the commutativity of this diagram depends on whether id®7T®id
is an algebra morphism. It is obvious that id is an algebra morphism and it easy to see
that 7 is as well (recall 7(a ® b) = b ® a). Thus, so is the tensor product id ® 7 ® id. It

follows that the original diagram commutes as well.

The final requirement for showing that Apgps is an algebra morphism is the commuta-

tivity of the following diagram:

B B’

K B B

T~

"BB'® BR B’

AB(X)B’

BB @ B® B
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To show that this commutes we shall again break it into subdiagrams as follows:

nB @ np’
K=" KKk —— B® B’

AN |

"IBRB®B'®B’ Ap ® Ag

SN T |

MBeB'®B3B B R B B' ® B’

id®T®id

l

BB @B® B

The upper subtriangle commutes because A ® Ap/ is an algebra morphism and the
lower subtriangle commutes because id ® 7 ® id is an algebra morphism. We have

therefore shown that Apgp/ is an algebra morphism.

Finally, since we may identify x with x ® k, we have epgp’ := ep ® €p/, which is an
algebra morphism, since ep and eps are both algebra morphisms. This means that

condition (2) is verified and, therefore, that B ® B’ is a bialgebra.

4.2 Hopf Algebras

Having successfully joined the structures of algebra and coalgebra compatibly into a
single bialgebra, we are now in a position to graduate to a higher level of sophistication
whereupon we consider the celebrated Hopf algebra. A Hopf algebra is a particularly
important and fascinating kind of bialgebra, which comes equipped with some extra,
elegant structure. This structure comes from the possession of an additional structure
map (joining the ranks of product, coproduct, unit and counit). This “mystery map”
emerges quite nicely from an investigation of the linear maps from a coalgebra to an

algebra.

Let (A,V,n) be an algebra and (C, A, €) a coalgebra. Now consider the vector space
of all linear maps from C to A, £(C, A). Suppose we wish to endow L£(C, A) with an
algebra structure of its own. We can do this by defining a multiplication * on £(C, A).
Notice that for f,g € L(C, A), * obviously cannot be a straightforward composition of
f and g. We therefore need a way of combining any two linear maps f,g € L(C, A) to
obtain another, say h € L(C, A). An essential strategy in mathematics is to see if one can
construct what is needed out of what is already available. Let us see what “resources”
are currently at our disposal. Given f,g € L(C,A), we want fxg € L(C,A). We
therefore need a fixed map defined on C' that will give us occasion to make use of both

f and g, which are also defined on C'. The only promising candidate is the coproduct of
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C, namely A : C — C® C. To use f and g, we can take their tensor product, f ® g,
which is a map from C ® C' to A ® A. This is a good start. If only we had a map from
A® A — A we could complete the job. Lo and behold, our algebra A has just the map
we need, namely V : A ® A — A. Putting these together via composition yields the

mapping f x g as:

CeC AR A

which is clearly linear, since A, V, f and g are all linear.

Using Sweedler notation, this translates to:

(Fx9)(@) = 3 F(eD)g(e®) for any c € C

This product map is actually a particular manifestation of one that haunts several diverse
branches of mathematics known as convolution. For this reason, we retain the name and
refer to x as the convolution product. The term “convolution” comes from the Latin
word convolutus meaning “to roll together”. Intuitively, then, covolution is a way to
“meld together” two functions to obtain something of a “hybrid”. In an analysis context
convolution takes the form of an integral transform. That is, if f and g are two functions,

then one form of convolution is given by
(0.9}
fro= [ st s
—00

In discrete contexts a sum is used instead of an integral or when integration is not

defined.

Observe that the convolution product is associative, since if f, g, h € L(C, A) and ¢ € C,

then we have the following commuting diagram:

cCeC AR A
/ \@d/‘ y \
h
C Cococt2%" Ao a0 A A
X /
cCeC AR A
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In Sweedler notation, this becomes

(£ *g)xh)(c) =D (f *g)()h(c?)
=3 (Z f(ca)(l))g(C(l)(?))) h(c?)
= Z FeD)g(c®)h(c®)
=D (D) (gxh)(?)
= (fx(g*h))(c)

where the upper route is (f * g) * h and the lower route is f x (¢ x ). Furthermore, the

convolution product is bilinear. Let f,g,h € L(C,A) and k € k. Then

((Kf +9)xh)(€) =D _(kf +g)(c)h(c?)
=37 (kF(e) + g(eM)) (c?)
=37 (RAERE) + g(cMh(e?))
= kD2 F(eD)h(e®) + 37 g(e)h(e)
= K(F % )(e) + (g5 H)(0)

A symmetric argument will show that the convolution product is linear in the second

component.

The unit with respect to the convolution product is not immediately obvious, but there is
really only one reasonable candidate from £(C, A), namely, the composition C s ks A

Let us therefore conduct a bit of exploration to ascertain if it is the unit.

cCeC
A
C ~ Con—1"  AsA
I 2 v
C d A

FIGURE 4.1: Revised diagram for f xne = f.

Let f € L(C, A). Recall that for any ¢ € C the counit property of C' implies

c= 25(6(1))0(2) - Z C(1)5(6(2))



Chapter 4. Bialgebras and Hopf Algebras 111

Thus

= Z F(eMe(c?) [by linearity of f]

=Y feM@e(c®?)  [A=AeH

By Definition 3.20, the diagram

ARk AR A

commutes, meaning

Yo f)y@e(®) =% f(dm(ee?) = flo)

But notice
> HEn(E(®) = (f* (e e))(e)

which suggests that noe € £(C, A) is our desired unit. Indeed, a similar argument will
show that 7 o ¢ is a left unit as well. For convenience, let us denote this unit by 1,
(14 :=noe). Note that if C' is a bialgebra, then ¢ is an algebra morphism and so is 14,

since

I
—_
*
—~
8
~
—_
*
—~
<
N—

We will make use of this result later when working with Hopf algebras.

Having successfully imposed an algebra structure on £(C, A), imagine the case in which
we have a bialgebra H. If H€¢ is the underlying coalgebra structure and H® is the
underlying algebra, then L£(H€¢ H®) is an algebra under the above construction and
id: H— H € L(H¢ H®). This last fact is interesting because it leads us to the notion

of an antipode.
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As the name suggests, the antipode will play a role similar to an inverse mapping. It is

defined as follows.

Definition 4.6 (Antipode). Let H be a bialgebra. A linear map S : H — H is called
an antipode of the bialgebra H if S is the inverse of the identity map id : H — H with
respect to the convolution product in L(H¢, H®*). That is

Sxid=idx S =1,
or
> SR =3 " hIS(hP) =1,(h)  forall he H

If the reader is familiar with “antipodal” mappings from spherical geometry a word of
caution is in order: in this context, it is not required that S? = id, and, as a linear map,
S may not even have an inverse with respect to composition. It turns out that S only

has this kind of inverse in certain circumstances, one of which we will see below.

That a bialgebra has an antipode is not a general property. This leads us to define a
special kind of bialgebra, which, the reader may have guessed, is the anticipated Hopf

algebra, where the antipode is the “mystery map” we set out to uncover.

Definition 4.7 (Hopf Algebra). A bialgebra H having an antipode is called a Hopf

algebra.

It is immediately evident that Hopf algebras have quite a bit of structure. If we wanted
to be inefficient we would technically have to say that a Hopf algebra is a sextuple
(H,V,n,A, ¢, S)such that, in addition to the commuting diagrams given in the definition

of bialgebras, the following diagram commutes.

S®id

id® S

HoH HoH
/?// \\<\
H < K ! H
HoH HoH

FIGURE 4.2: This diagram encodes the antipode axiom for a Hopf algebra.
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Definition 4.8 (Hopf Algebra Morphism). Let H and J be two Hopf algebras. A map
f: H — J is called a morphism of Hopf algebras if it is a morphism of the underlying

biagebras.

We now have the means to define the category of Hopf algebras. We shall denote this
category by Hopf, which is the key to our study and is the central player in Figure 1.1.

Now that we know what a Hopf algebra is and a little of its background, we shall
proceed to explore some of the rich structure and beauty of these objects. We begin
with a consideration of how morphisms from Hopf interact with the antipodes of Hopf

algebras.
Proposition 4.9. Let H and J be two Hopf algebras with respective antipodes Sir and
Sy. Given a linear map f: H — J, then
(i) Sjo f is a left convolution inverse of f if f is a morphism of coalgebras.
(ii) f oSy is a right convolution inverse of f if f is a morphism of algebras.
(iii) Syof = foSy if f is a morphism of Hopf algebras. In this case it is the convolution

inverse of f.

Part (iii) tells us that Hopf algebra morphisms preserve antipodes.
Proof. From above we know that £(H,J) is an algebra with respect to the convolution

product. Note that Sy o f and f o Sy are both elements of this algebra. From the

definitions of Hopf algebra morphism and antipode we have the following diagram to

id® Sy
//////////5J®m:::::i::>\
V/ A

J J

reference:

J&J J J JJ
AN /
nJ £J
N
fef ! K f fef
/N
TH €H
/ AN
HH ——H H—— HH

(VH\ /AH
\SH®id/
id® Sy

FIGURE 4.3: Hopf morphism diagram combined with antipode diagram.
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(i) From the above diagram, we single out the following subdiagram:

K
€H e nJy
®
H—17 f—J J
Ag @ Ay @ \Y
J®J

HQ H——
®© fef JoJ Sy ®id

Note that blocks (1) and (2) commute on account of f being a coalgebra morphism,

while block (3) commutes since Sy xid = 1,. Algebraically, this says

(S0 f)* f)(h) =D (Syo f)(hM)f(h?)

h)® [f is coalgebra morphism)]

= (nyoem)(h) =1.(h) [see diagram]

So Sy o f is a left inverse for f with respect to the convolution product when f is a

coalgebra morphism. Thus, (i) is established.

(ii) Now single out the following subdiagram from Figure 4.3.

d® S ®
HeoH —22%  gent® ;e
Ay @ e @ v,
H H——fFf—J
RO
eH
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This time, blocks (1) and (2) commute because f is an algebra morphism and block (3)

commutes because id x S = 1,. Algebraically, we have

(F*(FoSm)(h) = D F(M) F(Su(h®))
= Z F(RYS(h?)) [f is algebra morphism]

=f (Z h(l)SH(h@)))

= f(id* Su(h))

= f(u(en(h)))

=ny(eu(h)) = 1i(h) [see diagram]

so that f o Sy is a right inverse for f with respect to the convolution product, which
establishes (ii).

(iii) If f is now taken to be a Hopf algebra morphism, then by (i) and (ii) f has both a

left and a right inverse. It is therefore convolution invertible, whence Syof = foSy. O

This last part means that every Hopf morphism is invertible in the algebra L(H, J) with
convolution product. Thus, the set of Hopf morphisms is contained in the group of units
of L(H,J).

We now turn to some important properties of the antipode. Our first result says that a

bialgebra can have at most one antipode.

Proposition 4.10. Let H be a Hopf Algebra. If S is the antipode of H, then S is

UnLque.

Proof. Suppose that S and S’ are antipodes for H. Then

S=8%(noe)
= S % (id* ")
= (S *id) xS’
=(noe)xS' =9

O

Before proceeding to the next result, let us recall the opposite algebra and the opposite
coalgebra. For any algebra A, there is an opposite algebra, denoted by A°P, which has

the same underlying vector space as A, but with a multiplication defined by

Vaor :=Vao071a4, Vaw(la®d)=da
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Similarly, for any coalgebra C, there is an opposite coalgebra C'°”? having the same

underlying vector space, but with comultiplication
AP :=rgc0, AP()=> P el
Proposition 4.11. If B= (B,V,n,A,¢) is a bialgebra, then
B = (B,V%? n,Ae),B°? = (B,V,n,A% ) and B“P = (B,VP n, A% ¢)

are also bialgebras.

Proof. To show that B is a bialgebra we need (B, A, ¢) to be a coalgebra, (B, VP, n)
to be an algebra and Theorem 4.1 to be satisfied. Since B is an algebra, it is immediate

that BP is an algebra.

by ® by ® by N @ (b3b2) N byboby

and

b1 ® by ® b3 e, (bob1) ® b3 AN b3baby

But since B is a coalgebra, B°’? must be a coalgebra too. For the bialgebra conditions
note that A and e are algebra morphisms by hypothesis and n is a coalgebra map by
hypothesis. We therefore only need to verify that VP is a coalgebra map, which is done
by showing that the bialgebra diagrams commute. Let by ® b € B ® B. Then

by @ by 298, Zbgl) - b§2) - bg) - bf)
ideroid Z bgn - bél) - b§2) - bgg)

VoPQVoP Zbgl)bgl) ® bgz)b?)

Going the other way

b1 ® by AN bab1

2, Z b251 bgbl)( )
Z b, b(2) [A is an algebra morphism]
Finally
b1 ® by & €(b1) X 6(b2) — 6(b1)€(b2)
and

b1 ® by »ﬂ) boby N €(b2b1) = 5(b2)5(b1)
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Since & is a field, we have that (by)e(b2) = e(b2)e(b1).
The other two are shown in similar fashion. O

Definition 4.12 (Antialgebra morphism). Let A and A’ be algebras. A k-linear map
f: A — A of the underlying vector spaces is said to be an antialgebra morphism if
flab) = f(b)f(a) for all a,b € A.

Proposition 4.13. Let H be a Hopf algebra with antipode S. Then:

1. S(hg) = S(g)S(h) for all h,g € H - i.e. SoV =VPo(S®S). Also, V has

convolution inverse S o V.

2. S(1y) =1g

3. A(S(h)) = S(M)@S(hM) -d.e. AoS = (S®285)oA%. Also, A has convolution
inverse Ao S.

4. €(S(h)) =e(h)

Notice that (1) and (2) say that the antipode is an antialgebra morphism, while (3) and

(4) say that the antipode is also an anticoalgebra morphism.

Proof. Since H is a Hopf algebra we can consider H ® H with the structure of the tensor
product of coalgebras and H with its algebra structure. Using the convolution product
we therefore have that L(H ® H, H) is an algebra. From this algebra, single out the
maps V, a, and y defined by

V(h®g)=hg, a(h®g)=>5(g)S(h), ~(h®g)==S(hg)
for any h,g € H. Note that V is just the product map of H,  is the composite map
S oV and « is the composition VP o (S ® 5).

The strategy here will be to show that V is a left convolution inverse for o and a right
convolution inverse for 7. Since we are working in an algebra, this will tell us that o = 7.
Let h,g € H. Then

(Vxa)h®g) = Zv h®g a((h@g ))
= Z V(h"Y @ ¢ a(h® © ¢g®)  [Using (4.1) and def. of convolution]

=> g5yt S(h(z))
=3 n® ( Z g(l)g(g@))) S(h®)
(h) (9)

=> nW1(g)S(h®)  [by def 4.6]
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Recall that 1, := noe. From Definition 3.1 I'm(n) C Z(H) yielding:

> hIL(9)S(P) = (32 hVS (1)) 1.(9)
= L(h)1(g)  [by def 4.6]

= L(hg)  [by (4.1)]

where this last 1, is ng oceggy € L(H ® H,H). Thus, V is a left convolution inverse

for .

That V is a right convolution inverse of v follows from Proposition 4.9, since V is a

coalgebra morphism. Thus, (1) is established.

For (2) we simply apply the definition of the antipode to 1 € H. Following the commu-

tative antipode diagram (see Figure 4.2) we have
Iy S 1y ol 229 sy @1y o S1y),  [A(ly) =1y ® 1y by (4.2)]
and
1y S e(ly) & n(e(ly)) = 1,(1g) = 1x  [n, € are alg. morphisms]
where the commutativity gives S(1g) = 15.

The technique for (3) is similar to that used for (1) except that we now consider H
with its coalgebra structure and view H ® H as a tensor product of algebras. Using the

convolution product, we have that £L(H, H ® H) is an algebra with unit

1*H®H = 77H®H(5(h))

where nger = ng @ Ny (under the identification of k with k ® k).

It is equivalent to show that AoS = (S®S5)oA. Single out the maps 6, 3 € L(H, HQH)
defined by
6(h) = A(S(h)), B(h) =) S() @ S(hD)

for any h € H. Note that ¢ is obviously just the composite map A o .S, while § is the
composite map (S ® S) o A°?. Immediately we get that A is a left convolution inverse

for 0 by Proposition 4.9, since A is an algebra morphism.

We now show that A is a right convolution inverse for 3. The following computation

relies heavily on the coassociativity of A expressed in Sweedler notation. Details will
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follow the computation.

(BxA)(h) =Y Bh)A
=2 (ZS ) ® S(ht 1))> A(h®)
_Z<ZS h(12) @ §(hLY ) (Zh21)®h22)
- Z S(h1) @ S(hID)) (3D @ b))
— Z(S(h@)) ® S(hM))(h®) @ h¥) ]
=3 5P @ S(hM)R®
=>_S(hENRED @ S(h)RB) [b]
= < h<2>)1 ® S(h)®)
=D 1SN ()P [o(h?) s a scalar]
—Zl®5(h 21>)h<22> q
=Y 1@s(al h<2
—1®e(h)1
= (n®n)(e(h))

To understand why this chain of equalities holds, we need to revisit Sweedler nota-
tion and the coassociativity of A. Recall that we determined the coassociativity to be

expressed by
ZC(U) Q12 g 2 = Zc(l) Q@D g (22) = Zc(l) ®c? g B

Following Figure 3.1, if A is applied again we get that

S A @@ e =3 W A®@) e =3 Vg oA

We can also write these respectively as
Z D) @12 @@ g ) = Z D @D @22 g B) = Z D @@ Bl g 3:2)

and the first one can be alternatively expressed by > BV @ (1) @ 21 @ ¢(22). all of
these are identified with
Z D2 B g

So, [a] uses the fact that 3" ALY @ A2 @ h(2’1) ®h22 =3 hM @ h® @3 @ hM.
[b] uses the fact that 3" h(1) @ A2 ® h( =3 hW @ hY 122 @16 and [
uses the fact that S A @ h® @ ) =37 h(l) ® h>) @ h22),
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Finally, for (4) we use the fact that 3> A1 S(h(?)) = n(e(h)). Then

— (% (0 8)(h)
=nx(e(h)) [by Proposition 4.9]

=¢e(h) [since n, = idy]
We use this result to finish the following chain of equalities.

e(S(h)) =« (S (Z s(h(l))h(2))> [by (3.4), the counit condition]
s (Z 5(h(1))S(h(2))> [S is linear]
= Zé(h(l))a(S(h(2))) [ is linear]
=¢(h) [using above result]
Therefore, e(S(h)) = e(h). This completes the proof. O
Proposition 4.14. Let H be a Hopf algebra with antipode S. Then the following state-
ments are equivalent:
(i) S S(h®)AM) = 1,(h) for any h € H.
(i) S, hPS(hW) = 1,(h) for any h € H.
(iii) S oS = id (or S? = id).

Proof. [(i) = (iii)] We are given that > S(h)h(M) = 1,(h) for all h € H. But we
also know that S_ AN S(h(?)) = 1,(h) and so we may say that

(idx S)(h) = Z S(h@)pM
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The reader may take this as a reminder that id is the left (and right) convolution inverse

of S. We now show that S2 is a right convolution inverse of S. Consider

(S+S%)(h) =Y S(hM)S* ()

= ZS (S(h2)p) [S an anti-alg. map]

Because the inverse is unique in an algebra we have the desired equality, namely

S? =id

[(i1i) = (i4)] Again, we know that > h(MS(h(?)) = 1,(h) and therefore

=5 (3 n0s(®))
— Zg(h(l)g(h@)))
= 25’2(h(2))5’(h(1)) [S anti-alg. morphism]

=> hPS(hW) 5% =id|
But S(1.(h)) = 1,(h) as shown above and therefore 3" h(2S(h(1)) = 1,(h).

i1) == (ii1)] See the case (i) == (iii), but with S? shown to be the left convolution
[(i) (1))

inverse of S.

[(i7i) = (i)] See the case (iii) = (it), but with S applied to

> SRR = 1,(n)

Corollary 4.15. Let H be a commutative or cocommutative Hopf algebra. Then

S? =id
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Proof. If H is commutative, then obviously 3> S(h(M)h® = STAAS(RM) = 1,(h).
Similarly, if H is cocommutative, then Y>> h() @ h® = STA® @ A1) and thus, by
applying V o (S ® id) one obtains

> SRR = 1,(h) = Y SR =1,(n)

O

The next result is a useful sufficient condition for determining if a particular algebra
morphism is an antipode for a bialgebra. Essentially, it says that we only need to verify

the antipode axiom on a generating set for the algebra structure of the bialgebra.

Lemma 4.16. Let H be a bialgebra and S : H — H°P be an algebra morphism. Assume
that H is generated as an algebra by a subset X such that

> 2Ws@®) = 1,(2) = > §aM)a® (4.3)
() ()
for allx € X. Then S is an antipode for H.

Proof. Let x,y € X. Since X generates H as an algebra, it will be sufficient to show
that the defining antipodal property (4.1) holds for the product xy, since the property
will then extend to the rest of H.

Z(my)(l)S((xy)(Q)) = Z 2MyM S22y [since A is an algebra morphism]
(zy) (2),(y)
= Z My 5 (@5 (2 [S an alg. morphism to H|

= (XaWs™)) 1) () € Z(H))

= 1,(z)1«(y) = Li(xy) [since € is alg. morphism]

That 3 S((xy) M) (xy)? = 1,(zy), follows by similar reasoning. O

Definition 4.17 (Hopf Subalgebra). Let H be a Hopf algebra. A subspace A of H is
called a Hopf subalgebra if

(i) A is a subalgebra of H®.
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(ii) A is a subcoalgebra of H€.
(iii) S(A) C A.

Definition 4.18 (Hopf Ideal). I C H is called a Hopf Ideal of H if I is an ideal of the
algebra H®, a coideal of the coalgebra H¢, and S(I) C I.

Proposition 4.19. Let H be a Hopf algebra, and I o Hopf ideal of H. Then we can
impose a Hopf algebra structure on the quotient space H/I. When this structure is

defined, the canonical projection m: H — H/I is a morphism of Hopf algebras.

Proof. Earlier in this chapter, namely Theorem 4.4, we showed that H/I has a bialgebra
structure. To get a Hopf algebra, however, we need an antipode. By hypothesis, S(I) C I
and so, the map S : H — H gives rise to the map S : H/I — H/I with

Since S is the antipode for H, it is reasonable to suspect that S is our desired antipode

for H/I. Indeed, if we check the defining relation for an antipode we find

> SRR =" S(hW)A@
ZS(h

n(e(h))
(1)

It is similarly shown that 3> A S(h®) = 2(h)T. O

Example 4.2 (The Tensor Algebra). Let H = T'(V), the tensor algebra of the vector
space V. Earlier (see Example 4.1) we showed that T'(V) is a bialgebra. We now
show that it is also a Hopf algebra with antipode determined by S(1) = 1, and for all
V1, ., U €V by

S(v1-vn) = (1) - - 01
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Let us begin by first determining what S would have to do to a single v € V. Since
e(v) =0 (allv € V), we have that 1,(v) =0 (allv € V). Thus

0=(Vo(S®id)oA)(v)
Vo(S®id))(1l®v+v®1)
VS @v+Sh)®1)

+ S(v)

which shows that S(v) = —v. From here the rest is easy, since S is an anti-algebra

morphism we get

for all vy, ...,v, € V.

This shows that the functor T is quite important, because it takes us from Vec to Hopf.

We end this section by again considering duals.

Proposition 4.20. Let H be a finite-dimensional Hopf algebra with antipode S. Then
the bialgebra H* is a Hopf algebra with antipode S*.

Proof. Since H* is already known to be a bialgebra, the only thing before us is to
establish S§*, the transpose of S, as the antipode for H*. Since H is a Hopf algebra, the

antipode diagram (see Figure 4.2) commutes. If we take the dual, we get the commuting

diagram
(S®id)*
(H® H)* (H® H)*
H* - K - H*
5 n
H® H)* H® H)*
( ® ) (id® S)* ( ® )

But because H is finite-dimensional we may identify (H ® H)* with H* @ H* and
therefore (S ® id)* and (id ® S)* with S* ® id* and id* ® S* respectively. This makes
S* an antipode for H*. O
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4.2.1 The Tensor Product of Hopf Algebras

Once more we seek to test the effectiveness of the tensor product to create new structures,
of the same kind, out of old ones. In particular we shall endeavor to establish that the
tensor product of Hopf algebras is also a Hopf algebra. Toward this end, suppose H and
J are Hopf algebras. Building from our previous work, it is immediate that H ® J is a

bialgebra. It remains only to show that H ® J has an antipode.

An obvious candidate for the antipode of H ® J is Sy ® S.

((Su ® Sy *id)(h @ j) = 3 Su(hM)h® © §,(;1);*
= Loy (h) @ 1., ()

=nu(en(h) @ns(es(5))

= (ng @ns)(en(h) @e;(5))

(ng @ny)o(en ®eg))(h®j)

= Lipgs (h @ 7)

It can similarly be shown that (id x (Sy ® Sy)) =1 Therefore, H ® J is a Hopf

*H®J*

algebra with antipode S ® S;.

4.3 Comodules and Hopf Modules

In Chapter 2 we reviewed some of the basics about modules over a ring R. We now
extend this to modules over an algebra, which will open the door to comodules and Hopf
modules. This section will aim only to give a cursory overview of this area of study as
it won’t be directly used later. Nevertheless, it gives an idea of the usefulness of Hopf

algebras and their ability to act on a variety of objects. For proofs, see [10].

Definition 4.21 (A-Module). Let A be a x-algebra. A left A-module is a pair (V,ny),
where V' is a k-vector space and py : A® V — V is a morphism of k-vector spaces such

that the following diagram commutes:

ARARV AV

V ®idy KRV nv

AV v
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This diagram expresses the usual module axioms of distribution and associativity. A

right A-module is defined similarly.

It turns out that the tensor product of A-modules is an A® A-module. More specifically,
if U and V are two A-modules, then U ® V' is an A ® A-module where

(a®d)(u®v):=au®adv, a,d € A,ucUweV

This result can be strengthened, however, if A has a bialgebra structure. In this case,

A is an algebra morphism and allows for U ® V' to be given an A-module structure by

a-(u®v)=A(a)(u®v) = Z aWu® aPy
(a)

Definition 4.22 (A-Module Morphism). Let A be a k-algebra, and (M,py), (N, ny)
two left A-modules. The k-linear map f : M — N is called a morphism of left A-modules

if the following diagram commutes:

id
AoM—220 Ao N
25,V nN

M / N

This depicts, in diagram form, the idea of scalar slide-out. We therefore have that alge-
bras act on modules. Naturally, then, coalgebras will act on objects called comodules.
The idea behind such objects is arrived at in the same way we came to coalgebras. That

is, we reverse arrows to obtain the notion of a comodule over a coalgebra C.

Definition 4.23 (Comodule). Let C be a k-coalgebra. A right C-comodule is a pair
(M, 0), where M is a k-vector space and 6 : M — M ® C is a morphism of k-vector

spaces such that the following diagram is commutative:

M M®C
\
5 M ® kK idyr @ A
P
idy ®e
M®C MeoCeC

s ®ide
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A left C-comodule is defined similarly.

Definition 4.24 (C-Comodule Morphism). Let C' be a k-coalgebra and (J,05), (L, dr,)
two right C-comodules. The k-linear map g : J — L is called a morphism of right

C-comodules if the following diagram commutes:

5J 5L

g®id

J&C LeC

Just as Sweedler’s summation notation for coalgebras is the convention of choice, co-
modules enjoy a similar convention. Let M be a right C-comodule. If x € M, then we

write

d(z) = ZxM ® xc
(z)

where each xj;r € M and each x¢ € C. Again, these should be taken as formal repre-

sentatives as opposed to specific elements.

Using the above comodule diagram and our summation convention we have that

S @) ® (a)e @z =Y oy 0l @z (4.4)

Z:ﬂM Re(ro) =2 <= Zang(mc) ==z (4.5)

Also, the commutativity of the C-comodule morphism diagram is represented by

S gar) @ac =3 g(a)L © glw)o (4.6)

In the language of categories we denote the category of right C-comodules by M. The
morphisms of this category are the C-comodule morphisms and we write Com¢(M, N)
for all the C-comodule morphisms from M to N. Finally, the category of left A-modules
will be represented by 4 M.

It is natural to ask if comodules possess an analogue to The Fundamental Theorem of
Coalgebras (see theorem 3.26). It turns out that this is indeed the case. It requires the

following definition.

Definition 4.25 (Right C-subcomodule). Let (N, ) be a right C-comodule. A k-vector
subspace L of N is called a right C-subcomodule if 6(L) C L @ C.
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With this, The Fundamental Theorem of Comodules reads just like its coalgebra coun-

terpart.

Theorem 4.26 (The Fundamental Theorem of Comodules). Let N be a right C-

comodule. Any element v € N belongs to a finite dimensional subcomodule.

So far we have only mentioned right comodules. There will be no need to mention
left comodules, since any result concerning right comodules has an analogue for left

comodules. The following proposition from category theory establishes this:

Proposition 4.27. Let C' be a coalgebra. Then the categories “M and M are

1somorphic.

Having established the notion of a C-subcomodule one can, per usual, construct a factor
object that, unsurprisingly, is termed a factor comodule. First, suppose that (M,J) is a
C-comodule and that L is a C-subcomodule of M. Now consider the factor vector space

M/ L and the canonical projection map m: M — M/L.

Proposition 4.28. There exists a unique structure of a right C-comodule on M /L for

which m: M — M/L is a morphism of C-comodules.

This is a useful proposition, but it doesn’t say how to find such factor comodules. The

next result gives some direction to this endeavor.

Proposition 4.29. Let M and N be two right C-comodules and f : M — N a morphism
of C-comodules. Then Im(f) and Ker(f) are C-subcomodules of N and M respectively.

This result is an excellent segue into the next theorem, which establishes a fundamental

isomorphism theorem for comodules.

Theorem 4.30 (Fundamental Isomorphism Theorem for Comodules). Let M and N be
two right C-comodules, f : M — N a morphism of right C'-comodules, and
m: M — M/Ker(f) the canonical projection. Then there exists a unique isomorphism

f:M/Ker(f) — Im(f) of C-comodules for which the following diagram commutes

|

M/Ker(f)

Im(f)
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We now bring Hopf algebras back into the picture.
Proposition 4.31. Let H be a Hopf algebra with antipode S. Then the following hold:
(i) If M is a left H-module (with action denoted by hm for h € H, m € M), then M
has a structure of a right H-module given by mh = S(h)m for anym € M,h € H.
(i) If M is a right H-comodule, then M has a left H-comodule structure with structure
map & : M — H ® M given by
§'(m) = ZS(mH) ® may
Bringing together the notions of H-modules and H-comodules, we get the fascinating
structure of a Hopf module.

Definition 4.32 (Hopf Module). A k-vector space M is called a right H-Hopf module
if H has a right H-module structure and a right H-comodule structure given by the
map 6 : M — M ® H such that

o(m) = ZmM@)mH
and for any m € M, he H

d(mh) = Zth(l) ® mgh®

This last equality is a compatibility condition to ensure that the module and comodule
structures do not conflict. It is similar to the compatibility required in the development

of bialgebras (see beginning of this chapter ). It can be expressed diagrammatically as

S\
MoH—2 M MeH
\ 1
o ®A BM @ BH
l id id
MoHoHo H 2270 oo HeH

Definition 4.33 (H-Hopf Module Morphism). A map f is called an H-Hopf module

morphism if it is a morphism of right H-modules and a morphism of right H-comodules.

We now consider an important kind of Hopf module. Suppose that V is a k-vector space

and define on V' ® H a right H-module structure given by

Wweg =1d®V, (v®h)g=v® hg for any v € V and h,g € H
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Now define a right H-comodule structure given by the map
J=d@A:VeH-VeoHoH, jvoh) =Y vehteh®

forany v € V and h € H. Equipped with these structures, V®H becomes a right H-Hopf
module. That is, provided the compatibility condition is satisfied. Let v®@ h € V ® H,
g € H and consider

5((v®h)g) =6(v® hg)
=> v (hg)V ® (hg)®
— Z v hWMgD g @@
— Z(U ® Mg g h2)g?)

Thus, we can now be sure that the structures are compatible and we have a right H-Hopf

module.

Definition 4.34 (Subspace of Coinvariants). Let M be a right H-comodule, with co-
module structure given by the map 6 : M — M ® H. The set

M@t .= {m e M:5(m)=m®1}
is a vector subspace of M called the subspace of coinvariants of M.

What is interesting about the H-Hopf modules V ® H is that these are the only H-
Hopf modules (up to isomorphism)! This is expressed as a fundamental theorem of Hopf

modules.

Theorem 4.35 (The Fundamental Theorem of Hopf Modules). Let H be a Hopf algebra
and M a right H-Hopf module. Then the map

f:M"T o H - M, f(m®h) =mh
for any m € M and h € H, is an isomorphism of Hopf modules, where M“H @ H

has the H-Hopf module structure from above.

4.4 Actions and Coactions

One of the most important features of Hopf algebras is their ability to act on other

objects. We build up to this by first examining what it means for an algebra to act on
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a vector space.

4.4.1 Actions

Definition 4.36 (Left Action). A left action (or representation) of an algebra H is a

pair (o, V') where V' is a vector space and « is a linear map a: H ®@ V — V|, say
alh®@v) = ap(v)

such that

ang(v) = ap(ag(v)), a(l®v)=v

Right actions are similarly defined. As a matter of notation, it is convenient to write

h > v for the action so that the above becomes
heveV, (hg)pbv=hr(grv), lpv=w

The attentive reader might object that this is nothing more than a restatement of the
definition of an H-module. While this is true, the focus is different. In the case of
H-modules, the focus is on the vector space V', which is being acted upon. In this case,

the focus is on the action itself, namely a.

Definition 4.37 (Pull Back). Let (a, V) be a left action of an algebra H. Let A be
another algebra and f : A — H an algebra morphism. We say that the action « pulls
back to an action o/ of A on V given by ¢/ = avo (f ® id).

The point of this section is not to redo everything from the previous section concerning
modules, but to segue into an even more interesting generalization. That is, more than
just acting on vector spaces, Hopf algebras can act on algebras, coalgebras and even

other Hopf algebras.

Definition 4.38 (H-Module Algebra). Let H be a Hopf algebra. Then an algebra A is
called an H-module algebra if A is a left H-module and

he(ab) = > (hVea)(h®P>b), hel=1,(h)

for any h € H and a,b € A.

This is depicted by the following commuting diagram:
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Ho Ao A MoV HeA

| e

AR®id®id id®n

l e
HoHRA® A H a

| AN

id® T ®id 1,

|
HoAoH® A% A A

V. 34

where we are identifying H with H ® k. Similarly, we have

Definition 4.39 (H-Module Coalgebra). A coalgebra C is called a left H-module coal-
gebra if

A(hrc) = Z MDD @ p® b )] e(h>c) =e(h)e(c)

The corresponding commutative diagram is

a

HeC

RN /

Ag ®Ac eH Qec €

. S

HHCxC K Ac

id®7®id

C

a@a

HoCo®HC CeC

Note that in the diagram we are identifying x ® k with . Upon inspection we see
that this diagram also reveals > : H ® C' — C' to be a coalgebra map, where H ® C' is

considered as a tensor product of coalgebras.

Example 4.3. Recall from group theory the notion of an inner automorphism. If G is
a group, then an inner automorphism corresponds to the conjugation map oy : G — G
given by

ag(z) = grg™!

for some fizred g € G. This gives a left action of G on itself and is sometimes called
the left adjoint action. This idea can be generalized to the Hopf algebra case where

“conjugation” becomes

an(g) =Y _ hWgS(hh)
")

for fixed h € H. Recall that in a Hopf algebra the role of S is similar to an inverse.

Here too we call this a left adjoint action and it makes H into an H-module algebra.
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Definition 4.40 (H-Comodule-Algebra). Let (H, Vg, nu, Au,cn) be a bialgebra and
(A,V 4,n4) an algebra. We say A is an H-comodule-algebra if

(i) the vector space A has an H-comodule structure given by a map
p:A—-H®A

and

(ii) the structure maps V4 : A® A — A and n4 : K — A are morphisms of H-

comodules with A ® A and k being endowed with H-comodule structures.

Proposition 4.41. Let H be a bialgebra and A an algebra. Then A is an H-comodule-
algebra if and only if

(i) the vector space A has an H-comodule structure given by a map
s A—-H®A

and

(7i) the map 64 : A — H ® A is a morphism of algebras.

For a proof, see [7].

4.5 The Group Algebra

So far, we have focused primarily on the theory of bialgebras and Hopf algebras. For
clarity, we now endeavor to embody the abstract in more concrete form via an in depth
look at some typical, but important examples. The first example we will consider is
known as the group algebra, which is essential in establishing the connection between
groups and quantum groups. We briefly introduced this algebra in Chapter 3, Example
3.5. The others are related and so we consider them together. Specifically, we will
consider the polynomial algebra M (2) := k|a, b, ¢, d], which will lead us to the examples
GL(2) and SL(2) which are related to the general linear group and the special linear

group respectively.

As always, let k denote a field and suppose G is any group with group operation *. The

group algebra, k[G], is the vector space with G as a basis. Thus, a generic element has

Z Agg

geG

the form:
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where A\, € k, g € G and Ay = 0 for almost all g € G. In other words, x[G] is the set
of all finite linear combinations of elements in G with coefficients from k. Essentially,

we will see, that this is just a polynomial algebra in G. To get an algebra we define

(Z )‘99) (Z 799> =) (Agyn)g *h

geG geG g,he€CG

multiplication by

Let us now verify that the relevant diagrams commute:

V®id

k|G ® K[G] ® K[G] k|G| ® k[G]
id@fv BV
K[G] @ K[G] v K[G]

FIGURE 4.4: Algebra diagram for s[G].

and

FIGURE 4.5: Unit diagram for x[G]

Toward this end, let > g9, > e 099, 2 gec €99 € K[G]. Then for the first diagram

(;E%agg) ® (;bgg) ® (ch9> e, ( Z (agbn)g * h) ® (ZCM)

geG g,heG geG
v ‘
= Y ((aghn)es) (g h) *j
g,h.j€G

Compare this to

(Y agg) @ (Y tg) @ (X eon) ™ (Dlagdg) @ (D (bnej)h5)

geG geG geG geG h,jeG

AR Z (ag(bhcj))g*(h*j)

9,h,jEG
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Because the group operation x is associative and multiplication in x is associative, we

get that

Z ((agbn)cj)(g*h)xj = Z (ag(brej))g = (h* j)

g7h7j€G g,h,jeG
which means that Diagram 4.4 commutes. For Diagram 4.5, recall that » is a linear

morphism, so 7(1) := 1¢ where 1¢ is the identity element of G. Then, if k € k we have

k:®<Zagg) »Mk:lg@(Zagg)

geG gelG

N (kag)la g =Y (kag)g

geG geG

and

k® (Zagg) s Z(kzag)g

geG geG
The other half of the diagram is commutative by similar reasoning. So k[G] is indeed
an algebra. Note, however, that x[G] will be commutative if and only if G is an abelian

group.

Because x[G] is an algebra, there is a natural coalgebra structure on x[G]* (use finite
dual if G is infinite). This has dual basis {g* : ¢ € G}. Now, the structure constants for
k|G| can be ascertained as follows: let g, h € k[G]. Then

gh = Z conff
feG
which implies that
1 if f=gh
Coghf =
M 7N0 i f+£gh

These determine the coalgebra structure since

A=) carg* @I

g,heG

and hence
A(f)=> g ah =) g f)
g,h geG
f=gh
For the counit, we use € = n* where ¢ is used to denote the transpose to avoid confusion

with notation used for dual basis elements. Note again that (1) = 1g. Now consider
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that

e(1g) =n'(1¢)

=1gon
and for any A € k

(1g om)(A) = 1g(An(1))
=15(\lg)
= Ag(la)
=)

Thus, £(1f;) is the identity map on &, and since k* = k, the identity map corresponds
to 1. We therefore say that (1) = 1. For g # 1¢ we apply the same reasoning to find
that

(g% om)(A) = g"(An(1))
=Ag"(1e)
=)0
=0

and hence, £(g*) = 0 for g # 1,.

Now recall the algebra x©, which is the space of all functions G — « with pointwise

addition and multiplication. The standard basis for & is {§ : ¢ € G} where

1 ifg==x

g(m):(s‘(w:{o ifg#£x

Since every linear transformation k[G] — k is uniquely determined by its effect on the
basis G, k[G]* := hom(k[G], k) can be identified with x“. Under this identification g*

becomes g.

For a generic element f € kK we have

F=> i

geG

Evaluating f at h € G yields

F(R) =" Agd(h) = Ay

geG
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and therefore

F=> 193

geG

This generic element corresponds to >~ . f(9)g™ in £[G]* and so A(f) corresponds to

A( > f(g)g*) = > F(9)A(g")

geG geG
=Y fo (X w et g))
geG heG
= Y flgh e (hg)*
g,heG

Converting the pieces back to elements of k¢ yields

Af) =Y flohohlg

g,heG

For the counit

() =<( D flo)g")

geqG

= flg)elg")

geG

= f(1c)

Next on the agenda, we want to ascertain an appropriate coalgebra structure on k|G|
which will be compatible with its algebra structure. To do this, we shall use & beginning

with determining its structure constants. So, for g, h € G we have

= 5g:p5h:c
)0 ifg#h
dge ifg=nh

and hence

But we also have
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which implies that the structure constants for k&

1 ifg=h=f
C =
ot 0 ifg#horg=hbut f#g

are

If we now move to (k“)* (where we use the finite dual if G should be infinite), then the

same structure constants are used. Hence

A(f) =Y conpg™ @I
g,heG

So, under the bijection of sets (k%)* < k[G], with §* < g, we get that A(g) = g ®g.

To determine the counit for k[G] we begin with the unit of x“. Since multiplication is

pointwise, it must be that n(1)(g) =1 for all g € G. In terms of the basis elements, this

n()=> 4

geG

implies that

The counit for (KJG)*, then, is € = n’, where we again use ¢ to indicate the transpose to

avoid confusion with the notation used for dual basis elements g*. So

But for any A\ € k we have

So, §* on is the identity map on x. But k* & x and hence the identity map corresponds
to 1. Thus, under the identification of (k¥)* with x[G] we get that e(g) = 1 for all
g €G.

So, the coproduct and counit maps are now to be defined by

Alg):==g®g, e(g) =1
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for all g € G. Since we have identified x[G] with the finite dual of x we immediately

get that it is a coalgebra and hence the following diagrams commute:

K[G] 2 K[G] © K[G]
A id(lX)A
K[G] @ k]G] —22 . 1G] @ K[G] @ K[G]

FIGURE 4.6: The coalgebra diagram for x[G].

and

FIGURE 4.7: The counit diagram for s[G].

What we have found, so far, is that k[G] can be thought separately as an algebra or a
coalgebra. It is therefore natural to ask if these two structures are compatible so as to
hold simultaneously. In other words, can k[G] be thought of as a bialgebra? To check
this, Theorem 4.1 says it is sufficient to show that A and € are algebra morphisms. This

amounts to showing that

A(gh) = A(g)A(h) = gh @ gh, e(gh) = e(g)e(h)
Allg) =1lg®1lg e(lg) =1

This is not difficult since three of the conditions hold by definition and e(gh) = e(g)e(h)
is a straightforward consequence of the fact that e sends everything to 1. Thus, as the
very existence of this section suggests, k[G] is not just an algebra or coalgebra separately,

but a bialgebra.

It remains only to show that x[G] has an antipode. Examine End(x[G]). If there is
S € End(k[G]) which acts as an antipode for x[G], then S must be the convolution

inverse of id,[g). More precisely, for g € G it is requisite that

S(9)g = e(9)1la = gS(9)
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since for «, f € End(k[G]) the convolution product a* 3 is given by Vo (a® ) o A and
hence for any g € G

(axB)(g) = (Vo(a®pB)oA)(g)
=(Vo(a®p))(9®g)
= V(a(g) ® 8(9))
= a(9)B(9)

But £(g) = 1 for all ¢ € G indicating that S : k[G] — k[G] is to be determined by
S(g) = g~! for all g € G, where g~! denotes the group inverse of g with respect to *.
This, then, is our desired antipode and hence k|G| is a Hopf algebra.

4.5.1 Grouplike Elements

Our consideration of the group algebra thus far has introduced an important kind of
element of coalgebras in general, and, by inheritance, for Hopf algebras. For our purposes
let H be a Hopf algebra. A nonzero element x € H is called grouplike if A(x) =z ® x.
The set of all grouplike elements of H is denoted by G(H). Notice, then, that for the
group algebra we obviously have

G € G(x[G])
In a moment, however, we will see that this must be an equality.

Proposition 4.42. Let H be a Hopf algebra with antipode S. Then any grouplike
element = has an inverse in G(H) which is S(x). Consequently, G(H) is a group.

Proof. We need to show that S(x) € G(H) whenever z € G(H). Consider that

A(S(z)) = (S® S)(A%(x)) [see Prop. 4.13]
=(S®9)(r®x)
= S(z) ® S(z) [since z(V) = z = 2(?]

Thus, S(x) € G(H). Next, for x € G(H) we shall show that S(z) is the inverse of z in
G(H). To do this, we simply follow the antipode diagram (see Figure 4.2):

xéx®xm5(x)®xrl5’(:v)x

Taking the other “route” we have

p UEA g
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Finally, if we take the “direct route” we get that x — n(e(x)). Since diagram 4.2

commutes we end up with

This just says that S(z)x = S(x) = 1.(z). All that remains is to show that 1,(z) =1

when z is grouplike. For this we use the counit diagram for H,

2228 s @S
and from e(r) ® z + z, it is necessary that (z) = 1. Thus, each = € G(H) is invertible

and hence G(H) is a group. O

So, besides the defining property A(g) = g ® g for grouplike elements, the last part of
this proof shows that for g € G(H) it must be that £(g) = 1.

Proposition 4.43. Any set of grouplike elements of H is linearly independent.

Proof. Suppose g1, ..., gn is an independent set of grouplike elements. Let g be another
grouplike element, which is not a member of the aforementioned independent set. Now
consider the expanded set {g1,...,gn, g}. If the expanded set were not linearly indepen-

dent, then we would have
n
9=>_Xgi, AMEr
i=1

Taking the coproduct of both sides yields

n
D ANgi®g =Y Nigi®gi
ij i=1

Now because g is grouplike there must exist at least one coeflicient A;, which is non-zero.
Via the matching of terms, which can be done since {g; ® g;}i; will be independent, we
find that \;\; = 0 for all ¢ # j. In particular, then, Ay\; = 0 for all j # k implying that
Aj =0 for all j # k. Thus g = A\rgi. But

Note that this result could also have been obtained from the fact that comparing coeffi-

cients would yield A, = )\i implying that A, = 1 or 0. But since Ay was assumed to be
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non-zero, it must be 1. From this, however, we acquire the contradiction that g = gx.
It therefore follows that the expanded set must be linearly independent and hence, any

set of grouplike elements will be linearly independent. O

Since dim(k[G]) = |G|, this last result implies that there are at most |G| grouplike

elements. We may therefore conclude that
G(klG]) =G

Proposition 4.44. Ifg € G(H), then the one dimensional subspace kg is a sub-coalgebra

of H and hence is a simple coalgebra.

Proof. This is easily established, since
A(kg) = k(g ® g) C kg ® Ky

and any one dimensional coalgebra must be simple. O

More interesting, however, is the converse.

Proposition 4.45. If kg is a one-dimensional sub-coalgebra of H, then kg is spanned

by a grouplike element.

Proof. Since A(kg) C kg ® kg we have that

Ag) = Mg ®@Aag, M, M2 €rR
But Mg ® A2g = A\ A2g ® g and so, letting A = A\j A2, we have that A(g) = A\g® g.
Now consider the element Ag. We have

A(Ag) = AA(g) = AMg®g=Ag® Ag

and hence \g is grouplike. Replacing g with this element gives us that kg = k(\g) is
spanned by a grouplike element. O

Proposition 4.46. The subspace spanned by G(H) is a sub-coalgebra and is co-semi-

stmple.
Proof. By Proposition 4.43, G(H) is linearly independent. We therefore have that

Spcm(g(H)) = @ﬁgou Ja € g(H)
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Since each kg, is a sub-coalgebra of H then so is Span(G(H)). Furthermore, since each

Kgq 1s simple, it follows, by definition, that Span(G(H)) is co-semi-simple. O

Corollary 4.47. Span(G(H)) is a sub-Hopf algebra of H isomorphic to the group algebra
kG(H).

Proof. That Span(G(H)) is a sub-Hopf algebra of H is immediate from the fact that it
is a sub-coalgebra of the Hopf algebra H. Also

Span(G(H)) = vg(H)

follows from the fact that G(H) is a group. O

Proposition 4.48. If G is a finite group, then the group algebra k|G| is a finite-

dimensional co-commutative, co-semi-simple Hopf algebra and the assignment
G — k[G]

18 functorial.

Proof. If G is a finite group, then it is obvious that k[G] is finite-dimensional, since
G is a basis for k[G]. Co-commutativity holds on account of the elements of G being
grouplike. It is co-semi-simple as a consequence of Proposition 4.46 and Corollary 4.47.
Functoriality follows easily from the fact that any group homomorphism ¢ : G — G’
extends to a linear transformation ¢ : £[G] — k[G'], which will also be a Hopf algebra
morphism. We can see this by first noting that ¢ and gﬁ will agree on G. Because of this,
 is an algebra morphism since ¢ is a group homomorphism and hence q@(gh) = d;(g)g?)(h)
for all g,h € G.

To be a coalgebra morphism we need the equality A, g o = (¢3® gZA)) oA, Let g € G.
Then the right hand side yields
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So far, this only means that gZ; is a bialgebra morphism. The last step is to verify that

~

3(Sxic1(9)) = Suicr)(d(g)) all g € &[G

which, based on the antipodes, reduces to the statement

o(g7) =d(g)"

But this is plainly true, since group homomorphisms preserve inverses. Therefore, qg is

a Hopf morphism. O

Proposition 4.49. If o : Hi — Hs is a morphism of Hopf algebras, then « restricts to
a group homomorphism
a:G(Hy) — G(Ha)

Proof. Let h € G(Hy). Since « is a Hopf algebra morphism, it is, in particular, a

coalgebra morphism which means that
(CY@OZ)OAHl :AHQ o

Thus Ag,(a(h)) = a(h) ® a(h) and hence a(h) € G(Hs).

Now, the group operations for G(H;) and G(H3) are simply the inherited algebra prod-
ucts from Hp and Hs respectively. Since being a Hopf algebra morphism entails be-
ing an algebra morphism, it follows that « respects the group operations. Therefore,

a: G(Hy) — G(H3) is a group homomorphism. O

The implication here is that we get a functor from Hopf algebras to groups:
Hw— G(H), (a:H — Hy)w (a:G(H)— G(Hz))

Note further that if H is finite-dimensional, then G(H) must be a finite group. To see
why, suppose that G(H) were an infinite group, then by Proposition 4.46, Span(G(H))
is an infinite-dimensional sub-coalgebra of H. But this is impossible, since H is finite-

dimensional. Thus, G(H) must be a finite group.

Now, if H is any Hopf algebra, then H* is also a Hopf algebra, where again, the finite
dual is intended if H is not finite-dimensional. For any f € H* it was found (in our

work with duals) that

A(f)(z@y) = f(zy), since A=V~
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and f is an algebra map if and only if f(zy) = f(z)f(y) in which case we would have

A(f)(z@y) = f(z)f(y)
=(fefNHzay)

for all z,y. This is equivalent to A(f) = f® f and hence that f is grouplike. The result
here is that
G(H") = Alg(H, )

When H is finite dimensional, however, H = H** and therefore

G(H)=G(H™) = Alg(H", k) (4.7)

Continuing with finite-dimensional H, the assignment
H— H*

gives a contravariant duality on the category of finite-dimensional Hopf algebras. More
specifically, we get a contravariant equivalence between finite-dimensional semi-simple
commutative Hopf algebras and finite-dimensional co-semi-simple co-commutative Hopf

algebras.

So, in light of (4.7), the functor G (restricted to finite dimensional Hopf algebras) is the

composition of the contravariant functors
Hw— H" — Alg(H", k)

where the functor L — Alg(L, k) is the representable functor Alg(—, k) restricted to the
category of finite-dimensional Hopf algebras. In general, however, this is a functor from
the category of k-algebras to the category of sets. So, how can we be assured that we

will land in groups?

Consider the natural map H — H™* with x — & where

#(f) = fla) for f e H'

Note that Z is an algebra morphism if and only if Z(fg) = Z(f)z(g) for all f,g € H*,
which implies that

fg(x) = f(x)g(x) forall f,g e H*
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Since the product for H* is convolution, we therefore have

(Vo(f@g)ol)(z) = flx)g(x)

Note, in particular, that this will be the case whenever z is grouplike (A(z) = 2 ® x) so

each grouplike element does give an algebra morphism & € Alg(H*, k).

Conversely, Suppose Z is an algebra morphism. By Theorem 3.26, x resides in a finite-
dimensional sub-coalgebra (and hence Hopf algebra) H' of H. Thus, A(z) lies in some

finite-dimensional sub-space of H ® H.

Now, from linear algebra we have the following: Span(z) is a sub-space of H'. Thus,

there exists a sub-space T for which
H' = Span(z) ® T

We already know that {x} is a basis for Span(z), so suppose B is a basis for 7. Then
it follows that {z} U B is a basis for H'. Let us write this basis as

{h1,....;hn}

where h; = x. So
Alz) = Nijhi @ b
ij

and

Fo(x) =" Nijf(hi)g(hy)
]

Let the dual basis for (H')* be {h}, ..., h}} and extend each h] to be an element of H*.
Then

hibi(@) = > Aighi(hi)hi(hy)
]
= )\rs
But because % is an algebra morphism, we also have that

hphg () = hy(2)hg(z)

= 1"1531
since x = hy. Therefore, when  is an algebra morphism we get that

)\7‘8 = 7‘1551
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This allows us to say that
A(m) = Z)\ijhi ® h;j
tj

= Z di1051h; & hy

)

=h®Mh

=rQXx

and hence Z is an algebra morphism if and only if x is grouplike.

If A is any commutative algebra, then Alg(H, A) is a sub-group of the group of units of
the algebra hom(H, A) where the group operation is convolution. In particular, when
A = k as in the case above and H is finite-dimensional, then Alg(H, k) is a finite group.
This is because H being finite-dimensional implies that H* is finite-dimensional and

hence that G(H*) = Alg(H, k) is a finite group.

Next, let us denote the category of finite groups by FinGp. Then the assignment
G — k[G]

yields a functor from FinGp to the category of Hopf algebras, Hopf. But when G is
a finite group, k[G] is finite-dimensional, co-commutative and co-semi-simple. So, let
‘H represent the subcategory of all Hopf algebras consisting of those which are finite-

dimensional, co-commutative and co-semi-simple. Then our functor is

FinGp — H
G — k[G]

Going the other way, we have seen that if H is finite-dimensional, then G(H) is a finite
group. If H is also co-commutative and co-semi-simple, then x[G(H)] is a sub-Hopf
algebra of H which is finite-dimensional, co-commutative and co-semi-simple, which
means that x[G(H)] itself is a member of H. Now, since H is co-semi-simple, it is a
direct sum of simple sub-coalgebras. If Kk = C, then these simple sub-coalgebras are
one-dimensional and hence are spanned by a grouplike element (see Proposition 4.45) .
This implies that
H =C[g(H)]

If we revise our conception of H to now be the sub-category of all complex finite-

dimensional, co-commutative, co-semi-simple Hopf algebras, one gets an equivalence of
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categories:

FinGp <« H
G — C[G]

By now we are used to the idea of taking a dual. In this case, if we restrict ourselves to H,
then the assignment H +— H* yields another contravariant equivalence with “inverse”
H* — H* = H. Recall that this was explored in Section (3.2.5). Let H* represent
the category of these dual Hopf algebras and note that each H* is finite-dimensional,

commutative and semi-simple. The contravariant equivalence
H— H*

is called a duality.

Now, because FinGp and ‘H are equivalent categories we also have that
H* — H — FinGp

is a duality. Let A be the category of all finite-dimensional, commutative, semi-simple

C-algebras. In Chapter 3 it was established that the functor

FinSet — A
X - CX

is a duality as well where the “inverse” is A — Alg(A, C). We can summarize everything

in the following diagram:

Alg(—,C)
A=——" " FinSet
} ) J
H* - <i([:]): FinGp
Alg(—,C)

where the “inclusion” arrows should be taken to indicate the forgetful functor.

The above diagram explains a substantial portion of Figure 1.1 and motivates the notion

of a “quantum group”. We have seen that when our (finite-dimensional) Hopf algebras
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are commutative, the corresponding objects are finite groups. But what happens when
the commutativity requirement is dropped? We will see later that the corresponding
objects are no longer groups, but what we have been calling “quantum groups”. In
other words, quantum groups evolve from an attempt to understand Algc(H,C) for
a finite-dimensional non-commutative Hopf algebra H. Special types of groups (in the
commutative case) and quantum groups (in the non-commutative case) arise when finite-
dimensionality is dropped. A prominent philosophy, espoused by Drinfel’d, was that one
should quantize classical objects like x[G] by deforming them to non-cocommutative
Hopf algebras. We will explore this concept of deformation in Chapter 6. This is where

the name “quantum group” comes from.

Let us now investigate the Hopf algebras of H* in a little more detail. Since H contains
Hopf algebras of the form C[G], H* consists of the Hopf algebras C[G]*. As we already
have seen, C[G]* has basis {¢* : ¢ € G}. If we multiply two basis elements we find that

g h*(x) = g*(x)h*(z)
= gubpe allz € G

and therefore
- {g* Hg=h_,
0 ifg#h
More explicitly we see that ¢g*¢g* = ¢* meaning that the basis elements are idempotent.
Since g*h* = 0 whenever g # h, the basis elements are also orthogonal. Moreover, since
the identity element of C[G]" is the sum of all the basis elements: } .. ¢* we say that

the basis forms a complete set.

As for the co-multiplication, we saw above that

Alg) =) _he(h g

heG

Thus, if one identifies C[G] with C[G]* the resulting Hopf algebra has basis G with

gh = 0gn9
Alg)=) hohlg
heG

The antipode for C[G]* is simply S (transpose) where we recall that S(g) = g—!. Hence,
for all g € G, we have
S'g") =g 08
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and when applied to any x € G we get

SYg") (@) = (9" 0 §)(x)
=)

Jrifg=at
o if g#x !
= (97" (2)

So, when G* is identified with G' we get the same result: S(g) = g~!. Note that as an
algebra C[G] is isomorphic to C% and so the coalgebra structure on (C%)* gives C[G].

Let us now switch our focus to the duality

FinSet < A
X — g¥

Alg(A) k) «— A

where A is the category of all finite-dimensional, commutative and semi-simple x-

algebras. We have already done some work with C* and the situation for £% is similar.
It has basis {J, : z € X} where

0z(2) = 0z

We began this section on grouplike elements by noting that G(k[G]) = G and prior to
that established an intimate connection between k[G] and x“. It seems appropriate,
then, to end this section by disclosing one more interesting connection between these

two algebras, namely that

G(k%) =G
where G indicates the character group of G. By way of reminder, a group character is

a group homomorphism G — k — {0}.

First, let us motivate a natural coalgebra structure on £“. Let us begin by motivating

A kG = kG @ K.

In the above duality, note that the cartesian product X x Y gets sent to X <Y,

Proposition 4.50. For finite sets X and Y, we have the following isomorphism of

algebras:

KXXY ~ HX(X)KQY
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Proof. Suppose X = {x1,....,2,} and Y = {y1, ..., ym}. Then x*¥ and ¥ have bases

{0z, :1<i<n}, {6y, :1<j<m}

respectively and therefore £ @ £ has basis {0z, ® d,,};.5)

Also, since X x Y = {(w,y;) : i € X,y; € Y} we have that {J(,, )} @) is a basis for

KXXY | Define o : kXY — kX @ kY on the basis elements O(as,y;) DY
a(ékmhyj)):: dﬁ @Déyj

and extend by linearity. So, if f € KX*Y, then f = > f(@i,Y5)0(z;y,) and

a(f) = 04<Z f (s, yj)é(xi,yj))
i,J
= Z (@i yj)e(d(z,.y,))
1,7

= Zf(l'ivyj)é:vi ® 5yj

i7j

Zi,Yj

This is clearly an algebra morphism on account of the basis elements of kX*Y being

idempotent and orthogonal, which is preserved by «. It is clearly surjective and since

XxY Y

dim = dim kX @ dimx¥ = nm

it is also injective. Therefore it is our desired isomorphism of algebras. O

Now let G = {g1, ..., gn } be a finite group with operation m : GXxG — G. By functorality,
one obtains

HG—M%GXGSHG(@HG

where

foomHZ (f om)(gi,95)8: ® g5 = Z f(gh)g

Note, in particular, that if f = & with € G, then it gets mapped to the element

g,heG 9,h€G
gh=x

= gogle
gelG

This motivates our coproduct A for k€.
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For the counit, consider the map i : {1} — G where i(1) = 1. This gives a map

[PACHRINSS )
with
frfoi=f(lg)

So, in particular, § — §(1g) = 041, In other words, this tells us that we should define

e: k% = Kk bye(g) = g1¢» Which is the same thing we would get if instead we used the

counit axiom to determine &.

We can also define an antipode on “. Consider the map inv : G — G where

inv(g) = g~'. Then we get the map

with

fr— foinv

and in particular

g goinu=g!
Hence, the antipode is S : G — G with S(g) = gil.

To recap, notice that a group is essentially a set that comes with three associated
structure maps: (1) a group operation or “multiplication” m : G x G — G, (2) a unit
map i : {1} — G and (3) an inverse map inv : G — G. Each of these resulted in a

G

corresponding structure map for k~, namely a co-multiplication, counit, and antipode

respectively, which allows for k& to be considered a Hopf algebra.

Now for our last result. Let f € kK& and suppose f is grouplike so that

Af)=rfef

= (X r@a) @ (X 19)3)

geG geG

= Fo)faeh

g,heG

But based on the coalgebra structure we determined that

A(f)= > flghgoh

g,heG
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and therefore f is grouplike if and only if f(gh) = f(g9)f(h) (and f # 0), which is
equivalent to saying that f is grouplike if and only if f is a group character. Thus

4.6 M(2), GL(2) and SL(2)

Suppose A is a commutative algebra. Let

My(A) = { [Z Z] ca,bcde A}

As a set, Mo(A) = A*. Now, if M(2) := k[a, b, ¢, d], then we know, from Corollary 3.8,
that

hom 44(M(2), A) = M2 (A) (4.8)
with

fle) f(d)

Since this holds for any commutative algebra we can represent the matrix multiplication

. [f(a) f(b)]

of M3(A) universally on M(2). Let us unpack what this means in more detail. First,

we get a natural transformation

hOInAlg(M(Q) &® M(Q), A) — hOmAlg(M(Q), A)

4

where A is regarded as a “variable”, from the following natural isomorphism of abelian

groups:

hom 45, (M (2) ® M(2), A) 2 hom a;4(M (2), A) x hom4(M(2), A) [Proposition 3.10]
= My(A) x Ma(A)  [(4.8)]
s M (A)
= homyg(M(2), A)  [(4.8)]

By basic results from category theory, this natural transformation must be induced by
a morphism M (2) — M (2) ® M (2) which will be our coproduct A. To find it explicitly,
set A = M(2) ® M(2) and follow the distinguished element id;(2)gar(2) through the

above isomorphisms with V (this is a standard category technique).
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First, we need to determine what idps(2)gar(2) corresponds to in
hom 4;4(M(2), A) x hom;4(M(2), A)

Let i1 : M(2) — M(2) ® M(2) be the algebra map i1(a) = a® 1 and
i9 : M(2) — M(2) ® M(2) the algebra map iz(a) = 1 ® a. By Theorem 3.10 we get a

unique morphism of algebras i1 ® i5 such that

(i1 ®i2)(a ® b) = i1(a)iz(b)
=(a®1)(1®0b)
=a®b

So, i1 @12 is the identity map idpz(2)@nr(2) and, by Theorem 3.10, corresponds to (i1,12).

We therefore have

idyr2)@m(2) = (i1, i2)
Q([7;1(@ za(b)] [i2<a) i2(b)])
ir(c) ()] |ia(c) ia(d)

_(-a®1 bo1] [1®a 1®b)
c®l dol] |[1ec 1od
v [a®1 bel] [1®e 120
v, .
col dol| [1ec 10d

a®Ra+bR®c a@Rb+b®Rd
cRQa+d®c c@b+d®d

= A

where

Ala) =a®a+b®c A(b)=a®b+b®d
Ale)=c®a+d®c Ald)=ceb+dod

Note that since A € hom y;4(M(2), M (2) ® M(2)) it is an algebra morphism.

If we now let A = £, then under the isomorphism hom 4;4(M (2), k) =2 Ms(k), the identity
of Ms(r) corresponds to € so that e(a) = e(d) = 1 and £(b) = ¢(c) = 0. Note, then, that
¢ is automatically an algebra morphism. Thus, M (2) has a coalgebra structure where

the coproduct and counit are algebra morphisms and therefore M (2) is a bialgebra.
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We can represent A in terms of a kind of matrix product:

cl-l el

This is merely a symbolic matrix product which encodes the above relations of A in one

A

simple matrix equation.

Example 4.4 (GL2(A) and SLa(A)). For any commutative algebra A we know that a
matriz in Ma(A) is invertible if and only if its determinant is invertible in A. Let A*
be the group of all invertible elements of the algebra A. The set of all invertible matrices

of Ma(A) forms a group known as the general linear group of 2 X 2 matrices:

GLa(A) = { [“ Z] € Ma(A) : ad — be € AX}

C

There is a distinguished subgroup of GLo(A) called the special linear group of 2 X 2

matrices. It is defined as

SLy(A) = { [Z Z

Now define the commutative algebras GL(2) and SL(2) by

€ GLa(A) : ad — bc = 1}

GL(2) := M(2)[t]/((ad — be)t — 1), SL(2) := GL(2)/(t — 1)

Note that factoring out by (ad — bc)t — 1 causes ad — be to be invertible. For SL(2),
factoring out by t — 1 just says that ¢ = 1 so that SL(2) reduces to M(2)/(ad — bc — 1)
which corresponds to the determinant being 1. Notice that {a,b,c,d,t} is a generating
set for both GL(2) and SL(2).

Now, given a commutative algebra A we know that
hom g (K[, ..., 2n), A) = A"

If L is an ideal of k[z1,...,x,] and ¢ : k|21, ...,2,]/L — A is an algebra morphism, then
we can always precompose ¢ with the projection map 7 : k[x1, ..., xn| — Kl21,...,25]/L
to get ¢ om € homy(k[z1,...,2n), A). So, ¢ o7 is a “point” and, therefore, corre-
sponds to an element (ai,...,a,) € A™. The set of all such points as ¢ varies over

hom g4 (K[21, ..., xn] /L, A) forms a subset V7, of A™. Such subsets are known as varieties.

Now, an arbitrary point (b1, ...,b,) € A™ corresponds to an algebra morphism

Y i KXy, ..., y] — A, where ¢(x;) = b; and induces a morphism k[z1,...,2,|/L — A if
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and only if ¥(f) = 0 for all f € L. Equivalently, we get an induced morphism if and only
if (X) = 0, where X is a generating set for L. If f = f(z1,...,zy,) - i.e. a polynomial
in 1, ..., 2y, then ¥(f) = f(b1,...,b,). So, (b1,....,b,) € V1, if and only if f(by,...,b,) =0
for all f € L. Thus,

hom 4 (K[21, ..., xn] /L, A) = VL,

and Vg, = {(a1,...,ay) : f(a1,...,a,) =0 forall f € L}.

Proposition 4.51. For any commutative algebra A there are natural equivalences
hom 4;4(M(2), A) = M>(A)

hom 4;4(GL(2), A) = GL2(A) and = homye(SL(2),A) =2 SLy(A)

sending an algebra morphism f to the matriz

Proof. By definition, M (2) := k[a, b, ¢, d] and therefore

hom 4 (M(2), A) = A* = My(A)

Next, hom 4;4(GL(2), A) = hom g4(k[a,b,c,d,t]/((ad — be)t — 1), A) and, by our work

above, this is equivalent to

{<[a1 (12] ,a5> : (a1a4 — agag)a5 —1= 0}
a3 a4

But this set is equivalent to GLy(A) under the mapping

ar a al ag
, a5 -
az a4 az a4

and the inverse mapping is obtained since a5 = (a1a4 — azas)~*. Thus

hom ;4(GL(2),A) = GL2(A)

Similarly, hom;4(SL(2), A) = hom q4(k[a,b,c,d]/(ad — bc — 1), A), which is therefore

equivalent to the set

as G4

a1 a
{[1 2]:a1a4—a2a3—1:0}
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which is equivalent to SLy(A). Therefore

hom 4;4(SL(2), A) = SLy(A)

Lemma 4.52. The algebra morphism A of M(2) satisfies
A(ad — bc) = (ad — bc) ® (ad — be)
and hence ad — bc is grouplike.

Proof. By straightforward computation:

A(ad — bc) = A(a)A(d) — A(b)A(c)
=(a®a+b@c)(cRb+dRd) —(a®b+b®@d)(c®a+d®c)
=ac®ab+ad®@ad+bc®@cb+bd® cd — ac® ba — ad ® bc — bc @ da — bd ® dc
=ad®ad — bc® ad + bc ® bc — ad ® bc 4+ ac ® ab — ac ® ab + bd ® dc — bd ® dc
= (ad — bc) ® ad + (be — ad) @ be
= (ad — bc) ® (ad — be)

Note how the above computations are crucially dependent on A being commutative.

Now, for any commutative bi-algebra B and grouplike element ¢
B(l—-g)={b(1—g):be B}

is a bi-ideal. It is quite clearly an ideal, since B is commutative. It is less obvious,

however, that B(1 — g) is a co-ideal. For this, it is requisite that
AB(1-¢9)CB(1-g9g)®@ B+ B® B(1—yg)

and
eB(1—yg) =
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Observe, then, that

A(l—g)=A(1) - A(g)
=1®1-9g®g
=1®1-1®g9g4+1®g—9g®g
=le(l-g)+(1-g ®g

Therefore,

AB(1—g)=ABA(1—g)
CBeB)(1a(l-g)+(1-g)®g)
CB®B(l-g)+B(l1-g)®Bg
CB®B(1l—-g)+B(l-g)®B

Next, since

e(l-g)=e(l)—e(g)=1-1=0

we have that

eB(1—g) =eBe(l —g)
=0

and hence B(1 — g) is a co-ideal and thus a bi-ideal. By Theorem 4.4, then, B/B(1 — g)

is a commutative bi-algebra.

Taking B = M (2) we see immediately that SL(2) = M(2)/(1 — (ad — bc)) is a commu-
tative bialgebra. Also, if we set A(t) =t ® t, then (ad — be)t is grouplike (since A is
an algebra morphism) and therefore GL(2) = M (2)[t]/(1 — (ad — bc)t) is a commutative

bialgebra as well.

The remaining question is whether these are Hopf algebras. By definition, the require-
ment is the existence of an antipode. Now, since GL(2) and SL(2) are derived from
M (2), let us begin by considering £(M(2), M (2)), which, we know, is an algebra under
convolution. If there is to be an antipode S € L£(M(2), M(2)), then it must commute
with idjs2). Now, for any commutative algebra A, homay,(M(2), A) € L(M(2), A).
For o, € homyyy(M(2),A) we have that o x 3 := Vo (a ® 8) o A, which is a

composition of three algebra morphisms, since M (2) and A are commutative. Thus,

a* (3 € homyy(M(2),A) and so corresponds to a matrix. We can determine this as
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a bl A |la b a b
— ®

c d c d c d

a®Ra+b®c aRb+bRd

cRQa+d®c c®b+d®d

follows:

0o [a(a) ® B(a) +a(d) ® B(e) ala) ® Bb) +a(b) ® A(d)
a(c) @ Bla) + a(d) ® B(c) ale) ® Bb) + ald) © 5(d)
v, [a(am(a) +a(b)B(e) a(a)sd) +ab)s(d)
a(e)f(a) +a(d)B(c) a()B(b) +a(d)s(d)

a(a)  a(b)

It follows that the correspondence o +— [ ] preserves the binary structure of

ale) ald
multiplication so that ax 6 — «af and

hOmAlg(M(Q), A) = MQ(A)
So, to determine whether such an S exists we use that
hom a4 (M (2), M (2)) = M2(M(2))

via

. [f(a) f(b)] . p
fle) ()

so that f x g — FG where FG is matrix multiplication. Since finding an inverse for

idpz(2) requires finding S such that
S*idM(Q) =¢gon= idM(Q) * S

10

0 1] , this translates to needing

and since e on — [
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a
But this is equivalent to requiring that !
c

b
d] be invertible in Ms(M (2)), which is not,

in general, possible. What this tells us is that M(2) is not a Hopf algebra. However,
this requirement does become possible when we pass to the factor bialgebras GL(2) and
SL(2). Therefore, there is an antipode S for GL(2) and SL(2) thereby making them

both commutative (but not co-commutative) Hopf algebras. For SL(2) we will have

S(a) = d(ad — bc)™?
S(b) = —b(ad — be) ™!
S(c) = —c(ad — be) ™!
S(d) = a(ad — be)™?

The same will hold for GL(2) with the added assignment S(t) = ¢~!, since t is grouplike.

There is no doubt that this chapter is pivotal in our study. Hopf algebras are the key
foundational objects required for understanding quantum groups. Again, this is because
quantum groups can be considered as special kinds of Hopf algebras. We also found that
the name “quantum group” itself arises out of the connection between Hopf algebras
and groups. It was briefly mentioned that the general idea is to deform certain Hopf
algebras into non-commuting or non-cocommuting structures. We will investigate this
in Chapter 6 and Chapter 7 when we explore some specific quantum groups. The next
chapter, however, provides another key connection to Hopf algebras and, by extension,
quantum groups. It will also be instrumental in understanding the example presented

in Chapter 7.



Chapter 5

Lie Algebras

5.1 Background and Importance to the Theory of Quan-

tum Groups

The term “Lie Algebra” (pronounced “Lee”) was coined by the German mathematician
Hermann Weyl in the 1930’s in honor of Sophus Lie. Lie was a Norwegian mathemati-
cian famous for pretty well developing the theory of continuous symmetry. Lie algebras
in particular arose as a means of studying Lie groups and infinitesimal transformations.
One can describe a Lie group, rather crudely, as a topological group which is also a dif-
ferential manifold, where the group operations respect the manifold’s smooth structure.
Because of this, one can employ methods of analysis, such as differential calculus, to
study the properties of such objects. In particular, Lie’s insight was to study the local
properties of these structures rather than look at them globally. Due to the smoothness
of the manifold, one can think of the local structure as being linear. Lie called these
linearized spaces “infinitesimal groups”. Today, they are known as the Lie algebra of
the group. In other words, because Lie groups are differential manifolds, there is an
associated tangent space at each point of the manifold. Lie algebras can be thought of
as tangent spaces of Lie groups at the identity element of the Lie group, which arises

from the so called Lie bracket.

In this chapter a broad overview of Lie theory will be given with the aim of highlighting
the features important to the study of quantum groups. While some of the material
will concern Lie algebras in general, the main focus will be on finite-dimensional Lie
algebras over C. This is to prepare the way for a detailed study of the important finite-
dimensional Lie algebra s[(2) with ground field C.

161
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5.2 The Basics

5.2.1 Introducing Lie Algebras

Definition 5.1 (Lie Algebra). A Lie algebra L is a vector space over a field £ with
a bilinear map [,] : L x L — L, called the Lie bracket, satisfying the following two

conditions for all x,y, z € L:
(i) (Alternating):
[.%', LL'] -
(ii) (Jacobi Identity):
[fL‘, [y7 ZH + [ya [Za x“ + [Zv [l‘,y“ =0

The Lie bracket is also antisymmetric since

[z+y,x+y] =0 [alternating]
= [z,2] + [z,y] + [y, 2] + [y,y] =0 [bilinearity]
= [z,y] + [y, 2] =0

which is the definition of antisymmetry. The converse holds provided that x does not

have characteristic 2.

Notice that the alternating property and bilinearity also imply that [z,0] = [0,z2] = 0
for all z € L. Indeed

0= [z, 2]
= [fL‘+0,:E]
= [z,z] + [0,z] = [0, x]

By antisymmetry, it immediately follows that [z,0] = 0 as well.

We define the center of a Lie algebra analogously to the center of an algebra. That is,
Z(L)={xe€L:[z,y=0, forally € L}

The reason for using of the term “center” will become apparent when we introduce a
particular version of the Lie bracket called the commutator. We also say that a Lie
algebra L is abelian if L = Z(L). Again, we’'ll see below that this notion of abelian

corresponds to the usual usage of the term under the commutator. Note, then, that any
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vector space V' can be viewed as a Lie algebra by taking the Lie bracket to be [u,v] =0
for all u,v € V, which is the abelian Lie structure on V. Now, it is clearly the case that

Z(L) = L for any one-dimensional L, since, if {} is a basis of L, then
Az, ya] = Mz, 2] =0

Thus, if Z(L) # L, then it must be that dim(L) > 1 and so L must contain at least two

linearly independent elements.

As hinted at above, despite the name “Lie algebra”, one should be careful to note that
this is not an algebra according to the usual definition (see Chapter 3). In particular,

the Lie bracket of a Lie algebra need not be associative. That is,

[z, [y, 2] = [[z,y], 2]

need not hold. This naturally raises the question as to when the Lie bracket is associa-

tive. Suppose that L is an associative Lie algebra. Then
[z, [y, 2l] + [z, [z,9]] =0 all z,y,z € L

Along with the Jacobi identity this implies that [y,[z,z]] = 0 or, equivalently, that
[[z,2],y] = 0. Since this will hold for all x,y,z € L we see that [a,b] € Z(L) for all
a,b € L. Conversely, if [a,b] € Z(L) for all a,b € L, then

[z, [y, 2] = [[z,y], 2]

since both are zero. So the Lie bracket is associative precisely when the derived algebra
(see below) [L, L] C Z(L).

Recall that being associative means that the order in which an operation is applied is
irrelevant. The Jacobi identity can be interpreted as “measuring” how much the order

of evaluation matters for the operation in question.

Definition 5.2 (Ideal). Let L be a Lie algebra. A subspace I C L is called an ideal if

[,y €I foranyxz € Landyel

We shall soon see that these play the role for Lie algebra theory what normal subgroups

and two-sided ideals play for group theory and ring theory respectively.

Definition 5.3 (Lie Subalgebra). Let L be a Lie algebra. A vector subspace K C L is
called a Lie subalgebra if
[z,y] € K forall z,y € K
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It is easy to see from these definitions that every ideal is also a Lie subalgebra. Of
course, the converse is not true in general. We shall see quite a few examples of Lie

subalgebras below, especially in Section 5.2.3.

5.2.2 Adjoints and the Commutator

Let £ be a Lie algebra and take End(£) to be the set of linear transformations of £.
Define a map
ad: £ - End(£), z—ad,:£— £

such that ad,(y) := [z,y| for all y € £. The map ad is called the adjoint representation
of £, while each ad,, is called an adjoint endomorphism or adjoint action. We can express

the Jacobi identity using this map by
ad[g () = (ady o ad, — ad, o ad,)(2)

The expression on the right is the commutator of the elements ad,, ad, € End(£).

Suppose we begin with an arbitrary associative algebra A. Define a product map on A
by
[a,b] := ab — ba for any a,b € A

This is commonly referred to as the commutator of a and b. One can think of it as

“measuring” how “close” an algebra is to being commutative.

Proposition 5.4. Given an associative algebra A and a,b,c € A, then

[a, bc] = [a, blc + bla, c]

Proof. This only requires a bit of algebraic manipulation.

[a, bc] = abc — bea
= abc — bac + bac — bca
= (ab — ba)c + b(ac — ca)
= [a, b]c + bla, (]

O

Now, A will be commutative (i.e. abelian) if and only if [a,b] = 0 for all a,b € A.
Another way of saying this is that A is abelian if and only if [A, A] = 0, where [A, A]
denotes the space generated by all elements of the form [a,b] with a,b € A. If g is a
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Lie algebra, then [g, g] is known as the derived Lie algebra of g and is analogous to the

commutator subgroup of a group.

We now turn to a simple, but important result in Lie theory which says that any asso-

ciative algebra can be endowed with a Lie algebra structure.

Proposition 5.5. If A is an associative algebra, then the commutator is a Lie bracket

and hence (A,[,]) =: L(A) is a Lie algebra.

Proof. Tt is obvious that [,] is alternating, since for any a € A we have that
[a,a] = aa —aa =0
To verify that the Jacobi identity is satisfied, let a,b,c € A. Then

[a, [b, c]] + [b, [c, a]] + [¢, [a, b]] = a[b,c] — [b, cla + ble, a] — [¢, a]b + cla, b] — [a, blc

= a(bc — ¢b) — (bec — ¢b)a + b(ca — ac) — (ca — ac)b + c(ab — ba) — (ab — ba)c

a(be) — a(eb) — (be)a + (¢b)a + b(ca) — b(ac) — (ca)b + (ac)b + c(ab) — c(ba) — (ab)c + (ba)c
a(bc) — (ab)c — a(cb) + (ac)b — (bc)a + b(ca) + (cb)a — c(ba) 4 (ba)c — b(ac) 4 c(ab) — (ca)b

(
)

0 [by associativity of A]
Finally, let a,b,c € A and A € k. We show that [,] is bilinear:

[Aa+b,c] = (Aa+b)c — c(Aa + b)
= Aac + bc — Aca — cb
= Mac — ca) +bc —cb
= Aa,c] + [b, ]

A symmetric argument shows linearity in the second coordinate. O

Though nice to see, the bilinearity part is superfluous, since it follows directly from
the bilinearity of multiplication in A. In fact, the entire proof is nearly trivial, but the
result is rather interesting, since it means that any associative algebra can be turned
into a Lie algebra. Even more remarkable, however, is the fact we can go the other
way. That is, given any Lie algebra, there is an associated associative algebra with the
important property that it preserves the representation theory. So, given a Lie algebra
£ we want the “most general”x-algebra A such that L(A) contains £. But before we
elaborate on this any further let us consider some examples as well as supply some

required definitions.
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Example 5.1. Let H be a Hopf algebra. Then, by Proposition 5.5, H becomes a Lie
algebra L(H). For any Hopf algebra, a primitive element is an element h € H such that

A)=h®1+1ah

Denote the set of all such elements for H by Prim(H). If a,b € Prim(H), then
a+be Prim(H) since

A(a+b) =A(a) + A(b) [A is linear]
=a®1+1Ra+bR14+1®b
=a®14+b®14+1®a+1®b
—(a+b)®1+1® (a+b)

Note, too, that if a € Prim(H) and X\ € k, then Aa € Prim(H) since

A(Xa) = AA(a)
=MNa®1+1®a)
=AMa®1)+A1®a)
=Aa®14+1® A

This establishes that Prim(H) is a subspace of H. Finally, if a,b € Prim(H), then

consider that

A([a,b]) = A(ab — ba)
= A(a)A(b) — A(b)A(a) [A is an algebra morphism]
=@®14+1®a)b1+100) - (b1+12b)(a®1+1®a)
=ab®1—-ba®1+1®ab—1®ba [distribute and simplify|
=(ab—ba) ®1+1® (ab — ba)
=[a,b]® 1+ 1 [a,b]

which shows that [a,b] € Prim(H) and hence, Prim(H) is a Lie subalgebra of H.

We should also mention that for a € Prim(H) it is necessarily the case that (a) = 0.
This follows from the interaction between being primitive and the counit axiom. The

counit axiom entails the commutativity of the diagram



Chapter 5. Lie Algebras 167

This tells us that

a®1l=(id®e)(Ala))
=(d®e)(a®1+1®a)
=a®e(l)+1®e(a)
—a®1+1®e(a)

which implies that 1 ® e(a) = 0 and hence that e(a) = 0. We conclude, then, that

Prim(H) C Ker(e)

As always, we are interested in those maps which preserve or respect the pertinent

structure between two objects, in this case the Lie structure.
Definition 5.6 (Morphism of Lie Algebras). Let £ and £’ be two Lie algebras over a

field k. A linear map f : £ — £’ is a morphism of Lie algebras if

f(la,y)) = [f(2), £ ()]

for all z,y € £.

With Lie morphisms defined, we have our category of Lie algebras denoted by Lie (see
Figure 1.1). In light of Proposition 5.5, L is a functor from Alg to Lie where algebra

morphisms double as Lie morphisms given the definition of the commutator bracket.

We have already seen an example of a Lie morphism, namely the adjoint representation
map. That is, when End(£) becomes a Lie algebra with the commutator map, then we

showed above that

ad([z,y]) = adjy ) = ad, o ady — ady o ad, = [ad,, ady]

Next, consider the associative algebras M, (k) and x thought of as Lie algebras. Besides
the determinant, one of the more well known features of square matrices is the trace.

We can think of the trace as a map that assigns to each matrix the value of its trace in
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the ground field. That is,

A1 M2 oo A
A A D V¥ n
tr: My (k) — K, ?1 _22 2 — Z)\ii
i=1
_)\nl )\n2 cee )\nn_

This is a morphism of Lie algebras since, if N, M € M,(k), then by properties of the
trace
tr([M,N]) = tr(MN — NM) =tr(MN) — tr(NM) =0

while [tr(M),tr(N)] = 0, since x is commutative.

Definition 5.7 (Derivation). Let £ be a Lie algebra. A derivation on £ is an endomor-
phism of £, d : £ — £ such that

d([z,y]) = [d(z),y] + [2,d(y)], forallz,yec £

The condition in this definition is a particular type of Leibniz law, which the calculus
student will recognize is just a generalized version of the so called product rule for
derivatives. Once more, the adjoint action provides a nice example of a derivation. Let
ad, be an adjoint action on £ and a,b € £. Then by manipulating the Jacobi identity

we get

ady([a, b]) = [z, [a, b]] = [[, a], b] + [a, [z, b]] = [ads(a), b] + [a, ad(b)]

The last part of this section introduces several more important analogues to algebras.

5.2.3 The General Linear Group and The General Linear Algebra

Let V' be a finite-dimensional k-vector space. Then End(V) is an associative algebra
under composition. By applying Proposition 5.5, however, we get that End(V') is a Lie
algebra, namely L(End(V')), which is generally denoted by gl(V'). This is referred to as
the general linear algebra and is closely associated with an important example, which we
shall frequent often: the general linear group GL(V'). This is the group of all invertible
endomorphisms of V. For k = C or R, this provides the connection between a Lie group

and Lie algebra. In this case, gl(V') is the tangent space at zero for GL(V).

There is a very convenient relationship between the general linear algebra and matrices.

Let M, (k) be the space of all n x n matrices with entries in k. Then this forms an
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associative algebra and thus, by Proposition 5.5, M, (k) becomes a Lie algebra. From

linear algebra we then get the following nice result.

Proposition 5.8. If deg(V) = n < oo, then End(V) = My (k) as algebras.

and the immediate consequence:

Corollary 5.9. If End(V') and M, (k) are as in the previous proposition, then

L(End(V)) = L(M,(x))

When we want to think in terms of matrices we shall write gl,,(x) in place of gl(V'). The
standard basis for gl, () consists of all matrices F;; having 1 in the (4, j) position and
0 elsewhere. Since

EijEwe = djiEie

The commutator, relative to this basis, is given by

[Eij, Ere) = 0jxEie — 00 By

The general linear algebra is important for many reasons. One reason, of current interest,

is that many examples of Lie algebras are born out of gl, (k) as subalgebras.

Example 5.2 (sl,(x)). One of the most important ezamples is the special linear algebra
sl (k), which consists of all n xn matrices in gl, (k) having trace zero. In fact, as we will
later see, this example with n = 2 will command almost our exclusive attention. To see
that it is a Lie subalgebra, let X,Y € sl (k). We require that tr([X,Y]) = 0, which we
know to be true by properties of the trace map. Thus, sl,(k) is a Lie subalgebra of gl,, (k)

and a Lie algebra in its own right with respect to the inherited commutator product.

Example 5.3 (Skew-symmetric Matrices). Let ss,(k) denote the space of all n x n
skew-symmetric matrices. This means that for any M € ss,(k), M + M* = 0. Let
A, B € ssp(k). Then

[A,B] = AB — BA
= (=AN(=B") = (-B")(-4")
— A'Bt — BtAt

(BtAt o AtBt)

(AB)' — (BA)")

(AB — BA)!

4, BY'
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implying that [A, B] € ss,(k). Thus, $s5,(k) is a Lie subalgebra of gl,, (k).

Notice the implication of the skew-symmetric property. Since (a;;) + (aij)t = 0, we see
that a;; = —aj;. In particular, this means that ag, = —agy implying that the diagonal
entries are all zero. It follows that the trace of a skew-symmetric matrixz is zero and

hence ss,, (k) is also a Lie subalgebra of sb,, (k).

Example 5.4 (Symplectic Algebra). Closely related to the previous example is the sym-
plectic algebra. For reasons unnecessary to the example, this algebra requires even di-

mensionality. It is denoted by sp,, (k). The matriz elements of the symplectic algebra

n
ave the form , where m,n,p,q € gl,(k) are such that n* = n, p* = p an
have th h [, h that n' ¢ d
p q
. m n| |m n
mt = —q. Let |, | €8Pan(k). Then
p q p g
[[m n] [m’ n’]] ~|mm/ +np' —m'm —n'p mn’ +ng' —m'n—n'q
p q] | ¢ pm/ +qp' —p'm—dp  pn'+q¢ —p'n—dq

Now let

M=mm' +np —m'm —np
N =mn' +n¢ —m/n—n/q
P=pm'+qp' —p'm—qp
Q=pn' +qq —p'n—dq

we then have that

/ / / !/
Nt = (mn' +nqg —m'n —n/q)
! / ! !
= n''mt £ ¢'nt — ntm/t — ¢in't
o ! ! / !
=-ng—mn+ng +mn
:mn'+nq’fm'nfn’q

=N

P' = (pm' + qp' — p'm — ¢'p)’
— m'tpt + ptgt — mip — plg't
=—¢p—p'm+q +pm
=pm' +qp’ —p'm —¢'p
—P
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M = (mm' +np’ —m/'m — n'p)
— mmt + p'tnt — mtm’ — ptnt
=qq+qn—qqd —pn’
= —pn' —qq¢' +p'n+q'q
= —(pn' +q¢ —p'n—q'q)
--Q

p q| |P ¢

gly, (k). Furthermore, the condition that m' = —q implies that the elements of the

, m n| |m n , ,
This shows that | , | € spg, (k). Thus, spsy, (k) is a Lie subalgebra of

symplectic algebra are trace zero and hence, the symplectic algebra is also a Lie subalgebra

of slap (k).

Example 5.5 (u,(C)). Consider the space of all skew-Hermitian matrices denoted
u,(C). These have the property that for any M € u,(C), MT + M = 0, where M

represents the conjugate transpose of M. Note that the conjugate transpose satisfies
(A+B) = AT+ Bf, (AB)! = Bt Af

and, hence, the same argument as in Example 5.3 applies. Thus, u,(C) is a Lie subal-

gebra of gl,,(C).

Example 5.6 (t,(k), n, (k) and 0,,(k)). The following three examples are closely related.
Let t,,(k) represent the space of all n x n upper-triangular matrices (a;; = 0 if i > j),
n, (k) the space of all nxn strictly upper-triangular matrices (a;; = 0 ifi > j), and 9, (k)
the space of all n x n diagonal matrices. Since the product and sum of two triangular
matrices is again triangular, it follows that each of these is a Lie subalgebra of gl (k).
Of the three, however, only n,(k) is additionally a Lie subalgebra of sl,(k). Notice,
howewver, that both n,(k) and 9, (k) are Lie subalgebras of t,(k).

Together, these examples reveal the remarkable fact that many matrix properties are

preserved by the commutator bracket.

5.2.4 New Lie Algebras

The Opposite Lie Algebra

Probably the easiest way to obtain a new Lie algebra out of an old one is by creating

the opposite Lie algebra. Given a Lie algebra £, the opposite Lie algebra, £, is defined
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to be the vector space £ with Lie bracket [z, y]°P defined by

[x’y]op = [y,l'] = —[$,y]

It should be noted that one only obtains a “new” Lie algebra in a superficial way
by taking the opposite Lie algebra since £°? = £ under the Lie algebra isomorphism
op : £ — £ defined by

Factor Lie Algebras

Since we have defined the concept of an ideal for a Lie algebra, it is natural to query
as to whether new Lie algebras can be obtained via construction of a quotient space.
Toward this end, let £ be a Lie algebra and I an ideal of £. Then we can certainly

create the quotient vector space
L/l ={zx+1:2€ L}
We can turn this into a Lie algebra by defining
w+Tw+1I]:=[v,w|+1I, forallv,wefl

The crucial question, which arises in all cases such as these, is: Is this well-defined?

Proposition 5.10. The correspondence [,] : £/1 x £/1 — £/I given above is well-
defined and £/1 is a Lie algebra.

Proof. Suppose that v+ I =v'+Tand w+1=w'+1. Thenv—v € I and w—w' €I

and because we are factoring out by I, these elements act like 0. We therefore have

v+ (v =), + (w —w')]
vow' 4+ (w—w)]+ v =0, w+ (w—w')]
=[]+ [V, w—w]+ [v—v w4+ [v -, w— ]

v/, w'] [as elements of £/1]

since the last three terms will be in I. This establishes that the correspondence is
well-defined.

Next, notice that the bracket for the quotient space is defined in terms of the Lie bracket
for £. It follows, then, that our new bracket will be alternating and satisfy the Jacobi
identity. Thus, it is a Lie bracket for £/I thereby bestowing upon £/I a Lie algebra

structure. ]
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Example 5.7. Let £ be a Lie algebra. Then clearly [£, £] is an ideal of £. Let £%
denote the quotient Lie algebra £/[L, £]. It is clear that any Lie algebra created in this

way s abelian.

Just as one would suspect, we refer to £/I as a factor or quotient Lie algebra. It may
also come as no surprise to the reader that there are isomorphism theorems for factor Lie

algebras. For the sake of brevity we shall merely provide the statement of the theorems
(see [11]).

Theorem 5.11 (Isomorphism Theorems). We state all three theorems together:

(i) Let ¢ : £ — £ be a morphism of Lie algebras. Then Ker(¢) is an ideal of £,
Im(¢) is a Lie subalgebra of £ and

L/ Ker(¢) = Im(¢)
(ii) If I and J are ideals of a Lie algebra, then
(I+J)/J=I/(INJ)
(iii) If I and J are ideals of a Lie algebra £ such that I C J, then J/I is an ideal of

£/I and
(&/D/(/1) = L£/J

‘Direct Sum of Lie Algebras‘

Another means of creating new Lie algebras out of old ones is to take their direct sum,
so that, if £ and £’ are Lie algebras, then so is £® £'. Clearly £ @ £’ is a vector space.
Define a Lie bracket on £ & £’ by

[(z,2"), (y,9")] = ([, 9], [«',9])

for all z,y € £ and 2/,y’ € £/. Tt is alternating since

[(x,a:'), (z, x/)] = ([.CC, x]v [xl?x,})

= (Oa 0)
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It satisfies the Jacobi identity since

[(,2), [(w,9): (2 DN+ [(0,9): (2,2, (2, 2] + (2, 2) (2, 27), (9]
[, 2), (v, 21, [, 2D+ [, 0, ([ 2], [ 2D+ [(2,2), ([, 9l (2, 5])]

([, Iy, 211, [2, [y, 21 + (s [2,2]], [, [, 21]) + (2 [, ), [ [, 1)
(0,0)

—~

That this bracket it bilinear is clear. Thus £ @ £ with [,] as defined above is a Lie
algebra.

Example 5.8. Consider again the space t, (k) having upper-triangular matriz elements.
In Example 5.6 we considered how it becomes a Lie algebra under the inherited operation
of gl,,(k). However, this space admits another Lie algebra structure as a direct sum. If

we call upon the other two participants of Example 5.6, then clearly
th(k) = 0n(k) +np(Kk)  as vector spaces

By their very definitions, it is equally clear that

0, (k) Ny, (k) = {0}

Thus

ta(r) = 0n (k) ® 1n(k)

The Lie bracket in this case would operate as follows: let T,T" € t,(r). Then each can
be decomposed to T = D+ N and T' = D'+ N’ where D, D" € 0,,(k) and N, N’ € n,,(k).
Computing the Lie bracket yields

[T,T'] = [D+ N,D" + N'|
= [D,D']+ [N, N'|

where [D, D'] and [N, N'] are the usual Lie brackets of 9,(k) and n, (k) respectively.
Definition 5.12 (Simple Lie Algebra). We say that a Lie algebra £ is non-trivially

stmple if

1. £ has no ideals except 0 and itself.
2. [£,£] #0.
Condition (2) is what prevents a Lie algebra from being trivially simple. These are the

one-dimensional abelian Lie algebras. A Lie algebra is said to be semisimple if it is a

direct sum of simple Lie algebras.
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Having acquired some basic theory, let us proceed to explore how one can obtain an
associative algebra from any Lie algebra. This is a very important part of our study
because it will tie into Hopf algebras and, more importantly, is a “primary” source of

quantum groups.

5.3 Enveloping Algebras

As mentioned above, we can assign to any Lie algebra a corresponding associative alge-
bra. These associative algebras are called Enveloping algebras. The idea is to represent
a Lie algebra £ with an associative algebra that captures the important properties of
£. The usefulness of this comes from the fact that it is usually nicer to work in an
associative algebra. The term “enveloping” means “to wrap up in” or “surround en-

43

tirely”. Hence, enveloping algebras can be thought of as “wrapping up” or “enclosing”

the essential features of a Lie algebra.
The formal definition uses the tensor algebra considered last chapter.

Definition 5.13 (Enveloping Algebra). Let £ be a Lie algebra. The enveloping algebra,
U(L), for £ is defined to be the quotient space

where T'(£) is the tensor algebra of £ and I(£) is the two sided ideal of T'(£) generated

by all elements of the form

.’L'®y—y®$—[l',y], 36:1/653

This allows one to import the commutation relations of £ into U(£). Along with as-

signing U(£) to £ we also assign a morphism of Lie algebras
ig: £— LU(L))

which we define to be the composition of the canonical injection of £ into T'(£) and the

canonical surjection of T'(£) onto U(£). It is immediate, then, that

ig([v,y]) =r@y—yow
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where we are “ignoring” the coset, and that ¢¢ is a Lie morphism, since the Lie bracket

in L(U(£L)) is the commutator. That is,

ig([r,y)) =2z @y -y =lie(r),ie(y)]

An important part of Lie theory is studying the product properties within a particular
representation of a Lie algebra. Enveloping algebras are a key tool in representation
theory. To understand better what this means we take a quick detour into some repre-

sentation theory.

5.3.1 Representations of Lie Algebras

The reader may recall that we introduced a map ad : £ — End(£) above called the

adjoint representation. This section will elucidate the reason for this name.

Definition 5.14 (Lie Algebra Representation). Let g be a Lie algebra and V' a k-vector

space. A representation of g is a morphism of Lie algebras

p:g—gl(V), zp,

In particular

p([x,y]) = [pzs Pyl = Pz 0 Py — Py © P

for all z,y € g.

An n-dimensional matriz representation, then, is just a linear morphism of g into
L(Mn(m)) and, as mentioned above, one can obtain isomorphic representations by choos-

ing a basis in V.

Continuing in this vein, if p and p’ are two representations of degree n for g, then we say
that these two representations are equivalent if there exists a non-singular n x n matrix
T over k such that

p=T""pT

The reader may have noticed that there is an essential similarity between the above
description of representations and the notion of a module. In fact, the language of
module theory is perfectly suited to characterizing the representation of a Lie algebra.
In this context we refer to a Lie algebra module, or g-module. This is analogous to
the result that a group representation is equivalent to a module over the corresponding

group algebra. We define a left g-module as follows.
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Definition 5.15 (Left g-Module). A left g-module is a k-vector space V' with a bilinear

scalar multiplication g x V' — V with (z,v) — zv such that
[, ylv = 2(yv) — y(zv)
forall z,y e gand v e V.

The dimension of a g-module is identical to that of the underlying vector space V.

Definition 5.16 (g-Module Morphism). Let g be a Lie algebra and let V,W be g-

modules. A g-module morphism from V to W is a linear map 6 : V' — W such that

O(g-v)=g-0(w), foralveViweW andgeg

We now show that representations and g-modules are essentially equivalent ways of

studying Lie algebras.

Proposition 5.17. Every g-module gives a representation of g and every representation

gives a g-module.

Proof. Let V' be a finite-dimensional g-module. Define a map p : g — gl(V') by
T pa(—)
where p,(v) := xv. This is a linear map, since if z,y € g and \ € k, then
AT + Y = Pagy(—)

and

paasy(v) = (Ao + y)u
= \zv + yv

= A2 (v) + py (v)

We now show that this map is a representation of g. By definition

[.T, y] = p[w.y](_)
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Now let v € V. Then

Play)(v) = [2,ylv
= z(yv) — y(av) [V a g-module]
= 2py(v) — ypa(v)
= (px © py)(v) — (py © pz)(v)

which satisfies the condition of being a representation.

Conversely, given a representation p : g — gl(V'), the vector space V becomes a g-module

if we define

Checking bilinearity we see that

(AT +7Y)v = Pratqy(v)
= paz(v) + pyy(v)
= Apz(v) + vpy(v)
= Azv) +7(yw)

Also,
(A +w) = pg(Av + w)
= pe(A) + pa(w)

= Apz(V) + pa(w)
= Azv) + zw

Finally, we check that [z, y]v = z(yv) — y(av).
[, ylv = play)(v)

= (pz o Py)(v) - (py ° pz)(v)
= z(yv) — y(av)

O

What this really says is that the category of representations of g is equivalent to the

category of g-modules.

Representations allow one to study products and series within gl(V"), which reveal various

properties of the Lie algebra in question. This is because there is, in general, no defined
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multiplication in a Lie algebra, which is not the case for gl(V'). Unfortunately, certain
properties can be sensitive to the particular representation used. Nevertheless, there
are properties which appear to be “universal” in that they hold simultaneously for all
representations. This leads us to the notion of a universal enveloping algebra which

captures exactly these properties, and only these properties.

5.3.2 The Universal Enveloping Algebra

For any Lie algebra g, the enveloping algebra U(g) enjoys a universal property.

Theorem 5.18. Let g be a Lie algebra. Given any associative algebra A and any
morphism of Lie algebras f : g — L(A), there exists a unique morphism of algebras
¢:U(g) — A such that poig= f.

This can be summed up as saying there is a natural bijection
hompe(g, L(A)) = hom44(U(g), A) as sets

So, U is the left adjoint of the inclusion functor L, that is, the inclusion of the category

of associative algebras into the category of Lie algebras.

Proof. By Proposition 3.18, regarding the tensor algebra, we have that the map f ex-
tends to a unique morphism of algebras f’: T(g) — A such that

oy ..xn) = f(x1) ... f(xn), Z1,..,2, € g

Notice, here, that “®” is being suppressed in the input per the convenience mentioned

in Chapter 3 regarding the tensor algebra. So far, this only means that the diagram

g ! A
z'g f’
T(g)

commutes. We can extend this to get the commuting triangle

g ! A
i”h /
T(g)/1(9)
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by showing that f'(I(g)) = {0}. It will suffice to show that f'(zy — yz — [z,y]) = 0 for
x,y € g. Consider that

[y —yo = [2,9]) = f(zy) — flyz) = [([2,9])
= f(@)f(y) — f(y) f(x) = f([z,y])
= f(@)f(y) = f(y)f(z) = [f(x), f(y)] [f is Lie morphism on g]
= f@)f(y) = f)f(@) — (f@)f(y) — f(y)f(z))
)

The uniqueness of f also comes from Proposition 3.18. We therefore take f to be our ¢

and this completes the proof since L(A) is just (A,][,]). O

Corollary 5.19. (a) For any morphism of Lie algebras f : £ — £, there exists a
unique morphism of algebras U(f) : U(L) — U(L') such that

U(f)oig=igof
and U(Zd,g) = idU(g).
(b) If f: & — £" is another morphism of Lie algebras, then

U(f' o f)=U(f)oU(f)

Proof. (a) Consider the diagram

Applying Theorem 5.18 to the composition
igrof:L:— LUL))

there exists a unique morphism of algebras ¢ : U(£) — U(£') making the above diagram

commute - i.e. poig=1ig o f. Thus, ¢ = U(f) as desired.

(b) Since the composition of Lie algebra morphisms is again a morphism of Lie algebras
we can use f and f’ to get

flof:£—¢"
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By part (a) there is a unique morphism of algebras U(f’ o f) : U(£) — U(L") such that

U(f'of)oig=ignofof (5.1)
Now consider that
U(fYoU(f)oig=U(f)o (U(f)oig) [associativity of composition]
U(f)oligof) [by (a)]

= (U(f")oig)o f [associativity]
= (igro f)of [by (a)
—U(fo f)oic [by (5.1)

Because of uniqueness, this implies that U(f" o f) = U(f") o U(f). O

This corollary allows us to think of U as a functor from the category of Lie algebras to

the category of algebras (see Figure 1.1) with
L£—U(L) and fr—U(f)
Theorem 5.20. Let £ and £ be Lie algebras and £ & £ their direct sum. Then

ULo)Y2UL)oU(L) as algebras

Proof. We have already shown above that £ @ £ is a Lie algebra so we proceed to
construct a linear map f: £ £ — U(L) ® U(L') defined by

flz,2') =igz) @1+ 1Qig(a)
which we will simply write as
flz,2)=2rz@1+1®a
The reason for defining f in this manner is as follows: If
UL)—-UL)U(L)
is the embedding map of Lie algebras where z — z ® 1 and

U(g) — U(L) o U(L)
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is the embedding map where y — 1 ® y, then for (z,y) € U(L) ® U(£'), we get an

induced map on the direct sum given by

(z,9) = (2,00 + (0,y) —r@1+ 1@y

Now, £& £ is the direct sum in the category of Lie algebras. So, if g is any Lie algebra
and f : £ — gand f' : £ — g are Lie maps, then there exists a unique Lie map

fof  :LaL — gwhere
(f & f)(z, ') = f(z) + f'(a)
In our case g = L(U(L) @ U(£')), while f and f" are the maps
r—z®l, y—1Qy
respectively. Therefore, f is a morphism from the Lie algebra £® £’ into the Lie algebra
LUL)eUL))
Therefore, Theorem 5.18 says that there is a unique morphism of algebras
p:UL)-UL)U(L)

such that ¢ oigge = f.

Our next goal is to show that ¢ is an isomorphism. Since our information concerning ¢
itself is limited, we shall employ the universal property of the tensor product of algebras
(i.e. Theorem 3.10) to construct an inverse for ¢. First, though, let 1o : £ — £& £’ and

ter + £ — £@® £ be the canonical injections

L£($) = (ZL', 0)7 Ly (:E/) = (O,l',)

These are clearly morphisms of Lie algebras and hence, their respective compositions

with ieq e are also morphisms of Lie algebras. By Theorem 5.18 there exists

igger OLg igger Olgs

Uga ) ¢ —" " UEa)

£
ie igs
h % h (hY
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morphisms of algebras ¢ : U(L) - U(L® L) and g : U(L) — U(L @ £') such that

for each z € £ and 2’ € £ we have

¢Q($) = i£®2/($, 0) and d)g (l‘,) = ig@gl(o, l‘/)

At this point, we wish to apply Theorem 3.10, which will give us the existence of a

unique morphism of algebras
Yi=te@¢y :UEL)@UE) - ULo L)

such that ¢¥(a ® a’) = Yg(a)e(d’) for all a € U(L) and o’ € U(L'). First, however, we
must ensure that ¥g(a)e(a’) = e (a')pe(a) always holds. It is enough to show that
the equation holds when a = z € £ and o’ = 2/ € £'. In particular, this will be true if
[e(z), e (x')] = 0. We check this now.

[he(x), Yo ()] = [icoe (2,0),igpe(0,2")]
=igae([(2,0),(0,2')]) [igee a Lie alg. morphism]

0}, [0, 2)

= igpv([z,
= iﬂ@ﬂ(ov 0) 0

Thus, we may apply the universal property for the tensor product of algebras. The map
1 is our candidate for ¢~'. Consider that for all z € £ and 2’ € &/

Y(e(x,2'))

U(f(z,2))

(ig(z) @ 1+ 1®@ig(a))

(ig(x) @ 1) + (1l @ig(a))

(rol)+yv(led)

e()ye (1) +ve()ye (2)
() + e (')

e(z)

= iggpe(,0) +igge(0,2)
(
(

G
Y
(8
(4
G

= igae((z,0) + (0,2"))

= ’ig@g Tr,T )

This implies that ¢ o ¢ = id (see diagram below).
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!

Lo U(L) @ U(L)
igmer /
Ueo &)

We now want to show that ¢ o ¢ = id. Note that the algebra U(£) is generated by £
and hence
{r@l:zeLU{lwa’ 2’ € L'}

is a generating set for U(£) ® U(£') as an algebra. Thus

P(Y(z®1)) = ¢(Ye(x)e(1))
= ¢(z,0)
=ig(r)®1+1®ig(0)
=rz®14+1®0
=zr®1

A symmetric argument shows that the same holds for elements 1®2’. We have therefore
shown that ¢y = ¢! and therefore that ¢ is an isomorphism, which completes the

proof. O

It is here that we are now able to connect our work with Lie algebras to the heart
of the thesis. That is, the functor U provides us with the most important type of

cocommutative Hopf algebra.

Theorem 5.21. The enveloping algebra U(L) is a cocommutative Hopf algebra with
A:=¢go U([\])a €= U(0)7 S = U(Op)

where [\] : £ — £ & £ is the diagonal relation [\](z) = (z,x), ¢ is the isomorphism
ULpL) — UL)RU(L) from the previous corollary, 0 : £ — {0}, op is the isomorphism
from £ onto £°P and U is the functor from Corollary 5.19. Also, for x1,...,x, € £, we

have

n—1
A(xl...xn):1®x1...xn+22x0(1)...xa(p)®x0(p+1)...xa(n)—i—xl...xn@l
p=1 o

where o runs over all (p,q)-shuffles of the symmetric group Sy, and

S(@y...zp) =(=1)"2p ... 21
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Proof. We begin by checking the coassociativity axiom. It is obvious that the following

diagram commutes.

£ L£0L

AN ide [\]

fef—  .fafes
Nl @id

If we now apply the functor U, we get the commuting diagram

vig) — N e g

U(I\D) U(id @ [\])
ULpl) — UL LD L)
U(\]@id)

But U(£® L) 2 U(L)@U(L) under p and U(L D LD L) 2 U(L)@U(L) @ U(L) by

applying ¢ twice, so, we get the commuting diagram

U(L) 2 U(L) 2 U(L)
A id® A
U(2) @ U(L) ——=— U(£) 8 U(2) 8 U(2)

which establishes coassociativity (recall that A := ¢ o U([\])). A more precise reason

for U(id @ [\]) turning into id ® A is indicated in the following diagram:

id®
a L£0L a LoLDL

£

UL) —Uu(N\)— U@ L) —UdaN)— UL £ L)

N ¢ (d® @)oo
d® A

UL)eoU(L) --------- Y UL)UL)eU(L)

Subdiagram (1) commutes by definition of A, while subdiagrams (2) and (3) commute
by Corollary 5.19. The remaining subdiagram is then forced to commute due to the
definitions of the maps involved. In short, U(id & [\]) becomes id ® A due to the

functorial nature of U in that it essentially changes direct sums into tensor products.
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The counit axiom is verified by a similar application of the functor U to the commuting

diagram

id id
0pe Pl agpe P any

\ T /
Q [\‘\] c
£

Cocommutativity also comes from application of U to the commuting diagram

\Q

L£oL

AN

£
L£oL
Te,8

Finally, S is an antipode for U(£) by Lemma 4.16 since U(£) is generated by £ and, if
x € £, then

(S *id)(z) = (Vo (S@id) o A)(z)

=V(S®id)(l®z+z®1))
=V(SQ)®@z+ S(z)®1)
=Vle®zr—z®1l)
=V(l®z)-Vzal)
=U(0)(x)

A similar argument shows we get the same thing for (id x S)(z).

The result for A(z; ...zy,) follows from the work we did with the tensor algebra so let

us focus on the antipode.

First, since the inclusion map ig : £ — U(£) is a Lie algebra morphism, so is the map

ig : £P — U(L£)°P. We therefore get a unique extension of ig to an algebra morphism

®.
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Then 9°P is an algebra morphism U(£)%? — U(£°) which is inverse to ¢. Therefore,
U(LP) 2 U(L)° as algebras.

Second, we already know that £ = £° via the Lie isomorphism op : £ — £ defined by

which lifts to an algebra isomorphism U (op) : U(£) — U(£). If we string our isomor-
phisms together we see that
Ug) =U(L)*

as algebras. However, regarded as a morphism U (£) — U(£) it is an anti-automorphism

and since x — —zx for z € £, it follows that

1. xp = (=) .. 2

which is our antipode S. O

The next and last result of this section is important. However, because it is rather

involved it will merely be stated and henceforth taken for granted.

Theorem 5.22. Let £ be a Lie algebra.

(a) (Poincaré-Birkhoff-Witt Theorem) The algebra U(L) is filtered as a quotient of
the tensor algebra T'(L£) and the corresponding graded algebra is isomorphic to the

symmetric algebra on £:

gru(£) = 5(L)

Hence, if {v;}ier is a totally ordered basis of £, {vi,, ..., Vi, }ir<...<inelneN 5 a basis

of U(L).
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(b) When the characteristic of the field k is zero, the symmetrization map

n:S(L) — U(L) defined by

n(vy...op) = ] Z V(1) - - - Vo (n)
’ O'GSn
for vy, ...,vy, € £, is an isomorphism of coalgebras.

For details, see [11].

Let us now move from our general discussion to one of a more particular nature. In the
section that follows we shall endeavor to explore the very significant Lie algebra s[(2) in

some detail.

5.4 The Lie Algebra sl(2)

The Lie algebra s[(2) is of significant importance to the theory of semisimple Lie algebras.
For simplicity, it is common to take the ground field x to be C. We too shall embrace
this custom. Now, recall that Ms(k) can be viewed as a Lie algebra by taking the
commutator map as a Lie bracket. We denote this particular Lie algebra by gl(2) (i.e.

gl(2) := L(M3(k))). Choose the following four matrices to serve as a basis:

T P INY

Simple calculations yield

X,Y]=H, [V,X]=-H (5.2)

[X,H] = —2X, [H X]=2X (5.3)
[Y,H]=2Y, [HY]=-2Y (5.4)

(X, [ =[I,X]=[Y,]]=[I,Y]=[H,I]=[I,H] =0 (5.5)

Notice that X,Y and H each share the property of vanishing trace. This indicates that
there is a special subspace of gl(2). This special subspace consists of all the trace zero

matrices and is denoted by s[(2). As a vector space {X,Y, H} forms a basis for s[(2).

Proposition 5.23. sl(2) is an ideal of gl(2) and hence a Lie-subalgebra of gl(2).
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Proof. We already know that sl(2) is a subspace of gl(2). So, take arbitrary = € gl(2)
and y € s[(2). Then, by properties of the trace, we have that

tr([z,y]) = tr(zy — yz)

and hence [z, y] € s(2). O

Notice that nothing in the proof depended on y being an element of s[(2). The same ar-
gument would work for any two arbitrary elements of gl(2). This leads to the conclusion
that [gl(2), gl(2)] C s[(2). Another way of saying this is that the derived algebra of gl(2)
is a Lie subalgebra of s[(2). But because H = [X,Y], X = 1/2[H, X]| and Y = 1/2[Y, H],
we can say more than this, namely that [gl(2), gl(2)] = s[(2).

The next proposition shows that s[(2) is “special” in another sense. That is, if one
knows everything about sl(2), then one knows everything about gl(2). Hence, the study
of gl(2) reduces to the study of s[(2).

Proposition 5.24. There is an isomorphism of Lie algebras
gl(2) =sl(2) @ kI

Proof. Since gl(2) has basis {X,Y, H, I} and sl(2) has basis {X,Y, H} it is clear that
gl(2) =sl(2) + wI

Moreover, it is clearly the case that
sl(2) Nkl = {0}

and thus gl(2) = sl(2) @ I as a vector space. Now, the Lie bracket in sl(2) @ kI is
defined by (see section “New Lie Algebras”)

[S+ AL, S + 1) :=[S, 5]+ [\, ~I]

But [M,~vI] =0 and so [S+ A, S +~I] =[S, 5]

On the other hand, if G, G’ € gl(2), then we can write

G=S+X and G =9 +~I
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where S, S’ € 5[(2). We then have

(G, G =[S+ AILS +A1]
= (S+AD(S" +~I) = (8" +~I)(S + A
= 55" +~9S + AS + AT — §'S — AS' — 48 — YA
=55 - 8'S
=[S, 5]

and hence we get that the Lie algebras are isomorphic. O

The Lie algebra s[(2) also has important connections to quantum mechanics given its

relationship to the real Lie algebra su(2), which consists of 2x 2 trace zero skew-hermitian

0 1 0 -1 t 0
; U2 = 5 U3 =
i 0] [1 0] [0 —z']

and is used to represent spin of elementary particles. We can express these in terms of

matrices. It has basis

the basis elements of s[(2).
Up=i(X+Y), Uy=Y-X, Us=iH (5.6)

i —o
Now, for su(2), the ground field is R and so a generic element has the form

a —ia
where a € R and a € C . If the ground field were C, then su(2) would be identical to
s[(2). This is evident from (5.6) along with the fact that H = —iUs, X = —i/2U;—1/2U,
and Y = 1/2U2 - i/2U1.

The same thing occurs with the Lie algebra sly(R). Obviously, this would become sl(2)
if the base field were changed to C. However, sl3(R) and su(2) are not isomorphic.
Instead, these two distinct real Lie algebras are called the real forms for s((2). One

reason for calling these real forms of s[(2) is the following:

Proposition 5.25.
sla(R) @ isly(R) = sl(2) = su(2) @ isu(2)
as vector spaces.

Proof. Beginning with the left equality, it is clearly the case that

sl(2) = slh(R) & isl(R)
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as vector spaces, since for any M € sl(2) we have
M =21 X +2Y + 23H, 2z1,29,23€C
which can be expanded and re-ordered as

M = i)%e(zl)X + ‘ﬁe(zQ)Y + me(Z'g,)H + z(’Jm(zl)X + ’Jm(zg)Y + jm(Z'g,)H)

The right equality is a little less obvious, but follows by the same reasoning. First,
sl(2) = su(2) + isu(2)
since for 21X + 2Y + 23H € sl(2) we have
i 1 i 1 .
21X +2Y + 23H = Zl(_§U1 — §U2) + 22(—§U1 + §U2) + 23(—iUs)
1

2
] 1 )
= _5(21 + 22)U1 + §(ZQ — 21)Uy — iz3U3

1 ) 1
21U — ileQ — %ZQUl + 52’2(]2 —123U3

If we now let (1 = —5(21 + 22),(2 = %(22 — z1) and (3 = —izs, then the above can be

written as
Re(C1)Ur + Re((2)Uz + Re(¢3)Us + i(Im(¢1)Ur + Tm((2)Uz + Tm((3)Us)

Going the other way is similar.

Finally, su(2) Nisu(2) = {0} based on the form of the generic elements of su(2). Thus,
s[(2) = su(2) & isu(2)

as vector spaces. [

Notice that under the usual notion of a direct sum of Lie algebras sly(R) @ isla(R) and
su(2) @ isl(2) are not the same Lie algebras as s[(2). For instance, if U,V € s[(2), then

U,V]=U0V —-VU
If we write U = N +iM and V = N’ + iM’, then this becomes

[N +iM,N'+iM'] = [N,N'] + [N,iM'] 4+ [iM, N'] + [iM,iM']
= [N, N'] +i[N, M) + i[M,N'] — [M, M']
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However, as elements of sl3(R) @ isla(R) we would have
[N +iM, N’ +iM'] = [N, N'| + [iM, iM']

= [N,N'] — [M, M']

We can remedy this by redefining the Lie bracket on sly(R) @ islo(R) to be the same as

that of s[(2), which makes sense since they are actually equal as vector spaces and
[N +iM,N"+iM'| = [N,N'| — [M,M'] + ([N, M'] + [M, N"))

has the right form.
Proposition 5.26. sl(2) is a simple Lie algebra.
Proof. A straightforward, albeit pedestrian, proof proceeds as follows. Suppose J is a

non-zero ideal of s[(2). The goal is to show that J must be s((2). Recall that being a
Lie algebra ideal means that [T,S] € J for all T' € s[(2) and S € J.

Let S be a non-zero element of J. Since S € sl(2) too, it must have a vanishing trace,

b
and hence, must be of the form [a ] . If ¢ # 0, then compute [X, S].
c —a

[X,S]=XS—-SX
e —2a
0 —c
Call the resulting matrix S’. Now compute [X,S’].
[(X,8]=X8 -8'X
|0 —2¢
0 0
Since [X,5'] € J, so is =[X, 9] = X. But X € J implies that [Y,X] = —H € J and

therefore H € J. Finally, since H € J, then [Y, H| = 2Y € J and therefore Y € J. We
therefore get that J = sl(2).

By similar reasoning we also find that if b # 0, then

[, 5] = [_026 8]

implies that Y € J. Using the commutator relations, we again get that J = s[(2).
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Finally, if a # 0, then computing [H, [X, S]] gives

[H, (X, 5] = [3 ‘(?]

which again implies that X € J and hence that J = s[(2). It follows that J contains the
basis of s[(2) and hence must be s[(2). O

Above we showed that the derived algebra [gl(2), gl(2)] is a Lie subalgebra of s[(2). But
it is also an ideal of s[(2), since it is an ideal of gl(2). But we have just found that s((2)
is simple. Thus, because the derived algebra of gl(2) is not zero we have another way of

seeing that
[01(2), 9l(2)] = s1(2)

5.5 Representations of sl(2)

Let us begin with an example using the now familiar adjoint representation. Note that

in this case the adjoint representation of s[(2) will be the map
ad : sl(2) — gl(3)

We already understand that

ad(X) = adx = [X, —]
ad(Y) = ady = [Y, —]
ad(H) = ady = [H, —]

so let us now determine each one’s corresponding matrix. To be consistent, let us agree

to order our basis as {X,Y, H}. We start with adx and compute its columns as follows:

adx(X)=0X +0Y + 0H, [column one]
adx(Y)=0X +0Y + H, [column two]
adx(H) = —2X +0Y 4+ 0H, [column three]

Thus we can say that
00 -2
adx =10 0 O
0 1
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Doing the same for the other adjoint actions yields

0 00 2 0 O
ady =10 0 2|, adg=[{0 -2 0
-1 0 0 0 0 O

Notice that X,Y and H are eigenvectors for ady with respective eigenvalues 2, -2 and
0.

5.5.1 Weight Space

Definition 5.27 (Weight Vector). Let V be a representation of s(2) (i.e. an sl(2)-
module). A vector v € V is said to be a vector of weight A € C if it is an eigenvector

for H with eigenvalue A:
Hv=MXv

If, in addition, v is such that Xv = 0, then we say that v is a highest weight vector of
weight A. The subspace of V' consisting of all vectors of weight A is denoted by V) - i.e.

Va:={veV:Hv= M}
So, V) is actually the corresponding eigenspace of H for the eigenvalue A and is called
a weight space.

By way of reminder, recall that the above notation Hv, Xv, etc. is technically shorthand
for p(H)v, p(X)v, where p is the representation (homomorphism) associated with the
representation space V. We write these in the form of matrix multiplication, since p(H)

and p(X) can be thought of as matrices.

Lemma 5.28.

XV)\ C V)\+2
YVyNC Vi
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Proof. Let v € V). Then Xv € V and we would like to know (a) if it has a weight and
(b) what that weight might be. Consider that

H(Xv)=(HX)v
— (X + XH)v, [H,X]=2X
=2Xv+ (XH)v
=2Xv+ X (Hv)
=2Xv+ A Xv
=(A+2)Xv

which shows that Xv € Vy;o. This answers both (a) and (b). The second inclusion is

shown via a similar argument. O

This Lemma shows how X and Y act on the weight spaces of V. Note that each V) is

invariant under H.

Now that we have introduced weight spaces and know how s[(2) acts on them, our next

task will be to classify irreducible finite-dimensional representations.

Proposition 5.29. Any non-zero finite-dimensional sI(2)-module has a highest weight

vector.

Proof. Since V is finite-dimensional and C is algebraically closed, the operator H must
have at least one eigenvector and hence an eigenvalue. Let w be our eigenvector and let
« be the associated eigenvalue. If Xw = 0, then obviously we are done, so suppose that
Xw # 0. Consider, then, the sequence { X" w},en. It can easily be shown, by induction
on n, that

H(X"w) = (a+ 2n) X" w

and hence that this gives a sequence of eigenvectors for H with distinct eigenvalues.
But V is finite-dimensional, which implies that H can have only a finite number of
eigenvalues. It follows that there must exist an n for which X™w # 0, but X" 1w = 0.

This tells us that X™w is our desired highest weight vector. O

Lemma 5.30. Let V' be a finite-dimensional irreducible s(2)-module. Let w be a highest
weight vector with weight \. Let k > 0 be such that Y*w # 0, but Y*tlw = 0. Then
{w,Yw,....Y*w} is a basis of V.

Before giving a proof of this lemma, let’s consider a familiar example. Let V = R2.

Then one possibility is that s[(2) acts on R? via regular matrix multiplication. If we
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want a highest weight vector we need

o))+
36-0)

a
These equations imply that A = 1 and that any vector of the form < ) is a highest
0

and

0
> and the zero vector

weight vector. If we now apply Y to vectors of this form we get (
a

if applied again. Of course, we know that

a 0
0/ \a
forms a basis for R? for any a € R. In particular, we get the standard basis when a = 1.

Proof of Lemma 5.30. Using the same argument as in Proposition 5.29 it follows that
there is such a k with Y*w # 0 and Y**lw = 0. Let W := Span{w, Yw, ..., Y*w}.
Now, since this spanning set consists of eigenvectors for H with distinct eigenvalues, it
is immediate that they are linearly independent and so form a basis for W. It is clear
that W is invariant under the action of Y and likewise under the action of H since the
spanning set consists of eigenvectors for H. We now check for invariance under X. We

shall use induction. To get an idea of what’s going on, however, let’s do the first three
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cases.

XYw)=(XY)w
=(H+YX)w
= Hw+YXw
= A\w

X(Y*w) = (H+YX)Yw
=HYw+YXYw
= HYw+ A\Yw, [using previous case]
=(A—2)Yw+ A\Yw, [Lemma 5.28]
=2A—-1)Yw

These first three cases suggest that X sends Y/w to a multiple of Y7~1w. More specifi-
cally,

X(Yw) = j(A = (= )Y w

Suppose that this last statement is true and consider the j 4+ 1 case. We have

X (Y7 w) = (XY)Yw
= (H+YX)Yw
= HYw + Y XY w
= HY w+ j(A—j+1)Y7w, [induction hypothesis)|
= (A =2))Y7w+jA— 5 +1)Y7w, [by Lemma 5.28]
=(\j+A—j7— )Y
= ([ + 1= )Y

By induction, we have therefore shown that W is invariant under the action of X. By
definition, this means that W is a non-zero submodule of V. But V is irreducible by

hypothesis, which means that W = V. Therefore, {w, Yw, ..., Y*w} is a basis for V. O

Corollary 5.31. If the conditions of Lemma 5.30 hold, then k = \ and hence
dim(V) = A+ 1 and H has distinct eigenvalues {\, A — 2, \ — 4, ..., =} implying that

every highest weight of H is a non-negative integer equal to

A= dim(V)—1
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Proof. Since Y 1w = 0 we have that
0=XY*"w)=(k+1)(\—k)Y*w

But Y*w # 0 and k + 1 # 0. Thus, it must be that A\ — k = 0 and therefore, A = k.

Now, since {w,Yw, ...,Y*w} will be a basis of distinct eigenvectors for V with distinct
eigenvalues {\, A — 2, A — 4, ..., —\}, the matrix representation of H with respect to this

basis is the diagonal matrix

and so has characteristic polynomial

(=M@= (A=2)) - (z—(=}))
Thus, {\, A — 2, —4,...,—\} is the complete set of eigenvalues of H. d

Corollary 5.32. Let V' be a finite-dimensional irreducible s{(2)-module. Suppose vy is a
weight with respect to H with corresponding weight space V.. Then, as a vector space,

V, is of dimension one.

Proof. From the previous corollary v = A — 2j for some j € {0,1,...,\} and any vector

in V, is a scalar multiple of Yiw. O

We can now deduce the following theorem, which says that any finite-dimensional rep-
resentation V' of s[(2) is decomposable in terms of its weight spaces. This is called the

weight decomposition of V.

Theorem 5.33. Every finite-dimensional representation V' of sl(2) can be expressed in

the form
V=W
A

Proof. First, V' can be expressed as a direct sum of indecomposable s[(2)-modules:

V:év;
=1
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By Lemma 5.30, we can reorder the sum and collect all (V;), having the same weight

and then
V-
A

O]

Note that our work above implies that if V' is an irreducible s[(2)-module of dimension
k, then V has basis {w,Yw,...,Y w} where A = k — 1 so that

V=W
A

where each V), is one-dimensional. This is called the irreducible representation of highest
weight A and is denoted by V[A]. Furthermore, we have that there is at most one
irreducible s[(2)-module up to isomorphism for each of the A 4+ 1 dimensions (A > 0).
Next, we'll see that given k there does, in fact, exist an irreducible s[(2)-module of that

dimension.

5.5.1.1 Constructing Irreducible s((2)-modules

At the moment, this is all very general. But there is a nice way to construct these
irreducible s[(2)-modules. Let V' = C[z,y] and for each A > 0 take V[)] to be the vector
subspace of all homogeneous polynomials of degree A. For each A, the vector space V[A]
has basis {2}, 221y, ..., 2y~ y*}. Our claim is that this V[)\] is a model for the V)]
just considered above. Now, define a map p : s1(2) — gl(V[A]) by

0 0
H)=0x——y—
p(H) o Yoy
By construction, p will be a linear map, so we need only show that it preserves the Lie

bracket. First, we establish that

p([X,Y]) = p(H) = [p(X), p(Y)] (5.7)
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The first equality is trivial, since [X,Y] = H. Now let 2% be such that a,b > 0 and
a+ b= A. Then

0 0
a, by __ -~ a. b
p(H) ) = (g v )"y
— 9 a,by 2 a, b
=15 (2y") yay(ﬂfy)
= az®y’ — ba%y®

= (a — b)ay®

Notice that this means each z%y” is an eigenvector for p(H) with eigenvalue a — b. Let

us now see what [p(X), p(Y)] does to 2%

0PN a) = 25 (g 0")) = g (5001

3}
a—1, b+1\ Y b a+1, b—1
) =y (02"
=a(b+1)z%" —ba + 1)1:“yb
= (ab+a —ba — b)z*®

(CL )ab

Thus (5.7) is established.

Next, we show
p([H, X]) = 2p(X) = [p(H), p(X)] (5.8)

Again, the first equality is trivial since [H, X| = 2X. Once more, ifa,b > 0 and a+b = \

we have

and
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A similar argument to this last case shows that p([H,Y]) = [p(H),p(Y)]. It follows
that p is a Lie algebra morphism and hence is a representation of s[(2). The matrices
corresponding to p(X), p(Y) and p(H) can be ascertained in a manner similar to the

adjoint representation above.

p(X)zt = 0z + 02N Ly 4+ ...+ 02yt 4+ 0yd,  [column one]
p(X)zrly =2 + 022y + ..+ 02N 4+ 0y, [column two
p(X)ax* 2y = 02 + 22Nty + ..+ 02y + 0y, [column three]

p(X)zy =02+ 4+ (A= D)2%y? 2 + 02y + 0y, [column )|
p(X)yr =02+ ...+ Ay L+ 0y, [column A + 1]

The associated matrix for p(X) is therefore

_ . -
0 0 2 0
p(X) = (5.9)
Via similar computations one will find that
[0 0 0] A 0 ... 0 ]
00 0 N—2 ... 0 0
pV)= [0 A=1 .00, py=|: . i 1| (50
0 . 2=X 0
0 0 ... 10 0 0 .. 0 -

Notice that p(X) is superdiagonal and p(Y’) is subdiagonal, while p(H) is a diagonal
matrix. Furthermore, from computing these matrices we have also discovered that 2 is

a highest weight vector, since p(X)z* = 0.

Now, because {2}, 221y, ..., 2y*~! y*} is a basis of homogeneous polynomials for V[}],

which are also eigenvectors for p(H) with corresponding eigenvalues found on the di-
agonal of p(H), we may conclude that V[A] is an irreducible representation of highest
weight A. Thus, any finite-dimensional irreducible s[(2)-module is isomorphic to a space
of homogeneous polynomials of some fixed degree. But not only have we given a concrete
realization of the V[\], we have also specified an action of s[(2) on the affine plane (see

next chapter) C[z,y]. We will revisit this in the next chapter where C is replaced by an
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arbitrary field k.

5.5.2 The Universal Enveloping Algebra of sl(2)

Since the universal enveloping algebra is defined in terms of the tensor algebra, let’s

start there. Of course, V = sl(2) and so we have
T(s1(2)) = C, T'sl(2)) =sl(2), T*(sl(2)) =sl(2) ®sl(2)

and in general
T"(sl(2)) =s1(2) @5l(2) ® ... ®@5l(2) [n times]

The tensor algebra of s[(2), then, is
T(s1(2)) = P 1" (s1(2))
n=0

Obviously, {1} is basis for T°(sl(2)) and {X,Y, H} is a basis for T'(s[(2)). From our

work with tensor products we find that
{(XX, XV, XHYXYRY,YRRH H®X, HRY H® H}

is a basis for T2(s[(2)). To condense this notation we can suppress the “®” per the
convention described in Chapter 3 concerning the tensor algebra. So doing, the above

becomes
{XX, XY, XHYX,YY,YH HX HY  HH}

Recall that the product in the tensor algebra is:
(M®...0U)(Unt1® ... QVpim) =V1® ... QU @ VUpt1 ® ... R Upgm

where, in this case, v, ..., Un, Unt1, -, Untm € 51(2). In our more concise notation, this
becomes

(/Ul...vn)(/vn+1...fvn+m):Ul...vnvn+1...vn+m

So written, it is easy to see that
T(sl(2)) 2 k{X,Y,H} [as algebras]

which follows from Proposition 3.18.

Proposition 5.34. The set {X'YIH"*},  ven is a basis of U(sl(2)).
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Proof. This follows from the Poincaré-Birkhoff-Witt Theorem (see Theorem 5.22). [

Using Theorem 5.22 is handy, but it doesn’t give us a feel for why this is true, so let
us embark on a brief, albeit indicative, exploration. Recall from Section 5.3 that the

universal enveloping algebra of a Lie algebra £ is defined to be the quotient space
U(L) :=T(L)/1(£)

where I(£) is the two-sided ideal generated by all elements
rTQYy—yQc— [,y

with z,y € £. For £ = sl(2) we can use the quotient relation, along with the commu-
tator relations of s((2), to order the basis of U(s[(2)) in the manner given in the above
proposition. For instance, take the basis of 72(sl(2)) given above. The only elements of

the basis that don’t fit the required ordering are Y X, HX and HY . But in U(sl(2)) we

have

YX=XY+[V,X]=XY—H (5.11)
HX = XH +[H,X] = XH +2X (5.12)
HY =YH+[H,Y]=YH—2Y (5.13)

So, each improperly ordered element can be written as a linear combination of properly
ordered elements. These results can then be used to show that the same holds for all
T™(s[(2)). For instance, in the basis of T3(sl(2)) one will find the element X H X, which
is improperly ordered in U(sl(2)). However, using (5.11), in U(sl(2)) we have that

XHX = X(HX) = X(XH +2X) = X?H +2X*>

Another consequence of the Poincaré-Birkhoff-Witt Theorem (Theorem 5.22) is the fol-

lowing:

Proposition 5.35. The canonical map ig ) : 51(2) — U(sl(2)) is injective.

This means that s[(2) can be considered as a subspace of U(sl(2)). It is important to
note, however, that in U(sl(2)) we are not thinking of X,Y, H as matrices anymore.
For instance, as a matrix, X2 = 0, but in U(sl(2)), X? # 0 (since we are actually
taking the tensor product). This is essential, since there are numerous representations
of 5[(2) in which p(X)? # 0. Besides this, the commutation relations for X, Y, H remain

unchanged. We can also establish some other relations in U(sl(2)).
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Proposition 5.36. The following relations hold in U(s((2)) for all p,q > 0:

XPHT = (H — 2p)1x7 (514
YPHY = (H + 2p)IYP (5.15)
(X, YP] =pYP " (H —p+1) =p(H +p—1)Y""! (5.16)
[XP, Y] =pXP ' (H+p—1) =p(H—p+1)X""" (5.17)

Proof. For brevity we’ll show (5.13) and (5.15), since the other two will be similar.
Beginning with (5.13), we first note that

XH =HX + [X, H|
= HX - 2X
= (H-2)X

which establishes a base case. Suppose, then, that
XPlH = (H-2(p—-1)Xxr!
Now consider

XPH = XXP'H
= X(H-2(p—1)xr!
= XHXP™' —2(p—1)XP
= (HX —2X)XP~1 —2(p —1)XP
= HXP —2XP —2(p— 1)XP
=(H-2-2(p-1)X?
= (H - 2p)X?

So, by induction
XPH = (H —2p)XP for all p

This provides the base case for our next induction. Suppose now that

XPHI™ = (H — 2p)a~1XP
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and consider

XPH? = XPHI 'H
= (H - 2p)T 'XPH
= (H —2p)" ' (H — 2p) X?
= (H —2p)iXP

Thus, by induction (5.13) holds.

For (5.15) we have the base case
(X, Y]=H=1Y"(H-1+1)=1(H +1-1)Y°
so suppose that
XY ==Y (H = (p=1)+1) = (- DH+(p-1) -1y’

We’ll show that the first equality holds, since, again, the right will follow by similar

reasoning. For practical purposes, we’ll express this as
Xy?r ! _yrlX = (p—1)YP2(H - p+2)

We then see that

XYP —YPX = XYYP' —YPX (5.18)
= (H+YX)YP' —yPX (5.19)
= HYP '+ YXYP~ ! —yPX (5.20)
HYP L4+ Y((p—1)YP2(H —p+2) + YP7IX) - YPX (5.21)
=HYP '+ (p—1)YP Y (H —p+2)+YPX - YPX (5.22)
=Y H =200 - )YP 4+ (p— D)YP Y (H —p+2) (5.23)
=YP N H -2p+2+pH —p*+2p—H+p—2) (5.24)
= pY? Y(H —p+1) (5.25)

Step (5.18) makes use of the fact that XY — Y X = H. Step (5.20) uses the induction
hypothesis and step (5.22) uses (5.14). Thus, the desired result holds by induction. [J

Notice that the equations of Proposition 5.36 are reminiscent of derivatives. Indeed,

these equations hold for C[z,y] when X,Y and H are replaced by (or act by) xa%, ya%
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and x% — ya% respectively. In fact, we will see this again in Chapter 6 in the slightly

more general setting of k[z,y].

5.5.3 Duality

If H is a finite-dimensional Hopf algebra, then we have essentially seen (especially in
Chapter 4) that there is a corresponding dual Hopf algebra H*. We can think of H and
H* as being “symmetric” in the sense that H = H*™* in a natural way and the algebra
structure of H determines a coalgebra structure on H* while the coalgebra structure of
H determines an algebra structure on H*. Because of this symmetry, we can express
the dual Hopf structure of H* in terms of a pairing. That is, instead of writing f(x) for
evaluation of a map f € H* at x € H we express it as (f,x). So, since V = A* for H*

we get the relation

Also, since A = V* for H* we get

(A(f),z@y) =(f,V(z®@y))

Now, since 7(1) is the unit in H* we also get

(1,2) = e(x)
and € = n* for H* so
e(f) = (1)

Finally, the antipode for H* is S* and therefore

(5(f), ) = (f,5(x))

We now generalize from H and H* to an arbitrary pair of bialgebras (or Hopf algebras)
U and W, where we will require that these same relations be satisfied in order to define

a more general kind of duality.

Firstly, given a bilinear form (,) : U x W — k we get an induced bilinear form
(,):U®U xW W — k defined by

(uRv,w® ) := (u,w)(v, )

With this, we proceed to investigate a key duality relationship between U(s((2)) and
SL(2) considered as Hopf algebras. We start with a definition of our more general

duality.
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Definition 5.37. Given bialgebras (U, V,n, A, ¢) and (W, V,7n, A, €) and a non-degenerate
bilinear form (,) : U x W — &k, we say that the bilinear form realizes a duality between
U and W if we have

(o, 2) =Y (u,2) (v, 2®)) = (u@ v, Az)) (5.26)
(@)

(w,zy) = (WM 2)(w®,y) = (A(u),z @ y) (5.27)
(u)

(1,z) = e(x) (5.28)

(u,1) =e(u) (5.29)

for all u,v € U and z,y € W and where we are using Sweedler’s convention in (5.26)
and (5.27). This bilinear form can be turned into a linear functional () : U®V — &k

where all the same relations hold, but we are now using the tensor product.

If it happens that U and W are also Hopf algebras with antipode .S, then, additionally,

the bilinear form must satisfy
(S(u),z) = (u, S(x)) (5.30)

forallu e U and x € W.

By way of reminder, we can understand this bilinear form in terms of certain linear
maps. If U* and W* are the dual spaces of U and W respectively, then let ¢ : U — W*
be the linear map such that ¢(u) = (u,—). Similarly, let ¢ : W — U™* be the linear map
such that i (z) = (—,z). In other words, (u,—) is a linear functional on U and (—, z)
is a linear functional on W. If it should happen that both ¢ and v are injective, then
we shall say that the duality between U and W is perfect. Furthermore, if U and W are

finite-dimensional, then a perfect duality between U and W entails that
U=W* and W =X U" as bialgebras

We characterize these ideas in the following proposition.

Proposition 5.38. Given bialgebras U and W and a bilinear form (,) on U x W, the
bilinear form realizes a duality between U and W if and only if the linear maps ¢ and 1
are morphisms of algebras. In case W is finite-dimensional, the bilinear form realizes a

duality if and only if ¢ is a morphism of bialgebras.
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Proof. Suppose that ¢ and ¢ are algebra morphisms. This makes sense since U* and
W* carry natural algebra structures. By way of reminder, this is expressed in the form

of commuting diagrams by

UoU—2"22  wrgw: Weow — %Y e U
HU K MW * MW K MU *
U ¢ W W v U

Using this property we find that

showing that (5.26) holds. Also, (1,z) = ¢(1)(x) = 1(z) = e(x), since the unit of
W* is the counit of W, so (5.28) holds. A symmetric argument shows that (5.27) and
(5.29) hold. Thus (,) realizes a duality between U and W. Notice, too, that the above

argument is exactly reversible so that the converse is immediately verified.

Now suppose that W is finite-dimensional. Then, by Proposition 4.5, W* is a bialgebra
as well. Let us assume that ¢ is a morphism of bialgebras. By definition, this means that
¢ is simultaneously a morphism of algebras and a morphism of coalgebras. It suffices to
show that the property of being a coalgebra morphism gives (5.27) and (5.29), since we
have already shown that being an algebra morphism gives (5.26) and (5.28). Again, we
make use of the commuting diagram for a coalgebra morphism (see Definition 3.23).

P® ¢

UeU W*e W+

Ay K Ay
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Following the diagram yields

(u, zy) = (u)(zy)

= Z p(uM)(@)p(u®)(y) [¢ is coalgebra morphism]

I
—~
<
=
8
~
—~
:/‘\
=
<
~

which is (5.27). For (5.29) we see that

ev(u) = ew=(p(u)) = (ew= 0 9)(u) = d(u)(1) = (u, 1)

Again, this argument is directly reversible so that the converse holds. This finishes the

proof. ]

We showed, in Proposition 5.21, that the enveloping algebra U(£) is a cocommutative
Hopf algebra. From this it follows that U(s[(2)) is a Hopf algebra which entails being a
bialgebra. We now invite the polynomial algebra M (2) := kla, b, ¢, d] back to the scene.
This is the bialgebra we used to derive the bialgebra structures of GL(2) and SL(2).
Recall that we were able to represent A for M(2) symbolically by the matrix relation

-l el

A

which encodes the relations

Ala) =a®@a+b®c
AD)=a@b+b®d
Alc)=c®a+d®c
Ald)=cob+d®d

So, for f € M(2), f is a polynomial in a, b, ¢, d, where we shall write

¥
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in place of f(a,b,c,d). With A as an algebra morphism we then have

Af = f(Ala), A(d), Ale), A(d)) = f

In order to obtain the desired duality between U(s[(2)) and SL(2) we shall endeavor to
devise an algebra morphism v : M(2) — U(sl(2))* from which will be deduced a bilinear
form on U(sl(2)) x M(2) defined by (u, f) := ¥(f)(u) satisfying (5.27) and (5.29).

Because U (sl(2)) is cocommutative, U(sl(2))* is commutative and so, from Chapter 3
hom 454(M(2),U(sl(2))*) = (U(s[(2))*)4 = M,(U(s1(2))*)

Each ¢ € homyy (M(2),U(sl(2))*) is equivalent to giving a “point” (A4, B, C, D) where
A,B,C,D € U(sl(2))*. Alternatively, we have that v corresponds to the matrix

A B
C D

The goal, then, is to find appropriate A, B,C, D so that the associated 1 gives the
desired bilinear form. In other words, for f € M(2) we will have ¥ (f) € U(sl(2))* so

that ¥(f)(u) € k allowing us to set (u, f) := ¥ (f)(u).

To aid us in defining A, B,C, D we make use of the representations given in (5.9) and
(5.10). More specifically, we are interested in p(1) which is just the natural embedding
of s[(2) into gl(2). Hence

p()(X) =X, p()(Y)=Y and p(1)(H)=H
This embedding has a unique extension to an algebra morphism p(1) : U(s((2)) — gl(2):

si2) — 2 i)

|
((
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This defines four linear forms A, B, C' and D on U(sl(2)) and so we get a corresponding

algebra morphism which assigns

a—A b— B
c—C d— D

This will be our %, and hence, for f € M(2) we have

fla,b,e.d) — f(A(u), B(u), C(u), D(u)) = $(f)(u) =: (u, f)

Now, since v is an algebra morphism, it is also linear, and because ¢ sends elements of

M (2) to linear functionals, we see that the result is indeed a bilinear form.

Proposition 5.39. The bilinear form (u, f) = (f)(u) realizes an imperfect duality
between the bialgebras U(sl(2)) and M(2).

Proof. Our first task is to show that
(uv, f) = (u® v, Af)
For the left hand side we have

(uv, f) = (f)(uv)

_ A(uv)  B(uv)
C(uwv) D(uv)
Now,
A(uv)  B(uv)
= p(1)(uv
C(uv) D(uv) p(1) ()
— p(1)()p(1)(v) [p(1) an alg. morphism)
_ |A(w) B(u)| |A(v) B(v)
Clu) D(w)] [C(v) D(v)
So
oy ¢ [AG) B [40) B
’ C(u) D(uw)] [C(v) D(v)
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On the right hand side we get

(u@v,Af) ={(u®v,Af Z Z]>
e [ AW
“erlae aw)
_ (u®wv,Ala)) (u®wv,AD))
(u®v,Alc)) (u®wv,A(d))

This last equality holds because f(A(a), A(b), A(c), A(d)) is a polynomial in A(a), A(b), A(c)
and A(d) and (,) is bilinear.

Let us now examine the entries. For instance,

(u®v,Ala)) =(u®v,a®@a+ b c)

(U®v,a®a)+ (LRV,b®c)
(v,a) + (u,b) (v, c)
(a)(u)ip(a)(v) + () (u)¥(c)(v)
(u)A(v) + B(u)C(v)

(u,a

thereby establishing that (uv, f) = (u ®@ v, Af).

Now, because p(1)(1) = 1 we have

(L) =4
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But also

So we also have (1, f) = e(f).

The other required duality relations: (u, fg) = (A(u), f ® g) and (u,1) = (u) follow

from Proposition 5.38, since (,) was defined using the algebra morphism ).

O

The reason the duality established above is not perfect is because 9 is not injective. This
is not immediately obvious, but we will show that ¢ (ad—bc) = 1 in addition to ¥ (1) = 1.
This isn’t so bad because it means that ¢ factors through SL(2) = M(2)/(ad —bc —1).

On our way to establishing this, let us begin with some more general considerations.

Let x be a grouplike element. Then

(v, z) = (u v, Ax))
=(u®v,r® )

= (u, x)(v, x)

But also, (1,z) = e(x) = 1, since z is grouplike, and therefore, (—, z) is an algebra
morphism whenever x is grouplike. Likewise, (u, —) is an algebra morphism whenever u

is grouplike.

Now, to say that 1(x) = 1 really means that v is the unit of the algebra U(s((2))*,
namely &, since the algebra structure comes from the coalgebra structure on U(sl(2)).
Therefore, ¥(x) = 1 is equivalent to (u,z) = e(u) for all v € U(sl(2)). When z is
grouplike it suffices to verify this for the generating set 1, X,Y and H of the algebra
U(sl(2)).

In this particular case we have that = ad — bc, which we know to be grouplike. Thus,

because ¢ is the unique algebra morphism extending the zero map - i.e.
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we need

wm =l Lo o
p1)(Y) =Y = f 8 _ gg; ﬁgi
om-a-[, - 2
Then
P(ad - be)(X) = (X, ad — be)

(X
(X,ad) — (X, bc)
=(A(X),a®d) — (A(X),b®c)
=

=

X®l+1X,a0d) —(X®1+1®X,b®c)
X@Lad+{(1®X,a0d —(X®1L,bac)— (10 X,b®c)
= (X, a)(1,d) + (La){(X,d) — (X,b){1,¢) — {1,B)(X,¢)
— A(X)D(1) + A()D(X) — B(X)C(1) — B(1)C(X)
=0-1+1-0-1-0-0-0
=0=¢(X)1
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Via similar calculations we also have

b(ad — be)(Y) = A(Y)D(1) + A(1)D(Y) — B(Y)C(1) — B(1)C(Y)
=0-1+41-0-0-0-0-1

=0=¢(Y)1
and
Y(ad —be)(H) = A(H)D(1) + A(1)D(H) — B(H)C(1) — B(1)C(H)
=1-1+1-(-1)-0-0-0-0
=0=¢(H)1
Finally,

¥(ad — be)(1) = A(1)D(1) — B(1)C(1)
=1-1-0-0
=1=¢(1)1

The last one we could simply have stated, since ad— bc is grouplike, but the computation

is interesting to see.

So, we have succeeded in showing that 1)(ad—bc) = 1 and therefore it cannot be injective.
Nevertheless, we can use this fact to establish a duality between U(sl(2)) and SL(2). As
a reminder, the antipode S for SL(2) is

a b d —b
S =
c d —c a
and the antipode S for U(sl(2)) is given by Proposition 5.21.
Theorem 5.40. The bilinear form (u,x) = 1(z)(u) realizes a duality between the Hopf

algebras U(sl(2)) and SL(2).

Proof. We use 1 here as the induced morphism of algebras SL(2) — U(sl(2))* from the
previous proposition. Being a morphism of algebras means that conditions (5.27) and

(5.29) already hold. Also, from the previous proposition we get that
¢ :U(sl(2) — M(2)"

defined by ¢(u)(f) = (u, f), is an algebra morphism. Now, the dual of the natural
projection 7 : M(2) — SL(2) is the natural injection ¢ : SL(2)* — M(2)*, which is a
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morphism of algebras. We therefore get an induced algebra morphism
¢ :U(sl(2)) — SL(2)*

such that ¢ = 1 o ¢'. We therefore have a duality of bialgebras.

Because we want a duality between Hopf algebras, we need the extra condition expressed
in (5.30). We begin by showing that (5.30) holds for the generators 1, X, Y, H of U(sl(2)).
Since the reasoning for X,Y and H is essentially the same, we will concern our selves
with 1 and X only.

and

Now, for X we have (and similarly for Y and H)

(S(X), f)=(=X.[)
= —(X, f)

[A(X) B(X)

“ ey px)
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and

Next, suppose u,v € U(sl(2)) are such that (5.30) holds for all f € SL(2). Then

(S(uv), f) = (S(v)S(u), f)

==
< 4
SN0
n 0
® &
=3
%
=z
4 <
S0
n ©N
® &
==
%23
(g

Consider, for instance, (S(v) ® S(u), A(a)). We have

~—~~ o~

~—

—~

~_ ~— ~ ~ ~—

—

Thus, via similar computations we get

U\I/
)
I =
S =
R
4
==
N q
==
D_a
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Compare this to

a

wusﬁbzhwjljj_1>
)

A(d)  —A(®b)

R NS

)

(u@v,A(d)) —(u®v,A(b)
—(u®v,Ac)) (u®wv,Aa))
[ C(u)B(v) + D(u)D(v) —A(u)B(v) — B(u)D(v)
| —C(u)A(v) = D(u)C(v)  A(u)A(v) + B(u)C(v)

)

and hence

(S(uv), f) = (uv, S(f))

Therefore, since we have shown that (5.30) holds for the generators of U(sl(2)) we now
have that (5.30) holds for all products of these generators as well, implying that (5.30)

holds in general and we therefore have our Hopf algebra duality. O

Most of what we have here done is fairly abstract, even the computations. Let us,

therefore, consider an easy example. For instance,

a b> [(XY,a) (XY,b
XY,¢) (XY,d

o~~~ o~~~

—_
o o O =
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This is the same result we get computing the entries manually. For instance, we have

(XQY,Ala))=(X®Y,a®a+bec)
X®Y,a®a)+{X®Y,boc)
= (X,a)(Y,a) + (X,b){Y, c)
=AX)A(Y)+ B(X)C(Y)

=0-0+1-1=1

=
=

One performs the other computations similarly.

This concludes our brief tour of the theory of Lie algebras, a rich and deep subject with
important connections to the topic at hand. We have here highlighted one the most
important connections, namely to Hopf algebras. One cannot overstate the importance
of the universal enveloping algebra, since this provides a functor from the category of
Lie algebras into the category of Hopf algebras. Not only this, but the most important
Hopf algebras arise in this way. Furthermore, we also explored an interesting duality
between U(s[(2)) and SL(2), which will be relevant to Chapter 7. At this point, we now
proceed to enter the “rabbit hole” of the quantum realm as we next study deformations

of classical objects, which will lead us to our first examples of quantum groups.



Chapter 6

Deformation Quantization: The
Quantum Plane and Other

Deformed Spaces

6.1 Introduction

The first five chapters of this thesis have laid the groundwork for understanding what
we shall do here and in the next chapter. This gives an idea of just how much back-
ground is needed to really engage the topic of quantum groups. The present chapter
will ease us into the subject by first considering an important example of deformation
quantization of a classical object into a quantum one, namely the quantum plane. More
than just an illustration, however, the quantum plane is important in its own right. It
is heavily studied in physics and is acted upon by certain interesting quantum groups.

The remainder of the chapter will be devoted to two examples of such quantum groups.

6.2 The Affine Line and Plane

Perhaps the two most familiar notions in Euclidean geometry and calculus, as far as
spaces go, are the line and the plane. At least part of their familiarity is due to the ease
for which they can be visualized. Of course, almost nothing in mathematics is safe from
generalization and in this chapter we begin with an interesting generalization of the line
and plane called the affine line and affine plane. The adjective “affine” refers to a more
general connection to affine spaces. In short, an affine space is an abstract structure

which generalizes certain (“affine”) geometric properties of Euclidean space. To get an

220
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idea of what this means, an affine geometry is one involving no notions of length, angle
or an origin. In other words, there are no “preferred” points in an affine space. Note,
then, that a general affine space, unlike its Euclidean counterpart, ceases to be a metric

space.

6.2.1 The Affine Line

It is now time that we revisit the material introduced in the section on free algebras
in Chapter 3. Specifically, we wish to utilize the notion of “points” in the context of
two key examples. This section is devoted to the affine line, a name highlighting the
duality between algebra and geomtry. We begin with a proposition connecting back to

the universal property of free algebras.

Proposition 6.1. Let A be a commutative algebra and f a function from the finite set
{x1,...,x,} to A. Then there exists a unique morphism of algebras f : k[w1,...,x,] — A
such that f(z;) = f(x;) for alli.

Proof. From the universal property of free algebras (see Theorem 3.6) there is a unique

algebra morphism f : k{x1,...,,} — A such that f(z;) = f(x;) for all . Recall that

K{mla 7mn] = K{xla 7xn}/1

where I is the two-sided ideal of k{z1,...,z,} generated by all elements of the form

x;xj — x;x;. Observe that

f@izy —xjui) = f(2:) f(xg) — f(25) f(2i)

=0 [since A is commutative]

Therefore I C Ker(f) and hence f induces an algebra morphism f : k[z1,...,z,] — A

with f(z;) = f(x;) for all 4, which is clearly unique. O
In Chapter 3, the universal property allowed us to say that
hom i (K[21, ..., 2n), A) = {(a1, ..., an) € A" : a;a; — aja; for all (i, )}
for any algebra A. The above proposition, then, implies that
hom i (K[21, ..., 2n), A) = A"

where A is commutative. What this means is that giving a morphism of algebras from

the polynomial algebra x[x1, ..., 2] to the commutative algebra A is equivalent to giving
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an n-point (ai,...,a,) of A™. In particular, if n = 1, then we have

hom y4(klz], A) = A

In general, the functor hom g (k[z1, ..., 2n], —) is from the category of commutative al-
gebras to the category of sets, where A — A™ and a morphism of algebras, f: A — B,
gets sent to a componentwise function A™ — B™. This functor is said to be repre-
sented by the algebra k[zi,...,2,] or that k[xi,...,zy] is the representing object for
hom g4 (K[1, ..., 2n], —). When n = 1, the functor is called a forgetful functor because,
for an algebra A, it “forgets” the algebra structure of A and simply treats it as a set.
Likewise, algebra morphisms are considered only as functions. The representing object

in this case is k[x] and we refer to it as the affine line.

The morphisms of hom 44 (k[z], A) are called A-points of the affine line. They are points
“of the line” in the sense that each morphism is out of x[x] and the designation “A-
point” is due to the bijective correspondence between the morphisms of hom ;4 (k[z], A)

and the elements (or points) of A.

6.2.2 The Affine Plane

As the reader may have guessed, the affine plane comes from the case where n = 2 - i.e.
homAlg("i[xv y]? A) = A2

Here, each algebra morphism out of x[z,y] corresponds to a point (a,b) € A?. Like
before, we call k[z,y] the affine plane and the algebra morphisms A-points of the affine
plane. Making use of the affine plane we can turn the affine line into a cocommutative

Hopf algebra.

By Theorem 3.11, the affine plane, x[x1,x2], is isomorphic to k[z] ® k[z]. Under this

isomorphism we get the same coalgebra structure as before, namely

A(zF) = Z v @l e(2®) = 6o
i+j=k
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As is, however, this coalgebra structure will not be compatible with the algebra structure,

since A needs to be an algebra morphism, which means

=(r®1+1@x)"
k
k
n
n=0

Setting i = k —n and j = n we get our modified A:

A(zF) = <Z+J>xl 2’
(") gjk ;) e
and now we have a bialgebra with modified product zz? = (“;7 ):c”j . In fact, this par-
ticular coalgebra structure is the same one introduced in Example 3.11 and, as promised,
it is now apparent why this particular structure is favored, namely because it allows for
a fairly “natural” bialgebra structure. As we will see, however, it also allows for an

antipode, which will give our desired Hopf algebra structure.

Per usual, we verify this by determining an anti-algebra morphism S € End(k[z]) which
satisfies
Sxid=con=idx S

Remember that S xid := Vo (S ®id) o A. We need

=V((S®id)(z®1+1®z))
V(S(z)®1+ (1) ® )
=S(z)+=x

So, we must have S(x) := —z and the resulting anti-algebra morphism is the sought
after antipode. Thus, the affine line is shown to be a Hopf algebra. But we also said

that it is cocommutative, which requires the commutativity of the following diagram:
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where 7 is the transposition map. This is clearly the case, since

rR@1+1@r—1(2z1+1®x)
=7(z®1)+7(1®2)
=l®rt+zl1
=r@1+1®z

While we are working with commutative A, recall the matrix algebra Ms(A). In par-
ticular, we are interested in the general linear group GL2(A) and special linear group

SLy(A). These act on the affine plane in the usual linear algebra fashion. That is, if

(p.q) € A% and [“

€ GLa(A) (resp. SL2(A)), then

) ()

In Proposition 4.51 we determined that

gl

hom;4(GL(2),A) =2 GL2(A) and homyy(SL(2),A) = SLy(A)

nd o p>:<f($)>
/ (q f()

then we find that F' acts on f by F'> f = g where

Thus if
a 8
v 4

F(a) F(b)
F(c) F(d)

F —

g(x) = F(a)f(z) + F(b)f(y) = ap + Bq
(e)f(x) + F(d)f(y) = yp+dq

)
—~
<
~—
I
>

We shall now see that the affine plane is related to s[(2) in that it becomes a module-
algebra over U(sl(2)) (see Definition 4.38). We begin by establishing a more convenient

means of determining if an algebra is a module-algebra over some bialgebra.

Lemma 6.2. Let H be a bialgebra and A be an algebra with a structure of H-module
such that h -1 =¢e(h)l. Assume that H is generated as an algebra by a subset X whose

elements satisfy the relation

h(ab) = " (hWa)(h®b) (6.1)
(h)

for all a,b € A. Then A is a module-algebra over H (see Definition 4.38).
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Proof. Since H is generated by X as an algebra, then for h,g € X it is enough to show
that hg satisfies relation (6.1), since every element of H will then inherit this property.

Let’s begin by understanding, more fully, the relation (6.1). Since A is an H-module,
every h € H gives an action h>: A — A where h>a = ha. This extends to an action of

H ® H on A® A where for h,g € H we have (h@ g)>: A® A — A® A defined by
(h®@g)pa®b=hra®g>b=ha® gb

Relation (6.1), then, means that the following diagram commutes:

AR A A
A(h)> hi>
AR A A

Now because H is a bialgebra, A is an algebra morphism and so if h,g € X we have

that

and, hence, the following diagram commutes:

AR A A
|
A(g)e g
l v
Ahgr A® A A
|
\A(h)b h>
l v
AR A A
Therefore, the product hg satisfies (6.1) and the result is proved. O

Definition 6.3 (Derivation). Let A be a k-algebra. A k-derivation on A is a s-linear

map D : A — A satisfying the Leibniz law:

D(ab) = aD(b) + D(a)b
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Derivations generalize the idea of the derivative operator. In fact, the astute reader may
have already noticed a resemblance to the so called “product rule” of calculus, which

happens to be a special case since

d d

L) =rao)+ o

T (Ng

where f, g are differentiable functions of x.

The alert reader will also recall that a definition of derivation was given in Chapter 5 in
the setting of Lie algebras. The definition given here is more general, the Lie derivation
being a specific example. For the sake of comparison, recall that a Lie derivation on a
Lie algebra £ is an endomorphism d of £ such that d([z,y]) = [z,d(y)] + [d(z), y] for all
z,y € L.

Notice, too, that for a derivation D, one has

D(1) =D(1-1)

(1)1 + 1D(1)

D
D(1) + D(1)

which can only hold if D(1) = 0. We’ll make use of this fact in the following Lemma.
Lemma 6.4. Let £ be a Lie algebra. An algebra A is a module-algebra over U (L) if and

only if A has an £-module structure such that the elements of £ act on A as derivations.

Proof. Suppose that A is an algebra which is a module-algebra over U(£). Then, by
definition, A (as a vector space) is a U(£)-module and for all v € U(£) and a,b € A

u(ab) = > (uMa)(u®b) (6.2)
(u)

ul = e(u)l (6.3)

Now, being a U(£)-module is equivalent to there being an algebra morphism
p: U(L) — End(A). By the universal property of U there is a unique corresponding
Lie morphism p : £ — gl(A) thereby making A an £-module.

If x € £ then A(z) =2z ® 1+ 1®z, and (6.2) becomes

p(x)(ab) = (za)b + a(xb)
— o) (@)b + ap(z)(b)

which says that x acts as a derivation.
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Conversely, suppose that A is an £-module such that the elements of £ act on A as
derivations. Again, being an £-module is equivalent to there being a representation
p: £ — gl(A) and by the universal property of U, this extends to a unique morphism
of algebras p : U(£) — End(A), which makes A a U(£)-module.

Because U(£) is generated, as an algebra, by £ (technically 1 and £, but we really get 1
for free), then by Lemma 6.2 we need only show that the result holds on £. So, if x € £,

then A(z) =2 ® 1+ 1® z and since x acts on A as a derivation we have
z(ab) = (za)b+ a(xb)

and therefore relation (6.1) is again satisfied for all a,b € A.

Finally, for x € £, since x acts as a derivation on A we must have that -1 = 0. But we
also know that £(z) = 0, since ¢ is the algebra morphism extension of the zero morphism
£ — k. Furthermore, because ¢ is an algebra morphism we get that u-1 = e(u)1 for all
u € U(L). Therefore, by Lemma 6.2, A is a module-algebra over U(£). O

In Chapter 5 we provided a convenient way to construct irreducible s[(2)-modules. We
will use the same idea here to show that s[(2) acts on the (general) affine plane and that

the affine plane is actually a module-algebra over U(s[(2)).
Theorem 6.5. Define an action of the Lie algebra sl(2) on the affine plane by

opP oP oP oP
XP=z2—, YP=y— HP=gx— —
x@y’ Yor T ox y@y

where P denotes any polynomial of k[x,y] and X, Y and H are the basis elements for
s((2). Then

(i) Kl[z,y] becomes a module-algebra over U(s((2)).

(i) The subspace k[x,yl, of homogeneous polynomials of degree n is a submodule of

K[z, y] isomorphic to the simple s1(2)-module V'[n].

Proof. (i) Per definition, we need that x[x,y], as a vector space, is a s[(2)-module.

Thankfully, we already know that it is from our previous work (see Section 5.5.1.1).
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Nevertheless, let’s show that the action is well-defined as a matter of review. For in-
stance, since [X,Y] = H it better be that [X,Y]|P = HP. Indeed,

[X,Y]P = (XY - YX)P
= (XY)P - (YX)P
= X(YP) - Y(XP)

Ty y@a: yax oy

B 8j+ o0*pP _opP 0?pP
Y ox xy8y8$ y@y yx@x@y

_ P op

- T ox y@y

—HP

That [H, X|P = 2XP and [H,Y]|P = —2Y P are similarly verified.

If we can now show that the elements of s[(2) act as derivations on [z, y], then we may

deduce that the affine plane really is a module-algebra over U(s((2)). Now,

X(PQ) =

— Pr2* t2 Q

= PX(Q) +X(P)Q

Similarly, Y (PQ) = PY(Q) + Y (P)Q. Lastly,

_0PQ 8PQ
H(PQ) = 25" = 8y
oQ 0Q 0P
=Pz 87‘1' 7Q_Py87y_y87yQ

oQ oQ oP oP
-p il
( o y3y>+( or y6y>Q
= PH(Q) + H(P)Q
Since X,Y and H act as derivations and respect the defining relations of s[(2), this can

be extended so that all actions by s[(2) are derivations. Therefore, by Lemma 6.4, [z, y]

is a module-algebra over U(s((2)).
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(ii) Again, this follows from our previous work, but let’s give a quick review. Let n be

a non-negative integer and consider the monomial 2" € k[x, y],. Since

ox" ox"

Ha" =z — gy

o Tor Y oy
= znz" 1 -0

= nz"

it is of weight n. Furthermore, since X" = CL‘% = 0, it is a highest weight vector. For

the sake of ease, set v := ™. Also, for all p > 0 set

1
—YPy
p!

n n—p,p
v, = " Py
i <p>

and if p > n, then v, = 0. As a vector space, these v, generate x|z, y|, and therefore

Up 1=

Then, if p < n we get

this subspace is a submodule of x|z, y] generated by a highest weight vector of weight

n. Since the v, are eigenvectors for H, it is clear that
K[z, yln = Vin]

O]

In addition to there being an action on the affine plane we define next a coaction of SL(2)
(and GL(2)) on the affine plane. The following theorem establishes that the affine plane

possesses a comodule-algebra structure over the bialgebras M (2) and SL(2).

Here we obtain a natural transformation in similar fashion to our work in Section 4.6.

In this case we have

hom 414 (M (2) ® K[z, y], A)

= homy;4(M(2), A) x homag(klz,y], A)
= MQ(A) X (A)2

s (A)?2

= hOHlAlg(/i[x, y]a A)

where again A is a “variable” representing some commutative algebra. This natural

transformation is then induced by some algebra morphism

Kz, y] — M(2) ® K[z, y]
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As we did before, let us follow idps(9)gx[z,y Where A = M(2) ® k[z,y]. We have

Ykl (x>>
(ZH ey (Y) )

idar2)@ng] — (M) infzy])

~, ([iA4(2)(a) Mm2)(b)
ivm)(c) a2 (d)

_Ja®l b®1
c®1l d®1

v [a®1 b®1 1®ax

H .
c®1 d®1 1®y

[a®z+b®yY
cRQr+dey

'L5WM

where
Oz () =a@x+b®y and Jup,(y) =cRr+dey (6.4)

Symbolically, we represent this as the matrix product:

() =[]+ )

Theorem 6.6. There exists a unique M (2)-comodule-algebra structure and a unique

SL(2)-comodule-algebra structure on k[z,y| such that

e ()= 5 )

Proof. From our motivating work above 6, . @ k[z,y] — M(2) ® k[z,y] is a morphism
of algebras. Note, too, that the projection of M(2) onto SL(2) is an algebra morphism
and therefore the composite map [z, y] — SL(2) ® k[z,y] is an algebra morphism. So
Ox[z,y) Satisfies condition (ii) of Proposition 4.41. To satisfy the remaining condition of

Proposition 4.41 requires showing that
(id ® Opfzy]) © Ofay) (2) = (A ®@1d) 0 6z y(2) and (e ®@id) 0 bppy(2) =1®@ 2

where A and ¢ are the respective coproduct and counit maps for M (2) and SL(2). These

are the conditions for being a left H-comodule.
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To check the above equations it is sufficient to verify that they hold for z and y. This
is due to the fact that = and y generate k[z,y| as an algebra and the only maps we are
working with are algebra morphisms. Here too the convenience of our matrix notation

is especially useful, since it allows us to check x and y simultaneously.

. X . a b *
((1d ® 5n[x,y]) o 5n[x,y]) ( ) =({d® 5n[z,y]) [ ] & < >
y c d Yy

ce(d0))
= ® ®
c d c d Y
Also,
A@id)ody,) "] = (Aa®id) | v
((®) [’])<y) (®)cd®<y>
([a b a b) (m)
= 02y &
c d c d Y

Since the two results are the same, this establishes the first equation. For the second

equation, consider that

<(€ & id) o 5n[z,y}) (CE

)

a b

C

) = (e ®id)
oo ()

= ®
0 1 Y

We have now established that k[z,y] has a comodule structure whence it follows, by

Proposition 4.41, that [z, y] has the desired comodule-algebra structures. O
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Lemma 6.7. For alli,j > 0 we have

i g . .
S 100\ — rbz r de s r+s, i+j—r—s
K[z,y] (J,‘ Yy ) § E_ <T> (S) a c Sz Y
Proof. Since 6y, is an algebra morphism we have

5n[sc,y] (wiyj) = 6&[7&,3/]( ) [z,y]\Y )

(v
= 5&[1’ y]( ) Klz,y] (y)
—(@@r+bRy)(cor+doy)

The desired result now follows from applying the binomial formula. O

As a consequence of this lemma, k[z,y], is a sub-comodule of the affine plane, since

55[9&,3/}(’%[3:7 y]”) - M(Q) ® H[H?, y]n

and, in fact,

/i[(L',y] - @ K[JZ, y]n

n

as comodules.

Now that we have a coaction of M(2), SL(2) and GL(2) on the affine plane we can
actually obtain a coaction of the affine plane on itself. This is done by realizing that a

copy of the affine plane is “sitting” inside M (2) in the form of affine transformations of

a 0
the line. These transformations have the form [ . Note, then, that each point of
c 1

z 0
the affine plane can be identified with an affine transformation by specializing to [ 1] .

Yy
In this case, the matrix formula for the coaction becomes

o) (et

More precisely, one can embed x|z, y] into M (2) = kla, b, ¢,d]. There is more than one

way to do this, but to be consistent with what has been said already one can assign
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x +— a and y — c. By then “factoring out” from k[a, b, ¢, d| one can recover x|z, y| with

a—x
b—0
cry

d—1
) T z 0
Now, if one treats ( ) as [ ] then
Y y 1

R

and the coaction actually turns into a colagebra structure for x[x,y] where

TR T 0
yRz+ley 191

Alz) =z«
Aly) =y@z+1Qy

This is a special coalgebra structure that, as we will see below, passes to the quantum
plane and, by extending A and ¢ to algebra morphisms, allows for a bialgebra structure

on both the affine and quantum plane.

6.3 The Quantum Plane

The quantum plane is a well known example in quantum group theory; however, it is
not a quantum group. One could say that it is “close”, but, as we will see, it fails to be
a Hopf algebra. It is obtained from the affine plane via a method known as deforma-
tion quantization. This is a term well known in algebraic and differential geometry and
the quantum plane will be an important illustration for understanding quantum groups.
Recall that the affine plane is a more intuitive object retaining that familiar Euclidean
property of being commutative which allows for easy visualization. The quantum plane,
by contrast, is a more bizarre object having the peculiar property of not being commu-
tative. Because of this, it is perhaps best to forego any attempts to picture this “plane”.

The term “plane” is more of a formal title based upon its construction.
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Roughly speaking, a deformation of a mathematical object is a family of “similar” ob-
jects, which depend on some parameter or parameters such that the original object
corresponds to a particular chosen initial value for the parameter (see [12]). In our case,
the quantum plane is a one-parameter deformation of the affine plane. To understand
what this means, recall that the affine plane is freely generated by the two variables x,y

subject to the trivial commutation relation

yr =y

Using the commutator, this is equivalent to [y,x] = 0. Suppose we modify or deform

this relation so that we obtain a new (deformed) commutation relation

Yyr = qry

where ¢ is a non-zero element from the ground field k. The element ¢ serves as our
parameter giving us a family of similar objects. Note, then, that the affine plane corre-
sponds to an initial value of ¢ = 1. So, in this context one can think of a deformation as
“deforming” the commuting relations of an algebra. In this case, we are taking an al-
gebra that was originally commutative and “deforming” it into similar structures which
no longer commute. As an analogue to the commutator [y, z] we can define a deformed

commutator by

[y, @lq = yx — quy
which allows us to express the new commuting relation by [y, z], = 0.

More formally, the quantum plane is defined to be the algebra

Kqlz,y] = r{z,y} /1,

where I, is the two-sided ideal of the free algebra x{x,y} generated by the element
Yyxr —qry.

Let us now show that the coaction of the affine plane on itself, discovered above, allows

for a bialgebra structure on the quantum plane.

Proposition 6.8. Define a coproduct A and counit & for the quantum plane by
Alx)=z@z, Aly) =yRzr+1®y g(z):=1, e(y):=0

These equip kq[z,y] with a bialgebra structure.
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Proof. Let us begin by showing that the coproduct respects the algebra structure of the

quantum plane.

AWA(z) = (yz+1@y)(z @)
—yr@zl+rQyx
:q:cy®x2+qx®xy
=qzy @2’ + 2@y
=qzer)(yor+10y)
— gA@)A(y)

Thus, A can be extended to an algebra morphism. Clearly € can be so extended as well
based on its definition. We therefore need only verify the coproduct and counit axioms
using the generating elements x and y. But because x is grouplike, it clearly satisfies

the coproduct axiom. Let us therefore check y.

(A®id)(A(y) =(Aeid)(y@z+10y)
=Aly)@z+A(1)®y
=yRr+10y)r+101Qy
=yRzRr+1Q0yRr+101K®y

and

(i[d®A)(Ay) =([de@A)(yozr+ 1Y)
—y@A(z) + 10 Ay)
=yRrr+10(yzr+1xvy)
=yYRrRr+10yr+101Qy

So the coproduct axiom is satisfied.

For the counit, it is certainly satisfied for x, since it is grouplike and £(z) = 1. Let us

therefore verify it for y.

(e®id)(A(y) = (e®id)(y@z+1y)
=e(y)@zr+el)®y
=0®x+1®y
=1®y
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Also,

([d®e)(Aly) = ([d@e)(y@r+1®1y)
=ye(z)+1®e(y)
—y®1+1®0
=y®l

So, because A and ¢ are algebra morphisms, which satisfy the coproduct and counit

axioms, it follows that the quantum plane is indeed a bialgebra. O

As mentioned before, the quantum plane is not a quantum group. This is because it
fails to be a Hopf algebra. Since it is a bialgebra, the failure must be with regards to
having an antipode. Suppose that x4[z,y] did have an antipode. Then we would have

an anti-algebra morphism S : kq[z,y] — kK¢[z,y] such that Sxid = 1, = id* S. In

1

particular, since x is grouplike, S(z) = z~!. But z~! is not a member of k,[z,y]; so,

there cannot be an antipode after all.

6.3.1 Ore Extensions

We begin with a generalization of a derivation.

Definition 6.9 («a-derivation). Let A be an algebra and « an algebra endomorphism of

A. An a-derivation of A is a linear endomorphism & of A such that
P(ab) = a(a)2(b) + Z(a)b
for all a,b € A.

Notice how Defintion 6.3 is the special case where o = id.
From this definition we see again that & has the property that Z(1) = 0 since
2(1)=2(1-1)

= a(1)2(1) + 2(1)
=92(1) + 2(1)

Definition 6.10 (Ore Extension). Let A be an algebra, o an algebra endomorphism of
A and Z an a-derivation of A. Then the Ore extension A[\; «v, Z] is the algebra obtained
by giving the polynomial algebra A[A] a new multiplication, subject to the identity

Aa = a(a)A + Z(a)
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Now take A[t] to be the free (left) A-module containing all polynomials of the form
P =apt" + an_1t" '+ ...+ apt?

where a; € A for all i. We say that the degree of P is deg(P) = n whenever a,, # 0.
Note that it is a typical convention to set deg(0) := —oo. We will use Ore extensions to
find all algebra structures on A[t] which are compatible with the algebra structure of A

and the degree.

Theorem 6.11. (i) Assume that A[t] has an algebra structure such that the natural

inclusion of A into A[t] is a morphism of algebras, and we have

deg(PQ) = deg(P) + deg(Q)

for any pair (P,Q) of elements of A[t]. Then A has no zero-divisors and there
exist a unique injective algebra endomorphism o of A and a unique a-derivation
2 of A such that

ta = a(a)t + Z(a)

for all a € A.

(i) Conversely, let A be an algebra having no zero-divisors. Given an injective algebra
endomorphism o of A and an a-derivation P of A, there exists a unique algebra
structure on Al[t] such that the inclusion of A into A[t] is an algebra morphism
and ta = aa)t + Z(a) for alla € A.

Proof. (i) That A has no zero-divisors is a direct consequence of the degree of elements
of A considered as embedded in A[t]. That is, for non-zero a,b € A we have that
deg(a) = deg(b) = 0 in A[t] and hence deg(ab) = 0 # —oo thereby implying that ab # 0.

Thus, A has no zero-divisors.

For the next part, let a any non-zero element of A. Then a € A[t] as well. Now
consider left multiplication by ¢, which gives the product ta € A[t]. By hypothesis we
have deg(ta) = deg(t) + det(a) = 1. Thus, the product ta corresponds to a first degree
polynomial in A[t]. Specifically, there are uniquely determined elements «(a) # 0 and
P(a) in A such that ta = a(a)t + Z(a). By letting a vary we get uniquely defined
maps o and Z on A. We now need to show that « is an algebra endomorphism and 2
is a linear endomorphism that satisfies the relation in Definition 6.9. Since A[t] is an

associative algebra, we have

(ta)b = t(ab)
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for a,b € A. This equality will give us a way to explore some of the properties of o and

2 when applied to a product. We find that

(a(a)t + Z(a)
a(a)tb+ 9(

ala)(ad)t+ 2(b) + Z(a
ala)a(b)t + al(a)2(b) + 2(

Since the coefficients are unique, this implies that

a(ab) = a(a)a(db) and Z(ab) = ala)Z(b) + Z(a)b

Furthermore, left multiplication by ¢ is a linear operation which means that

tla+b) = ta+ tb
ala+b)t+ Z(a+b) = ala)t + Z(a) + a(b)t + 2(b)
= (a(a) + a(b))t + Z(a) + 2(b)

and hence
ala+b) =ala)+ o) and Z(a+b) = Z(a)+ 2(b)
Finally, we have that

tl =t
= a(l)t+ 2(1)

implying that

a(l)y=1 and 2(1)=0

Together, (6.5), (6.6) and (6.7) imply that o and & have the desired properties.

(6.6)

(6.7)

(ii) Firstly, we need to obtain an appropriate algebra structure. Since A[t] is infinite

dimensional, the basic strategy for proving (ii) is to embed A[t] into the associative

algebra of all infinite matrices (f;;); j>1 with f;; € End(A) (linear endomorphisms) such

that each column has only finitely many non-zero entries. We’ll denote this algebra by

Moo (End(A)). More specifically, the reason for doing this is because given an algebra
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A, then, as a vector space
o0 oo
Al =P At =P A
i=0 =0
where each A; is an isomorphic copy of A (A4; = At'). What we get is that

hom,(A[t], Alf]) = Muo(End(A))

Now, for any algebra A there is a left representation A — hom, (A, A) given by

where @ represent the endomorphism of A that is left multiplication by a for any a € A.

So, when A[t] is endowed with its algebra structure we get
Alt] — homy (A[t], Alt]) — Moo (End(A))

Once we successfully embed A[t] into M, (End(A)) we will show that the image of the
embedding is a subalgebra of M (End(A)) thereby allowing us to lift this structure to
Alt]. Note, too, that once we show the product ta to be a(a)t + Z(a) for any a € A,

then the lifted algebra structure must be unique.

Let us now construct our embedding map. Using the left multiplication, we can express
the property of « that a(ab) = a(a)a(b) by

aoa=ala)oa (6.8)

in End(A). Likewise, we can express the condition for being an a-derivation by

—_ —

Poa=ala)o P+ P(a) (6.9)

Next, based on the algebra structure of A[t], we need to determine T' € My, (End(A))
for which ¢ — T. To do this, we use the fact that A[t] = ;2 A;. Since A[t] has basis
1,t,t%,13, ... we have that

a <+ (a,0,0,...)
at < (0,a,0,...)
at* < (0,0,a,...)
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Let us now see what left multiplication by t achieves. For example, consider at®. If we

multiply on the left by ¢ we get

tat® = (a(a)t + P(a))t?
= ala)t® + D(a)t?

So, under left multiplication by ¢, one gets that
(0,0,a,0,...) — (0,0, Z(a), a(a),0,...)

and in general tat" = a(a)t"*t! + Z(a)t" so that

Using these as columns we can construct the desired matrix, namely

F 0
« 0
0 0
0 9
0

© o 2 N o
© QN o o

(0}

So, t — T and from this we get a linear map ¢ : A[t] — M (End(A)) with

n

o Zn: ait’) = > (@nT'
=0

=0

The claim is that ¢ is an injective map. To see why, let e; be the infinite column vector
with 14 in the i-th entry and zeros for the rest. If we apply T to such a vector we find
that Te; = e;+1 on account of the fact that o(1) = 1 and Z(1) = 0. Now, suppose
P =37 a;it" € Alt] is such that ¢(P) = 0. In other words, P € Ker(yp). The goal will
be to demonstrate that P = 0, which entails showing that the coefficients ay, ..., a,, are

all zero. Applying ¢(P) to e; we find that

I
S
o
S
+
—
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But because {e;}i>0 is a linearly independent set, it must be that the a; are all zero.
This means that left multiplication by a; (all 7) is always zero for any a € A. But A has
no zero divisors and specifically @;(1) = 0, which implies that a; = 0 for all . Therefore,

P =0 and so ¢ is injective.

Let S be the subalgebra of My (End(A)) generated by the elements 7' and al. Now,
pla(a)t + P(a)) = (a/(E)I)T + (é(\a)l), which is the matrix

o(@2+ 2 ]

ala)a a(a)Z + Z(a)

oG 94 — T(al)

From this it follows that Im(¢) = S and since ¢ is injective we get an induced linear
isomorphism from A[t] to the algebra S thereby allowing us to lift the algebra structure
of S to Alt]. Specifically, since

pla(a)t + 2(a) = (a(a))T + (Z(a)])
= T(al)

we get the assignment ¢(ta) = T'(al) and therefore ta = a(a)t + Z(a) for alla € A. O

Corollary 6.12. Let A be an algebra without zero-divisors, « an injective algebra en-
domorphism of A and 2 an a-derivation of A. Then the algebra Alt;a, 2] has no
zero-divisors. As a left A-module, it is free with basis {t'}ien. Furthermore, if o is an

automorphism, then Alt; o, 9] is also a right free A-module with the same basis {t'};en.

Proof. Since A has no zero-divisors and all elements of A[t; o, Z] are finite polynomials

in t, we get a well defined concept of degree. Now,

deg(PQ) = deg(P) + deg(Q)
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hence, if P,Q # 0, then deg(P) = n and deg(Q) = m (n,m € N) implying that
deg(PQ) = n+ m and therefore PQ) cannot be 0. Thus, A[t;«, Z] has no zero divisors.

Now, AJt] is a free left A-module, since it consists of all polynomials of the form
P=ant" +an1t""'+ ...+ apt°

and so {t'};en is a basis. As a left A-module A[t; o, 7] is the same as A[t] and therefore

has the same basis.

But we can also express every element of A[t;a, 9] in the form P = Y"1 t'a; when «
is an automorphism. To see this, note that since ta = a(a)t + Z(a) and « is invertible,

we have

ta l(a) = ala ()t + 2(a(a))
=at + 2(a (a))

so at = ta~1(a) — Z(a~Y(a)). It is also clearly the case that at’ = t%a~%(a), so suppose
that

at" = t"a "(a) + lower-degree terms (6.10)
up to some n € N. Then

at" ! = (at™)t
= (t"a "(a) + L.D.T)t [induction hypothesis]
=t"a "(a)t + (L.D.T)t
=t"(ta Y (a "(a)) — (" Ha"(a)))) + L.D.T [induction hypothesis]
= "o~ (@) + LD.T

It can similarly be shown that
t"a = a"(a)t" + lower-degree terms (6.11)

so that we are able to go back and forth from the right side to the left side.

So, when « is an automorphism, the set {#'};cn generates A[t; o, 7] as a right A-module.
We now need to show that, in this context, {t'};cy is independent. Suppose, however,

that it is not. Then there exists a relation of the form

t"an +t" tan_1 4 ... +tar +ag =0
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where at least a, # 0. But then we would also have that
a"(an)t" 4 lower-degree terms = 0

by (6.11). In this form, however, {t'};cy is a basis and hence a"(a,) = 0. But « is an
isomorphism and so it must be that a, = 0, which is a contradiction. Therefore, {t'};cn
must also be independent when the multiplication is on the right. Hence, A[t; a, 9] is

also a free right A-module with basis {t'}cn. O
Theorem 6.13. Let R be an algebra, a an algebra automorphism and § an a-derivation
of R. If R is left-(resp. right) Noetherian, then so is the Ore extension R[t; o, d].
This is an extension of the Hilbert Basis Theorem (see [8]), which states:

If R is a left-(resp. right) Noetherian ring, then the polynomial ring R[z] is

also a left-(resp. right) Noetherian ring.

Proposition 6.14. (i) If « is the automorphism of the polynomial ring k|x| deter-
mined by o(x) = qz, then the algebra kqlx,y| is isomorphic to the Ore extension
klx]ly; a, 0]. Thus, kq[x,y] is Noetherian, has no zero-divisors and the set of mono-

mials {xiyj}i,jzo s a basis of the underlying vector space.

(ii) For any pair (i,7) of nonnegative integers, we have
iji — qijxiyj
(iii) Given any k-algebra A, there is a natural bijection

hom gy (kq[z, 9], A) = {(X,Y) € AX A: YX = ¢XV}

Proof. (i) Note, firstly, that it is clear that k4[z,y] and k[z][y; o, 0] are the same vector
space with basis {2'y7}; jen. All that is now required is that they possess the same
algebra structure. For the quantum plane we already know that the defining algebra

relation is: yx = gxy. Indeed, for the Ore extension x[x][y; o, 0] we also have
yr = a(x)y + 0(x)
=4qry
Thus, kqlz, y] = k[z]]y; a, 0] as algebras.

Now, it is a well known fact that any field is Noetherian; hence, so is k[z]. By Theorem

6.13, the Ore extension k[z][y;a,0] is therefore Noetherian and, by isomorphism, so
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must be the quantum plane x4[x,y]. Finally, since x[z] has no zero-divisors, it follows

by Corollary 6.12 that s[z][y; v, 0], and therefore k4[z,y], has no zero-divisors.

(ii) Since yx = qzy, suppose that y"z = ¢"zy" up to some n € N. Now consider that

y' e = yy'e

=yq"zy" [induction hypothesis]
=q"yxy"

= ¢"qryy" [base case]

— qn+1 $yn+1

So, by mathematical induction, we have that y*2 = ¢*zy* for any k € N. Next, suppose
that

ot = g*alyt

up to some ¢ € N and for all k. Consider now that

Yt = yhaly

= ¢*z'*z  [induction hypothesis]

— Mt gyt

= D) O

and so, by induction, we also get that y/2’ = ¢y’ for all 7,5 € N.

(iii) By Proposition 3.7 we have the natural bijection
hom 1, (k{X}/I,A) = {f € homge(X, A) : f(I) =0}

where f is the unique algebra morphism from x{X} to A induced by f. In particular,

then, we have
hom 44 (r{z,y}/1g, A) = {f € homse:({z,y}, A) : f(I;) = 0}
which implies the result

hom g (k{z,y} /15, A) = {(X,Y) € A2 . YX = ¢XY}



Chapter 6. Deformation Quantization: The Quantum Plane and Other Deformed
Spaces 245

6.3.2 ¢-Analysis

Suppose we now wish to see what kind of algebra can be done in the quantum plane. This
section will give a glimpse into what it is like to calculate within a deformed structure
and will ease us into, as well as motivate, the types of computations done within quantum
groups. The quantum plane is a nice place to start because it is fairly simple to work
with, since it only has one deformed relation. As an interesting example, we’ll do a little

quantum pre-calculus and consider an analogue of the Binomial Theorem.

For the affine plane the Binomial Theorem says,

<x+w":§f(Z)W’wkem%m

k=0

where

n\ n! ~nn—-1)---(n—k+1) b —m4+1
<k>_k‘!(n—k)!_ k(k—1)---1 _71_:[1 m

We want to be able to compute powers of x + y in the quantum plane too. It would
even be nice if we could produce something similar to the result of the normal Binomial
Theorem. Indeed, this can be done, but we need to first procure some basic tools of

g-analysis. We begin with the notion of a g-deformation of a positive integer.

Definition 6.15. For any n € Z" set

2 o1 4" -1
(n)g:=14+q+q¢ +...+¢ =1
Being a deformation we expect to recover the original integer in the limit ¢ — 1. Let’s

make sure this is the case.

. .oq"—1
;er%(n)q - %LH{ q—1
d (.,n
dgn—1
= lim % [L’Hospital’s Rule]
q—1 CTq(q -1)
=limng" t=n

q—1
Note that we can actually do all integers, where (0); = 0 and for n € Z*

¢"—-1_1-4q"
qg—1 ¢ (¢g—1)
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We still recover —n in the limit ¢ — 1 since

lim (—n), = I I—q"

mi—n = 11m ———

g—1 T =1gn(g—1)
_nqn—l

= lim
g—1ng"(qg—1)+q"

= —Nn

Now, although n and —n are additive inverses, it is not the case that (n), and (—n),

are additive inverses. Instead,

So that
(n)g+4"(-n)g=0

Let’s also consider how to understand the deformation of a sum. For integers n and m,

qn+m_1
(ntm)g="——73—
e
"¢ —q"+q" -1
- P
_"(@" -1 +q" -1
- P
oaq" -1 g1
ST g—-1  q-1

=q"(m)g + (n)g
By similar reasoning, we also get the alternative: (n+m)q = (m)q + ¢™(n),-

From the idea of a deformed integer we can construct the idea of a ¢-factorial.

Definition 6.16 (g-factorial).

(q—1)(*-1)---(¢" - 1)
(g—1)»

(0)lg:=1 and (n)lg = (1)4(2)g- - (n)g =
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Since limg—.1(n), = n, it is easy to see that the usual factorial is also recovered in the

limit ¢ — 1.

Next we construct the g-analogue of the binomial coefficient, which is called a Gauss

polynomial.

Definition 6.17 (Gauss Polynomial). The Gauss polynomials for 0 < k < n are given
by

For k > n we take (Z)q = 0.

Again, via basic calculus, we see that the usual binomial coefficient is recovered in the

limit ¢ — 1. Note, too, that we always have

()7 ), e

just like the normal binomial coefficient. The next result will justify the name Gauss

polynomial.

Proposition 6.18. Let 0 < k <n. Then

(i) (Z)q s a polynomial in q with integral coefficients such that

(), = (:)

(i1) We have

(iii) We have

(1), =G () =), - (i),
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Proof. Let’s start with (ii) since it is the easiest. By definition we have that

<n . k:>q T (- k)!q((ﬁq(n k)

Next, let’s tackle (iii).
n—1 n—1\ (n—1)! (n—1)!
(k - 1>q " qk( k )q (k- Dlg(n _q k)lq +d (k)lg(n —k j Dl
1 q*
=00 (G, * W)

_ (k)q +qk(n_ k)q
= D - R,

Examine (n — 1)!,((k), + ¢*(n — k),). By definition, this expression is equal to

k _ n—k __ k _ n _ k
(n—1), <q 1 +qkq 1) :(n—l)!qq 1+g d

qg—1 qg—1 q—1
=(n— 1)!qq:__11
= (n— 1)}y (n),
= (”)!q

We therefore see that
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as desired. For the other equality we use (ii) along with the result we just established.

As for (i), we have already mentioned, and it is not hard to see, that (}), = (3). To

prove the rest, we shall use induction on n. Clearly

(), ()
0/4 q
For n = 2 we can use result (iii).

@q: (k:)q*qk@q

But we only need to worry about k = 1; so, we get

(1),7 (o), (1),

Now, suppose (Z)q is a polynomial in ¢ with integral coefficients up to some n. Then

<nz 1>q B <l<: . 1>q ' <Z>q [by (iii)]

By our induction hypothesis both (,j_‘l)q and (Z)q are polynomials in ¢ with integral
coefficients. Therefore ("Zl)q is a polynomial in ¢ with integral coefficients. Thus, by

induction (i) is proved. O

Proposition 6.19. Let x and y be variables subject to the quantum plane relation

[y,x]g = 0. Then for all n > 0 we have

(x+y)"= > (Z)qz‘ky”‘k

0<k<n
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Proof. To get a feel for what is going on, let us compute the first few powers.

(x+y) =x+y

(z+y)? =2 +ay+yz+y°
=2 + zy + qry + y°

=2+ (1+q)zy +y°

(z+y)° = (@+y) @ + (1 + gay + y°)
=23+ (1+ )2’y + 2y® +y2 + (1 + Qyay + 92
=2+ (1+ )2y + 2y’ + 2y + q(1 + g)ay® + ¢
=2’ + (L+q+ )2y + (L+q+*)ay® + ¢

So, each of the above powers of x + y satisfy the desired equation, where the polynomial

coefficients are the appropriate Gauss polynomials of Proposition 6.18, (i). Suppose,

then, that
n n n—
@ = % () vt
0<k<n q

up to some n and consider the case for n + 1.
(@ +y)" = (@ +y)(z+y)"

=(x+ y)( Z (Z) xky”_k> [induction hypothesis]
0<k<n q

Z (e g (e

0<k<n 0<k<n

-3 () e 3 () i
0<k<n 0<k<n q

) k n k+1 + Z < > k n k+1 [ijz _ qzszy]]
1<k<n+ 0<k<n

— < k<Z> > xkyn—i-l—k + l‘n+1 + yn+1
1<k<n q

) kyntl=k by (iii) of prev. prop.]
0<k<n+1 q

Therefore, by induction, the result is proved. ]

Having had our appetizer, let us now proceed to consider some actual quantum groups.
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6.4 The Quantum Groups GL,(2) and SL,(2)

6.4.1 M,(2)

The quantum plane is a very well known example of a deformed space. It is also a
natural segue to the idea of a quantum matrix algebra which we now explore. This
section directly paves the way for two of the three quantum groups we will examine in
this thesis. We have already spent a bit of time studying the bialgebra M (2) and so we

here introduce its family of deformations M;(2).

For reasons that will hopefully become clear, we assume that ¢> # —1. Let x,y be
elements of an algebra subject to the quantum plane relation and let a,b,c,d be four

variables which commute with  and y. Now consider the following matrix equations:

T
a b| [z x a b x x"
={"). =", (6.12)
c d| \y Y c d Y Y
Given that 3z’ = g2’y and y"2" = qa''y”, we get six equivalent relations describing how

a, b, c,d must relate to each other in order to be consistent with matrix multiplication.

In fact, if we proceed with normal matrix multiplication we get
ax +by=1', cx+dy=yvy, ar+cy=2", br+dy=1"
Substituting these into the quantum plane relations yields

(cx + dy)(az + by) = q(azx + by)(cx + dy) (6.13)
(bx + dy)(az + cy) = q(ax + cy)(bx + dy) (6.14)

Expanding these equations and identifying coefficients (assuming z2, zy and y? are in-

dependent) gives

ca = qac, cb+ gda = qgad+ ¢*be, db = qbd [from (6.13)]
ba = qab, bc+ qda = qad + ¢*cb, dc = qed [from (6.14)]

Using the equations in the middle column allows us to deduce the further relations
bc—cb = q2(cb —bc), ad—da = g teb—gbe and ad —da = g ‘'be — qcb

If we examine the first equation we see that it is equivalent to (1 + ¢?)(bc — cb) = 0 and

since g% # —1 this entails that c¢b = be. So, the six relations become
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1. ba = qab 4. dc = qcd
2. db = gbd 5. bc =cb
3. ca = qac 6. ad —da = (¢! — q)bc

Conversely, it can be shown that these six relations imply that 3’2’ = g2’y’ and
y'2" = qx"y" so we have an equivalence. This is our motivation for the definition of

M,(2).

Definition 6.20. Let J; be the two-sided ideal of the free algebra r{a,b, ¢, d} generated
by the six relations above. Then the algebra M,(2) is the quotient of x{a, b, c,d} by J,

- i.e.

k{a,b,c,d}

M,(2) = 7

This rigorous definition of M;(2) is consistent with the intuitive idea of a deformation
given at the start of this chapter. It has five deformed commuting relations (since
bc = c¢b) as opposed to just one. Also, just as the affine plane was recovered when ¢ = 1
so we see that M (2) is recovered when ¢ = 1. Remember, too, that given a commutative

algebra A we have the bijection
hom 414 (M (2), A) = M3 (A)

where either set is referred to as the space of A-points of M(2). Denote the set of
A-points for M,(2) by Mj(A), which consists of all 2 x 2 matrices

A

o with A, B,C, D € A subject to the designated six relations above.

Then we still have that
hom 414 (M,(2), A) = M3 (A)

Proposition 6.21. Let

A= A® kglx,y) = A{z,y}/(yx — qry)

A B
then [C D], with entries in A, is an A-point of My(2) if and only if

()-(7) -6

where (X',Y') and (X",Y") are A'-points of the quantum plane.

A B
C D

A B
¢ D
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A B
Proof. Begin by supposing that [C’ D] is an A-point of M,(2). By Proposition 6.14

hom g (Kg[z,y], A') = {(X,Y) € A? : YX = ¢XY}

So, to be A’-points of the quantum plane, (X', Y”) and (X”,Y”) must be members of
the set on the right. To check this, let us first determine what X', Y’, X" and Y are

specifically. First, X’ and Y":
ry (A®z+BQy
Y CRx+D®y

So, X'=A®x+B®yand Y = C®x+ D ®y are elements of A". Now we see if they

A B
C D

satisfy the appropriate commutation relation.

VX' =(Coz+Doy)(A®z+Boy)
=CA®2>+CB®zy+ DAQyr+ DB ® y?
=qAC @2 + ¢ 'BC ® yx + (¢AD — (1 — ¢*)BC) ® zy + ¢BD ® ¢*
:qAC®x2+q_1BC®yx+qAD®wy—(1—q2)BC®xy+qBD®y2
=qAC® 2’ +q 'BC®yzr — (¢ —q)BC @ yz + ¢AD @ xy + ¢BD © ¢
= qAC ® 2% + ¢BC ® yx + qAD ® zy + ¢BD ® y?
= q(AC ® 2 + AD ® zy + BC @ yz + BD ® %)
=q¢(A®r+Bey)(Cer+Dey)
=gX'Y’

Therefore, (X', Y”’) is shown to be an A’-point of the quantum plane.
We proceed similarly for X" and Y.

A C|fz) ([Arz+Cy
Y Bz+DRy

B D
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So X"=A@zrz+Coye A andY"=Br+Doyec A. Now

V'X"=(Bor+Doy)(Aoz+Coy)
= BA®z?+ BC®xy+ DA® yz + DC @ y?
—gAB® 2>+ ¢ 'CB®@yx + (AD — (¢' — q)BC) ® yx + qCD ® y>
—gAB® 2+ ¢ 'CB®yz+ AD @ yr — (¢ — q)BC ® yx + ¢CD @ y*
= gAB ® 2> + qCB ® yx + gAD ® 2y + ¢CD ® 3>
= gAB®2*+ AD® 2y + CB @ yz + CD ® %)
=qARr+CRy)(Ber+D®y)
= qX"Y"

Therefore, (X”,Y") is also an A’-point of the quantum plane.

Now let us suppose that we have A’-points of the quantum plane (X', Y”’) and (X", Y")

with entries in A such that

()= () = o) ()6

A B
The goal is to show that [C D] € MJ(A), which amounts to showing that A, B, C and

and a matrix [

A B
C¢ D

A B
C D

D obey the six relations given above. Since we have Y’ X’ = ¢X'Y' and Y X" = ¢X"Y"
along with the above matrix equations, this is done using the same argument that we

used above to arrive at the six relations in the first place. O

Note that this proposition is just another way of understanding the equivalence we

explored in the motivation of M,(2) above.

6.4.2 Quantum Determinant

Because of the important role of the determinant in ordinary matrix theory, we take a
moment to explore the quantum version. Let’s begin by looking at the determinant in

its usual form: ad — be. Using relations 5 and 6 we find that

ad —be = (g7t — q)be + da — be
= ¢ 'be — gbe + da — be
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which implies that
ad=q e —gbc+da <= ad—q 'bc=da— gbc

The latter resulting equation is what we take to be the quantum determinant. That is,
we define
det, := ad — ¢ 'bc = da — qgbc € M,(2)

Once more we note that the usual determinant is recovered if ¢ = 1. It can also be
shown that det, is in the center of M,(2) due to the fact that it commutes with the

generators a, b, c,d. For example,

adet, = a(da — gbc)
= ada — qabc
= ada — bac
= ada — ¢ bea
= (ad — ¢ 'be)a

= detya

A
C

When referring to an A-point of My(2), say M = , we shall denote its determi-

nant by
Det,(M) = AD — ¢~ 'BC

B| |A B

D ¢ D
commute with A, B',C', D', is also a member of M3 (A).

€ Mj(A), where A, B,C,D

9

A
Proposition 6.22. The matriz product of o

Proof. Here we make use of Proposition 6.21. Let us agree to write
A® kg X, Y] = A{X,Y}/(YX —¢XY)

as Ay[X,Y]. Let M and M’ respectively denote the hypothesized A-points of M,(2) and
X
take v = (Y) Since M is an A-point of M,(2) we have that Mv = v and M'v = o/,

where u, v’ are A4[X,Y]-points of the quantum plane. Likewise, since M’ is an A-point
of My(2), we have that M'v = w and M"'v = w’, where w, w’ are A,[X,Y]-points of the
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quantum plane. Thus

(MM v = M(M'v)
= Mw

Now, w is an A,[X, Y]-point of the quantum plane since M’ € M (A). By hypothesis,
the entries in w will commute with the entries of M; so, Mw is an A4[X, Y]-point of the

quantum plane. Also,

(MM v = (M"M")v
= M"(M"v)
— M/tu/

Again, the entries of v’ will commute with the entries of M’ and so M"u/ is an A, X, Y]-

point of the quantum plane. Therefore, MM’ € MJ(A). O

Proposition 6.23. If M and M’ are as in the previous proposition, then

Det,(MM'") = Dety(M)Det, (M)

Proof. Since
_ |AA'+BC" AB'+ BD'

MM' =
CA'+ DC" CB' + DD’

we have

Det,(MM') = (AA’ + BC')(CB' + DD') — ¢ Y(AB' + BD')(CA' + DC")
Expanding the right hand side yields
AA'CB'+AA'DD'+BC'CB'+BC'DD'—q ' AB'CA'—q ' AB'DC'—q ' BD'CA'—q~ ' BD'DC’
Now rearrange the terms to get

AA'CB'—q 'AB'CA'+BC'DD'—q 'BD'DC'+AA'DD'—¢ ' AB'DC"—¢q ' BD'C A'+BC'CB’
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Consider the first two terms

AA'CB — ¢ 'AB'CA' = ACA'B' — ¢ 'AB'CA’ [A',C commute]
=q ACB'A — ¢ 'AB'CA" [A'B = ¢ 'B'A]
=q 'AB'CA — ¢ 'AB'CA’ [B',C commute]
=0

We get the same result for the next two terms. That is,
BC'DD' — ¢ 'BD'DC’' =0
and so Detq(MM') reduces to
AA'DD' — ¢ 'AB'DC’ — ¢ 'BD'CA' + BC'CB’
=ADA'D' — ¢ 'ADB'C' — ¢ 'BCD'A' + BCB'C’
=ADA'D' — ¢ 'ADB'C' — ¢ 'BC(A'D’ — (¢! — q)B'C’) + BCB'C’
=ADA'D' — ¢ 'ADB'C' — ¢ 'BCA'D' + ¢ ?BCB'C’' — BCB'C' + BCB'C’
=ADA'D' — ¢ 'ADB'C' — ¢ 'BCA'D' + ¢ 2BCB'C’
=(AD — ¢ 'BC)(A'D’ — ¢ 'B'C")
=Det,(M)Det,(M')

A B
Proposition 6.24. Let [C’ D] be an A-point of My(2). Then the matriz

D —qB
—¢'c A

1

is an A-point of M,-1(2) (i.e. in MY (A)).
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Proof. Define A’ := D, B’ := —¢B,C" := —¢~'C and D’ := A. Then using the six
relations which hold for A, B,C and D we see that

B'A' = —¢BD
=-DB
_ qflA/B/

C'A'=—¢'CD
= —q_2DC
_ q—lA/C/

D'B' = —¢AB
=—-BA
_ qle/Dl

D'C' = —q 'AC
=—q2CA

_ q—lc/D/

A'D'—D'A"=DA - AD

=(q¢—q ")BC
=(q—q ") (~q ") (~q)B'C’
=(g—¢ "B

By definition, these six relations mean that (A’, B’,C’, D’) is an A-point of M,-1(2). O

Interestingly, being an A-point of M -1(2) is equivalent to being an A°-point of M,(2),
since if (A, B,C, D) is an A-point of M, -1(2), then the six relations obtained in the
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previous proof can be rewritten as

AB = gBA
AC =qCA
CB = BC

BD =¢DB
CD =qDC

DA—AD = (¢! —1)BC

Note that these are the usual six relations for a point of M,(2), but with multiplication
reversed, that is, the multiplication given in A°. Thus, (A, B,C, D) is an A°-point of
M,(2).

Although M,(2) is a deformed version of M (2) and is no longer commutative, it never-
theless retains some key properties of M (2). For instance, M (2) is Noetherian and has
no zero-divisors. This holds true for My(2) as well. The common means of showing this

is via iterated Ore extensions. In other words, one builds a tower of algebras
Ay C AL C Ay C A3 C Ay

where each A; is an Ore extension of A;_1. One then applies Theorem 6.13.

To make this work for M, (2) one starts with Ay := &, since all fields are Noetherian.
The goal, then, is to construct Ore extensions so that one ends up with Ay = M,(2).

This is accomplished by defining the intermediate algebras by

o  k{a,b}
A1 = H[a], A2 = m
k{a,b,c}

Az =
3 (ba — qab, ca — qac, cb — be)

It is trivial that A is an Ore extension of Ay. Further, note that As is just the quantum
plane in the variables a, b, which we already know is isomorphic to the Ore extension
Aq[b,a1,0] where oy is defined by aj(a) = ga. We therefore get that {a’b’}; ;>0 is a

basis for As.

For the next case, one defines as(a) := ga and ay(b) := b, which is easily seen to be

an automorphism of Ag, since as(b)as(a) = gaa(a)az(b). Now in Asle, ag,0], ba = qab
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from the product in As, but we also have

ca = az(a)c+ 0(a)

= gac

cb = ag(b)e + 0(b)
= be

With this we get that Az = As[c, ag, 0] as algebras, since they are the same vector space
and have the same defining multiplication relations. The set {aibj ck }ij k>0 is a basis of
As.

We now pass to the last and most interesting case. That is, we want to show that M,(2)

is isomorphic to the Ore extension A4 = As[d, a3, 7], where as is defined by
ag(a) :=a, az(b) :=qb, az(c):=qc
and Z is defined on the generators of As by
P(a) = (q—q Hbe, 2(b):=0, D(c):=0
Note that a3 is an algebra morphism since it preserves the relations of As.

az(b)az(a) = gba
= ¢%ab

= qaz(a)as(b)

The other two are similarly verified.

Now, 2 can certainly be extended by linearity. But we can also extend & by the
derivation relation, since it will depend uniquely on « and what 2 does to the generating
elements. It only remains to show that if we do extend Z in this way, that it preserves

the defining relations of Az. Consider first the case ba = qab.

P(ba) = az(b)Z(a) + Z(b)a
=qb(g—q bc+0-a
= (¢* — 1)bc
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and also

2(qab) = q(az(a)2(b) + Z(a)b)
=q(a-0+ (g —q ")bch)
= (¢ — Db’

For ca = qac we have:

P(ca) = as

—

c)%(a)+ Z(c)a
q—q Hbc+0-a
— 1)bc?

I
/\yQ
Se X

and

Y(qac) = q(asz(a)Z(c) + Z(a)c)
=q(a-0+ (¢ —q ")bee)
= (¢* = 1)bc”

Finally, it is obvious that Z(bc) = 2(cb), since both will be zero.

We can now proceed to see how this as-derivation will act on any basis element. From
the definition of 2 one can easily deduce that 2(b’) = 0 and 2(c¥) = 0 for all j, k € N.

For example,

2(b*) = az(b)2(b) + 2(b)b
= az(b)-0+0-b
=0

Therefore,

2 ") = az()2(F) + 2 (V) cF
=az(t?)-0+0-c"

Now let’s do the more difficult one, namely Z(a’). We use induction on i to show that

i R i—1
(') =(q—q )1_q2a be (6.15)




Chapter 6. Deformation Quantization: The Quantum Plane and Other Deformed
Spaces 262

Let’s do the first two base cases for insight

P(a) = (q—q ")be

) ' a’be

1— ¢2

=(g—q
9(a’) = as(a)Z(a) + Z(a)a
=a(g—q e+ (g ¢ ")bea
= (¢ — ¢~ ') (abc + bea)
= (¢ — ¢ V) (abe + ¢*abe)
= ( (

q—q- )1+q)abc
1—
-1
=(g—q )l_qgabc

Assume that the result holds up to some m € N and consider the case for m + 1.

L= 1 1
=alqg—q ") - a™ be+ (¢ —q 7 )bea™
=(g—q Y <11__q;;n abc + bcam>
=(g—q 1) <11_q2;n a™be + q2mambc>
=(qg—qY <11__q2;n - q2m> a™be
=(@—q") (1 kil ;r_qi;(l —~ qQ)) a"be
=(q—q" ! 1q_2(:;+1) mhe

Therefore, by mathematical induction (6.15) is established for all i. Putting this all
together yields

2(a'V k) = az(a) 2V &) + 2(ab)b F

= P(a
1 21 )
=(qg—qh) 0 q2 " oeb? F
q
=(g—q) qmazq +1 k1
1—¢q?

We can express this more succinctly as Z(a'b/c?) = (¢ — ¢71)(i) pa’ 1B 1AL
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Let us now show that M,(2) = As[d, a3, Z]. Since they are the same vector space, we
need only show that they have the same algebra structure. Observe that three of the
relations hold by definition of As. Let us show that the other three hold as well.

db = as(b)d + 2(b)
= gbd

dec = as(c)d + Z(c)
= qcd

da = ag(a)d + Z(a)
=ad+ (¢g—q b

The last one implies that ad — da = (¢! — q)bc. Therefore, all six defining relations
for M,(2) are also the defining relations for As[d, as, Z]; hence, they must be the same
algebra. By now applying the extended Hilbert Basis Theorem (Theorem 6.13) one gets
a Noetherian M,(2).

But we also claimed that A/,(2) has no zero divisors and this follows directly from

Corollary 6.12.

Another property of M(2) not lost in deformation is its bialgebra structure. In fact, we
can endow M, (2) with a bialgebra structure without having to change the coproduct or

counit maps defined on M (2). Recall that these were defined according to the matrix

relations
A_a b-:_a b_®ab
c d_ c d_ c d
[« b] [1 0]
5 pry
K& d_ _0 1_

Of course, while the bialgebra structure is retained, it is nevertheless “deformed” in that

it is no longer commutative or cocommutative.

To verify this, the maps A and & must still be morphisms of algebras. So we need
A € hom g (My(2), My(2) © My(2)) = ME(M,(2) ® My (2))

and
e € homy,(My(2), k) = M3 (k)
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a
which means that A

C

b| . : a b|. .
p is an M,(2)®M,(2)-point of M,(2) and € p is a k-point
c

of M,(2). The case for the counit is clear due to its definition. The coproduct case is
a®l b®l l®a 1®Db
c®1l del 1®c 1®d
a®a+b®c a®@b+b®d

c®a+d®c c®b+d®d
must be also. Thus, both the coproduct and the counit are algebra morphisms.

a consequence of Proposition 6.22, since an are clearly

M,(2) ® M,y(2)-points and so therefore their product,

i

It remains to show that the coassociativity and counit axioms are still satisfied. Once
more, the counit axioms are clear from the matrix relation for €. Coassociativity is
nearly just as transparent. The matrix form commends itself here too, since it allows

one to simply use the associativity of the matrix product. That is,
a bl [la b
c d c d

= (([d® A) o A)

(A@id)oA)

a b
c d

The result is a non-commuting and non-cocommuting bialgebra. We should also take

note of what happens to det, under A and €. It can computationally be shown that
A(dety) = dety ® det, and e(dety) =1
So, det, remains grouplike for ¢ # 1. Finally, just as the affine plane x|z, y] is a comodule-

algebra over M (2), there is a unique M,(2)-comodule-algebra structure on the quantum

plane k4[z,y] where we write

()= C)

Now recall Proposition 4.41 which specifies two conditions that need to be satisfied: (1)

Opqla,y) DEEds to define an M, (2)-comodule structure on the quantum plane; (2) the map
Oqle,y) Must be a morphism of algebras. Let’s start with condition (2). It suffices to
show that

O] (U) O] () = @0y [a,5] () Orcy 2,9 (Y)
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since then (0, [2.4)(%), 0r, [z, () Will be a M, (2) ® ky[z,yl-point of the quantum plane.

) Y Rq

Begin with the left hand side.

Oreglwy) (U)Orgfwy) () = (@ +d@y)(a@z +bRY)
=ca®x? +cb®zy+da®yzx + db @ y>
= qac ® 2° 4 (bc + qda) @ zy + qbd ® y*
= q(ac ® 2* + (¢"'be + da) @ zy + bd ® y?)
= g(ac ® 2? + (ad + gbc) @ zy + bd @ y?)
= qlac® 22 + ad @ zy + be @ yz + bd @ 3°)
=q(a®zr+bRy)(c®z+d®y)

= QOs, ) (T) 01, ) ()

S0, 4, [zy) 18 @ morphism of algebras.

Next, by Definition 4.23, (1) holds provided
(id ® 5mq[r,y]) o 5nq[ac,y} (Z) = (A & id) o (an[m,y](z)

(e®id) o 5,€q[x7y}(2’) =1®z

for all z € kq[z,y]. Thankfully, because the quantum plane is generated by x and y and
all maps involved are algebra morphisms we can restrict our considerations to z = x and

z = y. Thanks again to matrix notation, we check these simultaneously.

. x . a b x
(id @ Oy, 2,4) © Oisg i) ( ) = (Id ® b, [w,y) [ ] ® < >
Y c d Y

But also
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(e®id) o Anq[z,y] (;) = (e ®id) CCL Z] ® (;)
F 0 Cj
pu— ®
01 Yy

While M,(2) is a quantum algebra it fails to be a quantum group. This is because it

Next

is not a Hopf algebra, which, in this case means that it lacks an antipode. Even so we
now have a good framework for introducing the two quantum groups promised at the

beginning of this section, namely GL4(2) and SLg(2).

6.4.3 The Quantum Groups GL,(2) and SL,(2)

Both are defined analogously to their non-deformed counterparts, the former being

o M(2)[t]
GL,(2) == m
and the latter M (2)
SLq(2) = m

For any algebra A, then, an A-point for GL4(2) is simply an A-point of My(2), say
A
C

M = , but with the added condition that

Det,(M) = AD — ¢~ 'BC

be invertible in A. The same holds for SLy(2) except Detq (M) must be 1.

Theorem 6.25. The coproduct and counit of My(2) equip the algebras GL4(2) and
SLq(2) with Hopf algebra structures such that the antipode S is given in matrixz form by

b d —qb
S “ ]::detgll 4
d _

c q_lc a
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Proof. Because GL4(2) and SL4(2) are quotient spaces, it is necessary to ensure that A

and e are still well-defined. Consider that

A(dety — 1) =dety ®det; —1®1
=det;®dety —1®@det; +1®@det; —1®1
= (detqy — 1) ® dety + 1 ® (dety — 1)
=0 [as an element of SL4(2) ® SL,(2)]

and

e(dety — 1) = e(dety) — 1
=1-1=0

This implies that A and e are well-defined for SL4(2) and the same will be true of
GL4(2) provided we set A(t) :=t ®t and ¢(¢) := 1. The computations are essentially

the same:
Altdety — 1) = (t @ t)(dety @ dety) —1® 1
= tdety @ tdety; —1® 1
= tdety ® tdety — 1 @ tdety + 1 ®tdet; —1®1
= (tdetq — 1) ® tdety + 1 ® (tdet, — 1)
=0 [as an element of GL4(2) ® GLy(2)]
and

e(tdety — 1) = e(t)e(dety) — (1)
=1-1-1
=0

Given that the coproduct and counit are well-defined, we immediately get that the coas-
sociativity and counit axioms hold on account of their holding for M,(2). We therefore

get to skip straight to showing that GL4(2) and SL4(2) have an antipode.

o |@ b _ d —qb
c d —q ¢ a

a b
This is just the g-analogue of the 2 x 2 adjoint matrix. By Proposition 6.24, S’ [ d]
c

Begin by setting
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is an M,(2)°P-point of M,(2) thereby implying that S’ is a morphism of algebras from
M,(2) to M,(2)°P. If we now set S’(t) = ¢, then S’ extends to GL4(2) and SL,(2). It is
well-defined for GL,(2) because

S'(tdetq — 1) = S'(t)S'(dety) — 1
=t(S'(d)S"(a) — ¢S (c)S' (b)) — 1
= t(ad — ¢ tbe) — 1
=tdety —1=0

This reasoning also shows that S’(det, — 1) = dety — 1 and therefore S’ is well-defined
for SL4(2) as well. Now, since det, is invertible and is in the center of both GL4(2) and

SLq(2) we are able to define a morphism of algebras

S : GLy(2)(resp.SLy(2)) — GLg(2)P(resp.SLq(2)P)

a b
c d
By Lemma 4.16, S is an antipode provided

> aV8E®) = L) = Y S@M)a?
(z)

by S(t) :=t~! and
b
S [a d] = det;lS’

Cc

for all € {a,b,c,d}. In matrix form

a b d —gb| ad — g 'be  —qab + ba
c d| |—q7! cd—q 'dc —qcb+da

q 'c a
det, 0 a b

— :detq€
0 det, c d

But also

d  —qgb|l [a b] [ da—qbe db — qbd
— |—¢ 'cat+ac —qlcb+ad

_detq 0 a b
= = detye
| 0 det, c d

Therefore, S is an antipode for GL,(2) and SL,(2) thereby making them Hopf algebras

and hence quantum groups. O

Given that GL4(2) := My(2)[t]/(tdety — 1) and SLy(2) := My(2)/(dety — 1), it is not
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hard to see that the classical objects GL(2) and SL(2) are recovered when ¢ = 1. Since
M,(2) is the quotient of the free algebra x{a,b,c,d} by the ideal J, generated by the
relations ba = qab, db = qbd, ca = qac, dc = qcd, be = cb and ad — da = (q — ¢~ 1)be, we

see that when ¢ = 1, these respectively become
ba =ab, db=bd, ca=ac, dc=cd, bc=cb, ad—da=0
which are the usual commutation relations yielding M(2) = «[a, b, ¢, d]. Also,
det; = ad — 17 be = ad — be

which is the usual determinant. Thus, GL1(2) and SL;i(2) are the desired classical

objects.

So, deformations can give us non-commutative, non-cocommutative Hopf algebras, as
is the case here, which correspond to quantum groups. In other words, these were the
sort of Hopf algebras alluded to in Chapter 4, which led to the concept of a quantum
group by studying Algc(H, C). So, in this case one tries to understand Algc(GL4(2),C)
and Algc(SLg(2),C), but we simply identify the quantum groups with the representing
objects, namely GL,(2) and SL,(2).

It turns out that SL,(2) is the “simplest” of quantum groups, but unless one is thor-
oughly acquainted with the subject, this fact does not appear very meaningful. There
is still much that could be said about SL4(2) (and GL4(2)) and one should not mistake
this to mean that these are not important quantum groups. For our purposes, these
have served as a sample, which is why we have treated them with brevity. Now that
the reader has a taste, we shall proceed to consider, in depth, one of the most impor-
tant quantum groups, namely U, (s[(2)), which is one of those special types arising from

dropping finite-dimensionality of the Hopf algebra.



Chapter 7

The Quantum Enveloping
Algebra U,(sl(2))

7.1 Introduction

This chapter is concerned with familiarizing the reader with perhaps the most well
known quantum group, namely U,(sl(2)), which is a one parameter deformation of the
universal enveloping algebra of the simple Lie algebra s[(2). This quantum group is
actually but one in a family of quantum groups said to be of enveloping algebra type.
These are denoted by U,(g), where g is a general complex simple Lie algebra and were
essentially developed in the mid-1980’s by Drinfeld and Jimbo. The specific case of
U,(s1(2)), however, is of primary importance because much of the theory for the general

case is an extension from Uy(s((2)).

7.2 Some Basic Properties of U,(sl(2))

7.2.1 g¢-Analysis Revisited

We set the stage for this section by developing some notation, which should elicit fond
memories of basic combinatorics. Let x be a fixed field. To simplify matters, it is
common to work with x = C. This will be our assumption throughout this chapter.
Suppose ¢ is an invertible element of k. For any n € Z we define a new deformation

(compare to previous chapter) [n] by

" —q"
[n] = 4q — q—l — qn—l + qn—3 4. _|_q3—n _|_q1—n

270
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which is an example of what is called a Laurent polynomial. The algebra of Laurent
polynomials in one variable, in this case ¢, is denoted by x[g,¢~!] and is isomorphic to
klq,r]/I, where I is the ideal of k[q,r] generated by gr — 1. This provides an alternative
way of defining a g-deformation of an integer from that seen in the previous chapter.

Again, one can show via limits that n is reacquired in the limit ¢ — 1.

An advantage of this version is that it is more symmetric. For instance, the additive

inverse of [n] is

q"—q"
—[n] = - —
q—q
qg"—q"
- q—q!
= [-n]

So, the additive inverse of the deformation of n is the deformation of the additive inverse
of n. We also find that

[n 4+ m| = i q_(1n+m)

q—q

Cqq"=q """

 q—q!

=4+ """ —q¢ """

B q—q !

_ "¢ =M+ "¢ =g

q—qt

s S B G
q—q q—q

= q"[m] + ¢ "[n]

For 0 < k < n we define another analogue to the usual factorial by

o) :=1,  [K]':=[1[2]-- k] (k>0)
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Comparing this to the version defined in the previous chapter we find the following

connections:
qr—q"
[n] - —1
q—q
— ql—n (qQ)n 1
¢*>—1
= ql_n(n)q2
and

Together these entail that
nl [n]!
k| [K]!n— k]!

g2 ()2
qE=F)12 (k) o - gk (n=F)%)/2( — o)1 2

k2 —nk (n)!q2
(k)2 (n — k)]

2—TL
¢ (k)
q2

Thus, if  and y are variables subject to the relation yz = ¢?zy, then the deformed

q2

binomial theorem becomes

IE+y qu(nk[]knk
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7.3 Motivating U,(sl(2))

Having developed this particular sort of deformation suggests a means of deforming

U(s((2)). Recall that the generators of this algebra are X,Y and H with relations
(X,Y]|=H, [H X]=2X, [HY]=-2Y
Suppose, then, that we deform this structure by setting

[X,Y]=XY -YX

= [H]
_d =g
q—q!

To make this work, however, we need to assign some meaning to the symbols ¢ and
¢ . The easiest thing to do is to make them formal generators. To make things easier,

let us set K := ¢ and K~ := ¢~ ¥. Thus, we get

K—-K!

XY -YX = —
q—q

and, as is suggested by the notation, we set KK~ ! = K~1K = 1.

We now want to see how this K (i.e. ¢*) should interact with X and Y. If we interpret
q" formally as having the usual meaning (working over power series instead of the base
field), then we write

oo

H"(In(g))"
H _
T = Z n!

n=0
Now consider the other relations of U(sl(2)), for instance, HX — XH = 2X. We can
rewrite this equation as

HX = X(2+ H)

An easy induction shows that H"X = X (2 + H)" for any integer n > 0. For example,

H?X = H(HX)
= H(X(2+ H))
= (HX)(2+ H)
= X2+ H)(2+ H)
=X(2+H)?
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From this we have

n!

Similarly, we find that K'Y = ¢~2Y K; hence, our other generating relations are
KX = ¢XK, KY =¢ 2YK

This is the motivation for our definition.

Definition 7.1 (Uy(s((2))). The quantum group Uy,(sl(2)) is defined to be the algebra
generated by the four variables E, F, K, K~ obeying the relations

KK '=K'K=1 (7.1)

KEK'=¢E, KFK'=¢?F (7.2)
K—-K!

(B, F] = PEr=u (7.3)

Notice that we cannot directly set ¢ = 1. However, formally we can still take it that
U(sl(2)) is recovered in the limit ¢ — 1, since
K — Kfl ) qH _ qu

im——— —lim L — % —
—1 q—q~

The relations ¢ E = ¢? Eq™ and ¢ F = =2 Fq¢" also degenerate into the usual relations
HE — FEH = 2F and HF — FH = 2F respectively if we consider a formal derivative
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with respect to ¢. For instance

d H d 2 H
—"E="¢’E
dqq dqq q

Hq '¢"E =2qEq" + ¢*¢ 'EHq"

If wenowset g=1weget HE =2E+ FEH or HE — FH = 2F as desired. We'll discuss
another way of constructing U,(sl(2)) below that allows for directly setting ¢ = 1.

At this point, to call Uy(sl(2)) a quantum group is a bit premature since we have not
established that it possesses a Hopf algebra structure. We remedy the situation in the

following manner.

First, we would like an algebra morphism A that will be our coproduct. Since KK~ =
K~'K =1 we need

AKK™Y = A(K)A(K™Y)
=1®1

and likewise for A(K ! K). This seems to naturally suggest the assignments
AK)=K®K, AKYHY=K'eoKk!

Thus, it must be that

K-K!
q—4q
 K®@K-K'oK!
q—q!

Now,

KoK-K'9K'! K®K-K'9@K+K'9K-K'oK!
1 - 1

a—4q° qa—4q-
 (K-KYoK+K'eoK-K1)
q—q?
K—-K! K—-K!
= T @K+ K e ———
q—q qa—q

=(EF-FE)® K+ K '® (EF — FE)
—EFFQK-FEQK+K '®QEF—-K '®FE
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If we now add and substract F' ® E we have

EF®9K-FEQRK-F®FE+K '9@EF+FQE-K '®FE
=FFo K- (F1)(E@K+1®E)+(1®E) (K '@ F+F®1)-K '®FFE
—(E@K)(F®1) - (F1)EK+19E)+(1@E) (K '@F+F®l)— (K '9F)(1®E)

At this point, we can begin to see some interesting form emerging. If we finally add and
subtract EK ' ® KF = (E® K)(K~! ® F) we end up with

(EQK+19E)(FR1+K'@F)—(Fo1+K '9F)(EQK+1QE)
and this suggests that we set
A(Ey=E®K+19E AF)=F1+K'oF

which, one can see, is very similar to E and F' being primitive as they would be in
U(s((2)). Indeed, if ¢ = 1, then K = 1 and we get the usual coproduct for U(s((2)). In
fact, £ and F, in this context, are called skew-primitive. In general, an element ¢ of a
coalgebra is called skew-primitive if A(c) = ¢ ® g+ h ® ¢ where h and g are grouplike

elements.

Define linear maps A, e and S by

AE)=19E+EQK, AF)=K'@F+F®l (7.4)
AK)=K®K, AKYHY=K'leoKk! (7.5)
e(E):=¢(F):=0, eK):=eK1):=1 (7.6)

S(E):=—-EK™', S(F):=-KF, SK)=K' SKY=K (7.7

Proposition 7.2. The algebra Uy(sl(2)) is a Hopf algebra under the relations (7.4-7.7).
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Proof. Our first goal is to show that A is an algebra morphism, which entails showing

that it respects the defining relations (7.1-7.3). Beginning with (7.1) we have

ARAK Y =(KeK) (K 'eK™)
=KK '@ KK
=1®1

The same result is obtained for K 1 K.

Now (7.2):

AK)A(E) A(K Y)Y =(K®K) (19 E+ E@K)(K '@ K1)
= (K@ KE+KE® K*)(K'e K1)
=KK '@ KEK'+KEK '@ K?K™!
=19¢FE+@PEQK
= (1 E+ E®K)
= °A(E)

The second relation of (7.2) is proved similarly. Finally, we check (7.3).

AE),A(F)=(1E+EQK)K'@F+F®1)—(K'®F+F®1) (1 E+ E®K)
=K 'QFF-K'QFE+FEFQK-FEQK+EK '@KF-K 'E®FK
=K '®(EF-FE)+ (EF -FE)® K+ K 'E® ¢ ?FK - K 'E® FK
=K '®[E F|+[E Fle K

K-K' K-K1
=K '@ — + —— 90K
q—q q—q
K '9K-K'9K'+KoK-K'oK
q—q!
 K®K-K'®K!
q—q!
A(K) = AK™)
q—q!
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So A is a morphism of algebras. But we also need A to satisfy the coassociativity axiom,

which will be satisfied if it holds on the generators. Consider for instance

(A®id)A(E) = (A®id)(1® E+ E®K)
=1R1FE+AE)® K
=1®1E+(19E+EQK)®K
=11 F+1FK+EQK®K
=1 (19 E+E®K)+E®A(K)
=19 A(E) + E® A(K)
= (d®A)(1® E+E®K)
= (id ® A)A(E)

The case for F follows similarly. Since K and K~! are also similar, we’ll finish by

verifying the result for K.

(A ®id)A(K) = (A ®id)(K ® K)
= AK)®K
—KoK®K
= K @ A(K)
= (id® A)(K ® K)
= (id ® A)A(K)

Second, we need to show that ¢ is also a morphism of algebras and that the counit axiom

is satisfied. Again, we start with (7.1).
e(K)e(KH)=1-1=1

(7.2):
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Again, the second relation is similar so we move on to (7.3).

[e(E),e(F)] =0
1-1
q—q
e(K) —e(K™)

q—q!

1

Finally, we check that the counit axiom is satisfied. As before, this is done on the

generators. For brevity, we will again consider only F and K.

(e @id)A(E) = (6 ®id)(1® E + E ® K)
—10E+e(E)oK
—1Q0E+00K
—1QF

and

(e®id)A(K) = (e ®id)(K ® K)
=e(K)® K
=1®K

Our last objective is to verify that S is an antipode for U,(s((2)). Note that S is an

antimorphism of algebras since:

S(KHS(K)=KK'=1

S(KYS(E)S(K)=K(-EK Y)K™!
= —(KEK")K™!
_ _quKfl
= ¢*(-EK™)
= ¢*S(E)
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That S(K—1)S(F)S(K) = ¢~ 2S(F) is similarly verified. Finally we have

[S(F), S(E)] = S(F)S(E) — S(E)S(F)
= _KF(-EK™') = (-EKY(-KF)
= KFEK ' - FEK'KF
= KFEK ' - FEF
= (¢ °FK)(¢’K 'E) — EF
= FE - EF
K1-K
Tt
S(K) - S(K)
N q—qt

This shows that S is an antimorphism of algebras on U,(s((2)), but we must now make
sure that
Sxid =id*« S = 1,

if it is to be an antipode. Once more, since verification of this is largely computational,
we’ll show that it holds with EF and K. For E:

(Vo(S®id)o A)(E)= (Vo (S®id)(1® E+ E®K)
=V(1®E—-EK'9K)
=E-EK'K=0

Also

and finally

(Vo(id® S)o A)(E) = (Vo (ild® 9)(1® E+ E®K)
=V1®(-EKY)Y+Ee K™
=-EK '+EK'=0
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Now for K:

(Vo (S®id)o A)(K)=(Vo(S®id))(K ® K)
=V(S(K)®K)
=S(K)K
=K 'K=1

and

(Vo(id® S)o A)K)=(Vo(id® 9))(K ® K)
=V(K ® S(K))
= KS(K)
=KK'=1

and lastly
L(K) = n(e(K))
=n(1) =1

Since the other cases hold on account of similar reasoning, we have that S is an antipode
for U,(sl(2)) as desired. Therefore, U,(sl(2)) is a Hopf algebra and hence a quantum
group. ]

This quantum group is one of the most well-known examples of a noncommutative/non-
cocommutative Hopf algebra. In this example the antipode is not an involution, though,
52 is an inner automorphism. For reference, an inner automorphism of an algebra A is

amap f,: A — A defined by f.(y) := xyz~! for some unit z.

Proposition 7.3. For any u € Uy(sl(2)) we have S?(u) = KuK 1.
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Proof. Since S? is a morphism of algebras we need only establish that this holds on the

generators.

Proof. (i) We must show that w preserves the defining relations of U,(sl(2)). If we

consider them in the order shown above we have

WKWK Y =K'K=1
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Ww(K)w(F)w(K™Y =K 'EK

[w(E),w(F)] = [F, E]
 K'-K
oq—q!

_ w(E) —w(K
q—q!

So, w preserves the defining relations. But it is also clearly unique given that E, F, K, K~
generate Uy (s((2)). By definition, it is equally clear that each of the generators is fixed

under w? and hence w? = id.

(ii) We proceed similarly, but in this case require that 7(ab) = 7(b)7(a) for all
a,b € Uy(sl(2)). First, KK~! = K~1K =1 and

T(KYr(K) =KK™
=1
=K'K
= 7(K)r(K™)

Next, KEK~' = ¢*F and

_ 2
=q7(E)
Finally, [E, F] = fg:f_‘f and
T(F)T(E) —7(E)T(F)=FE — EF
B K'-K
q—q*
_ () —r(KE)
q—q!
As before the uniqueness is obvious, as is the fact that 72 = id. O

Note that w is an involution while 7 is an anti-involution.
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Lemma 7.5. Let m > 0 and n € Z. The following relations hold in Uy(s((2)):

EMK® — q72mnKnEm7 FME™ — q2mnKnFm

1—mK _ qm—lK—l

q—q!

qulK _ qlmefl
q—q!

B, F"™) = [m]Fm14

= ) et

ql—mK _ qm—lK—l
q—q!

m—lK _ ql—mK—l
q—q!

[E™, F] = [m] gt

— [m} Em—l q

Proof. Relation (7.2) implies that EK = ¢ 2K E. Suppose
E"K = ¢ 2™KE"™ for some n
and now consider the next case.

E"'K = EE"K
= Eq *"KE" [induction hypothesis]
=q *"EKE"

= ¢ "¢ ?KEE"™ [|base case]
— q_Q(n+1)KEn+1

Thus, by mathematical induction, E"K = ¢ ?"KE™ for all n € Z*. We now have our

base case for the next induction. Suppose
EYK™ — q—2anmEn
for all n and some m € Z. Now consider the next case.

E"K™! = E"K™K
= ¢ "™K™E"K  [induction hypothesis]

_ q_gnmq—QnKmKE" [base Case]
_ q—2n(m+1)Km+1En

Therefore, the first relation holds via mathematical induction.
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For the second relation we can apply w from the previous lemma. Since
ENKT™ — q2an7mEn
we have

w(EnK_m) — w(q2an—mEn)

w(EMw(K™™) = ¢""w(K)w(E")
w(E)"w(K)™™ = ¢""w(K)"w(E)"
F (K~ ™" = g™ (K1) "
F'E™ = @™ K™F"

For the third relation, note that

K- K!
q—q
_ [1]F0qOK_qOK_1
q—q!

Now suppose
1—mK _ qm—lK—l

19
E,F™ = [m]F™!
[ | = [m] P

and consider the case of [E, F*1]. We have

[E, F™ Y = [E, F™F]
= [E,F™|F + F™[E,F] [by Proposition 5.4]

lme_ mflel K_Kfl
= [m]Fm14 . FoPrm———_
q—q q—q
 mlgt LK E — [m]gn P KR 4 FK — KL
= |
q—dq
[m]qf(erl)FmK _ [m]qm+1FmK71 LMK Fmel )
= — [using 7.2]
q—dq
_ Fm([m]q_(m+1) + DK = ([mlg" + 1)K

q—q !
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At this point, examine [m)g~ (Y + 1 and [m]¢™ ! + 1.

m __ ,—m
[m]q—(m—i-l) +1= %q—(m-&-l) +1
-1 _ ,—2m—1
e
_ gl =g g qg!
q—q!
_ q-— q—2m—1
q—q!
and
m —
[m]qm—H + 1= q Q_l m+1 4 1
q—4q
2m—+1
B
q—4q
_ q2m+1 qg+q— q—l
q—q!
_ @2l g1
q—q!
Using these results we get
qiq—Zm—l q2m+liq—1 -1 _ _
pm_a=q! K-t K _ A B gmd mK —q"K™!
q—q* q—q! q—q*
—-mp mK—l
= [m+1]F™2 .
q—dq
So, by induction
1me . mflel
(B, F7) = o] —
for all m € ZT. As for the second part of this relation, note that
[m]Fm—l qlme _ qulel _ [m] qlfmmelK _ qulmelel
q—q! q—q!
[ ]ql—mq2(m—l)KFm—1 _ qm—lq—2(m—1)K—1Fm—1
=|m
—1
q—4q
_ [m] qulK o qlmefl Fm—l

q—q*
Finally, to get the fourth relation, simply apply the involution w from Lemma 7.4 to the

third relation we just considered. O

Proposition 7.6. The algebra Uy(s((2)) is Noetherian and has no zero-divisors. The
set {E'FIK*Y; jenen is a basis of Uy(sl(2)).
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Proof. Our procedure will be to show that U,(s[(2)) is an iterated Ore extension (see

Chapter 6). We will build a “three-story” tower
Ag C AL C A
such that A =2 U,(s[(2)). Starting at the base, define
Ag = K[K, K}

This is the algebra of Laurent polynomials in one variable. Formally, x[K, K _1] is the
quotient algebra x[K, J|/I, where I is the ideal of k[K, J] generated by K.J—1. As such,
it is Noetherian, has no zero divisors and has basis {K*}scz. Now let ag : Ag — Ag be
the automorphism given by ag(K) := ¢2K. We then take A; to be the Ore extension
Ao[F, ap, 0], which has basis {FVK*};en.pez. Then

A o K{F, K, K~'}
'7 (FK — ?KF)

Finally, we construct an Ore extension Ay = A;[E, a1, 2] which we want to be isomor-
phic to U,(sl(2)). First, define

This extends to a unique algebra morphism since

a1 (F)oy(K) = ¢ °FK

=KF
= ¢?¢ ’KF
= ¢’a(K)a(F)
Next, let 2 be defined on the generators by
K- K!
Y(F)=——- and Z(K):=0

q9—q
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We now need to extend Z to a uniquely determined aj-derivation. First, we check that,

under this extension, the defining relation for A, is satisfied.

I(FK) = a1(F)9(K) + 9(F)K

K-—-K1
q—q
K?-1
qg—qt

and

(@ KF) = ¢* (1 (K)2(F) + 2(K)F)
K— K
S 0D
K? -1
-1

q—q

So, 2 preserves the defining relation FK = ¢? KF. Let us now consider how 2 acts on

an arbitrary basis element. By induction it can easily be shown that
2(KY) =0
For example,

2(K?) = 2(KK)
=1 (K)2(K) + 2(K)K
=a1(K)-0+0-K

Thus,

P(F"K") = a1 (F™)2(K*) + 2(F™) K*
=a;-0+ 2(FMK*
= 9(F™K*

To go any further we need a formula for Z(F"). Observe that

P(F™) = 9(F™F)
= a1 (F™9(F) + 9(F™F
=F"9(F)+ 2(F™F
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which, by induction, implies that

But

-1
Froig(R)Fi = proi i TR —F"
9-q
_ i KF - KU
q—q!

—2iFiK _ quFiK—l

_ m—i 4
= F —

and so

Therefore

Now, according to Definition 6.10, E interacts with the other generators by

EF = a1 (F)E + 2(F) (7.8)
EK = o1(K)E + 9(K) (7.9)
EK'=a(KHYE+ 2(K™) (7.10)

Relation (7.8) yields EF = FE + K=K or

K- K1
[E,F] = 1
qa—4q
Relation (7.9) yields EK = ¢ 2KFE and (7.10) that EK~! = ¢? K E, which implies the

same relation. Thus

KE = ¢’EK

and since we already have the relation KF = ¢ 2FK from A, it follows that A, has
generators E, F, K, K~ ! satisfying the same relations as U,(s[(2)) and hence

Az = Uy(s1(2))
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7.4 An Alternative Presentation of U,(s((2))

Although the way we have defined U,(sl(2)) is typical, it has the disadvantage of not
reflecting deformation in the way in which it was described in Chapter 6. That is, one
cannot simply set ¢ = 1. Instead, one must take a sort of “limit” to recover U (sl(2)). To
remedy this, we can give a slightly modified presentation of U,(s((2)) which is equivalent

to the original version.

Notice that the problem in the first presentation lies with [E, F] = 151 :é{ Il. But this is

easily circumvented via basic algebra. Simply write
(a—q B Fl=K-K!

We can then introduce a “new” generator L, setting [E,F] = L. So, this modified
presentation can be thought of as having five generators: E, F, K, K~', L. We still have

the relations
KK '=K'K=1, KE=¢’EK, KF=q?*FK
but immediately obtain the two “new” relations
[E,F]=L, (¢g-—¢ " )L=K-K'
From these we can also establish that

[L,FE]=LE - EL
K—-K! K—-K!
= —FE-E —
q—q q—q
_ KE-K'E EK-EK™!
q—qt q—q1
¢?EK - K'E EK—-¢@K'E
q—qt q—qt
¢’EK — EK +¢?K~'E - K 'E
q—q?
(*—1)EK+(¢* - 1)K 'FE
q—q1
(> - 1)(EK + K7'E)
q—qt
=q(EK + K 'E)
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and similarly that
L,F| = —q  (FK + K~'F)

With these relations at hand, we can present Ug(sl(2)) as follows.

Definition 7.7 (Alternative Presentation for U,(sl(2))). The algebra U,(sl(2)) can be
thought of as the algebra generated by the five variables E, F, K, K—' L subject to the

relations

KK '=K'K=1 (7.11)

KEK'=¢E, KFK'=q?F (7.12)
[E,F]=L, (¢q—¢Y)L=K-K! (7.13)

[L,E] = q(EK + K 'E), [L,F]=—¢ Y(FK+ K 'F) (7.14)

In this form, the parameter ¢ is allowed to take on any value. In particular, when ¢ = 1
relations (7.11) and (7.13) imply that K = K~! and hence, K* = 1. We are then
left with the generators E, F, L having relations identical to X,Y, H in U(sl(2)). We
therefore recover U(sl(2)) in case ¢ = 1 thereby legitimizing the deformation originally

used.
This can be made more rigorous as follows.
Proposition 7.8. If g =1, then

Ui(s((2))

and U(sl(2))

I

as algebras.

Proof. The presentation of Uy (s[(2)) is characterized as the algebra generated by E, F, K, K~ L
subject to the relations
KK '=K'K=1

KEK'=E, KFK'=F
[E,F]=L, K-K'=0

[L,E|=EK+K'E, [L,F]=—(FK+K'F)
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Notice that these imply that K is in the center of U(sl(2)) and that K? = 1. We can

therefore rewrite the last two relations as
[L,E]=2FK, |[L,F]=-2FK
If we now define a map ¢ : Uy (sl(2)) — U(sl(2))[K]/(K% — 1) by
O(B) = XK, (F) =Y, 6(K)=K, o(L)=HK

then ¢ extends to an algebra morphism so long as the defining relations of Uy (sl(2)) are
preserved in U(s[(2))[K]/(K? — 1) under ¢. First,

P(K)p(E)p(K ) = KXKK

=KX
— XK = §(E)
Second,
P(K)p(F)p(K ™) = KYK
= KKY
— Y = §(F)
Third,

[¢(E), o(F)] = ¢(E)o(F) — ¢(F)o(E)
=XKY -YXK
=XYK-YXK
= (XY -YX)K
— HK = (L)

Fourth,

[6(L), p(E)] = ¢(L)(E) — ¢(E)$(L)
= HKXK - XKHK
= HXKK - XHKK
—HX - XH
=2X
=2XKK = 2¢(E)¢(K)
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Fifth,

[6(L), ¢(F)] = ¢(L)$(F) — ¢(F)¢(L)
= HKY - YHK
— HYK —YHK
= (HY - YH)K
= 2YK = —2¢(F)¢(K)

The relations involving K are obviously satisfied. Thus, ¢ is a well-defined algebra

morphism.

Now define ¢ : U(sl(2))[K]/(K? — 1) — Uy (sl(2)) by
O(X):=EK, ¢(Y):=F o(H) =LK, $K):=K

Again, this extends to an algebra morphism provided the defining relations are respected.

In this case, there are four relations to check. First,

[W(X), ¥(YV)] = P(X)Y(Y) — (V)9 (X)
= EKF — FEK
= (EF - FE)K
= LK = y(H)

Second,

[Y(H), Y(X)] = »(H)Y(X) — (X)p(H)
= LKEK — EKLK
=LE-EL
= 2EK = 20(X)

Third,

W (H), (Y] = $(H)(Y) — (Y )(H)
=LKF - FLK
= (LF - FL)K
= 2FKK
= —2F = —2i(Y)
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Finally,

W(K)* = Y(K)Y(K)

Thus, it is a well-defined algebra morphism.

It remains to show that ¢ and 1 are inverses. This is again checked on the generators.

(Yo @)(E) =1

Next

—(¥) = F
Since K is obvious, we’ll skip to L.
(o d)(L) = ¢(o(L))
= Y(HK)
= Y(H)Y(K)
=LKK=1L

Showing that ¢ o ¢ = id is similarly verified. Thus, 1 = ¢! and we have our isomor-

phism.

Note, then, that the projection of U;(sl(2)) onto U(sl(2)) is obtained by

F—X, F—Y L—H K—1

O]

But we can actually say more than this, namely, that U(s((2)) = Ui(sl(2))/(K — 1) as
Hopf algebras. To see why, we first need to know what A(L),e(L) and S(L) are. Since
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L = [E, F| we find that

A(L) = A(EF — FE)
= (E®K+1®E)(FRI+K 'QF) - (FI+K '9F)(E®K+1®E)
—FFQK+EK'®@KF+FQE+K '®EF
~FE®K-FQE-K 'EQFK—-K '@FE
—FF®K-FE®K+K 'QFEF-K'®@FE+EK '@KF-K 'E® FK
= (EF-FE)® K+ K '@ (EF - FE)+ K 'E® ¢ ?FK - K 'EQ FK
—LeK+K 'L

and

Finally

S(L) = S(EF — FE)
= S(EF) - S(FE)

= S(F)S(E) — S(E)S(F)

= -KF(-EK ')+ EK '(-KF)

=KFEK ' - EK'KF

= ¢*’¢ ?’KK~'FE - EF

=FE—FEF=—L

Now, for Uy(s((2))/(K — 1) the coalgebra structure becomes

A(E)=E®1+1QF
AM(F)=F®1+1®F
AM(L)=L®1+1®L

To see that ¢ : Uy(s((2))/(K — 1) — U(sl(2)), as defined at the end of the above proof,
will be a morphism of coalgebras in addition to being a morphism of algebras, it must

be shown that

é
D U(sl(2))
A A
U1 (s1(2)) ®2
W e UGI2)®?
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commutes for each generator. Let’s do E:

(Ao g)(E) = A(¢(E))
= A(X)
=X®1+1 X

and

(¢® @) o A)(E)= (9@ 9)(ER1I+1QE)

=¢(E) ® ¢(1) + ¢(1) ® ¢(E)
=X®1+10X

The rest hold similarly. So, since ¢ is a coalgebra morphism, so is its inverse. Finally,

we show that ¢ respects the antipodes, which requires that

U (s1(2)) 51 U1(s1(2))
(K—1) (K—1)
% %

U(sl(2)) U(sl(2))

commute for the generators. Again, let us check E. First, S(¢(F)) = S(X) = —X. But
also, ¢(S1(F)) = ¢(—FE) = —¢(E) = —X. The rest are similarly shown. This shows ¢

to be a Hopf morphism and thus, we have our isomorphism of Hopf algebras.

7.5 Representations of U,(sl(2))

When talking about representations of U,(s[(2)) it matters whether or not ¢ is a root of
unity. In case ¢ is not a root of unity, then Uy(sl(2)) behaves like U(sl(2)) over a field
of characteristic 0. However, if ¢ is a root of unity, then U,(s((2)) behaves like U(s((2))
over a field of prime characteristic. In fact, when the field is the complex numbers and
q is a prime p'* root of unity bigger or equal to 3, then the representation theory looks
like that of s(2) over an algebraically closed field of characteristic p. We shall consider

both options for ¢ starting with ¢ as not a root of unity.
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7.5.1 When ¢ is not a Root of Unity

What we will do is determine all finite-dimensional simple Uy (sl(2))-modules when ¢ is
not a root of unity. In case V is such a U, (s[(2))-module, this time denote by V* (\ # 0)
the weight space of weight A of V. That is, the space of all v € V such that Kv = Av.

Definition 7.9. Let V be a U,(sl(2))-module and A a scalar. An element v # 0 of V
is a highest weight vector of weight X if Ev = 0 and Kv = Av. A U,(sl(2))-module is a
highest weight module of highest weight A if it is generated (as a module) by a highest
weight vector of weight .

Lemma 7.10.
EV> c VI and FV* c Ve

Proof. Let v € V* and consider the vector Ev. We have

K(Ev) = (KE)v
= (’EK)v
= ¢’E(Kv)
= ¢*E(\v)
= ¢’ \Ev

Thus, by definition, Fv € V4*A. Similar calculations show that Fo € V4 2. O

Proposition 7.11. Any non-zero finite-dimensional U,y (s((2))-module V' contains a

highest weight vector. Also, the endomorphisms induced by E and F on V' are nilpotent.

Proof. The proof of the first part proceeds identically to the proof of Proposition 5.29.
The second part we can show by contradiction. First, we note that EF and F' will
be nilpotent in case their only eigenvalue is 0. Suppose, then, that v is a non-zero

eigenvector for E with A # 0 as its eigenvalue. Then

E(Kv) = (EK)v
= (¢ *KE)v
= ¢ 2K (Ev)
=q¢ ?KX\v
= ¢ ?\Kv

which shows that Kwv is also an eigenvector of E. By induction, K™v is likewise an

eigenvector of E for every n € N with eigenvalue ¢~2"\. This implies that F has
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infinitely many distinct eigenvalues, which is not possible since V is finite-dimensional.
Thus, our assumption that A # 0 is false implying that E is nilpotent. The same
reasoning holds for F'. O

Lemma 7.12. Let v be a highest weight vector of weight X. Set vg = v and for p > 0

let vy, := ﬁF”v. Then

—(p=1) ) — gp—1)—1
Kv, = )\q_vap, Ev, = 1 = qijl Up—1,  Fup—1 = [plop

Proof. Take each in turn.

_ 1
~ [p)!

1
_ inPWFpKU [using Lemma 7.5]

1
— \g—2p P
= [WFU

= )\q_zpvp

Kuwv, KFPy

1
FEv, = —FEFPy
T
1— —17—1
_i([ }Fp—lq "K—¢ K
[p]! q—q
1 =g — gp~ 1K1 1
v+ —
! [p]!

4—FPE)U [by Lemma 7.5]

— Fp—lq
[p—1]! q4—q

1 l-pRy — P~ 1K1

- [p 1]!Fp71q . q,l v + 0 [v is highest weight]
Tk q—dq
1 1=p 2Oy — gP~1\~1,0

- [ 1]!Fp71q i q_1 77 [by previous case with vy = v]

p =1 q—q

FPEv

1=p)\ _ gp—1)\~1 1
— q Q_l . Fp—lv
q—q [p—1]!

qlfp)\ _ qp71>\71

1
[p—1]!
1 P
:@—WFU
_ 0,
i

= [plvp

Fo, 1= F( Frio)
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Theorem 7.13. (a) Let V be a finite-dimensional U,(sl(2))-module generated (as a
module) by a highest weight vector v of weight A. Then

(i) The scalar X\ is of the form A\ = £q" where n := dim(V') — 1.
(i1) The set {vo,v1,...,vn} is a basis of V and v, =0 for p > n.

(i1i) The operator K acting on V' is diagonalizable with the (n+ 1) distinct eigen-
values
{0, £¢" % 2¢" " g

(iv) Any other highest weight vector in'V is a scalar multiple of v and is of weight
A.

(v) The module V is simple.

(b) Any simple finite-dimensional Uy(sl(2))-module is generated by a highest weight
vector. Any two such finite-dimensional modules generated by highest weight vec-

tors of the same weight are isomorphic.

Proof. By Lemma 7.12 we know that Kv, = Aq¢~*Pv,, which implies that {v,},>0 is
a sequence of eigenvectors for K with distinct eigenvalues. But this sequence cannot
be infinite on account of V' being finite-dimensional. It follows that there must be an
integer n such that v, # 0, but v,41 = 0. But if v, # 0, then the fact that Fv,—1 = [p]v,
implies that v, # 0 for 0 < m < n. Similarly, if v,41 = 0, then v,, = 0 for m > n. We

therefore have

qfn)\ _ qn)\fl

v, =0
g—qt "

Evpqq =

which implies that ¢~ \ = ¢"A~! and, in turn, that A\ = +¢™.

Now, since {vp, ..., vy} consists of non-zero eigenvectors with distinct eigenvalues, this
set must be linearly independent. It is also the case that Span(vy,...,v,) = V. This
follows from the fact that v generates V' as a Uj,(sl(2))-module along with the equations
of Lemma 7.12. Thus, dim(V') = n + 1. With respect to this basis, the relation

Kuv, = /\q_2pvp

together with the fact that A\ = £¢™ implies that K, acting on V, has n + 1 distinct
eigenvalue, namely

+q",£¢" 2, . 2T g

And because dim (V') = n + 1, it follows that K is diagonalizable. We have thus estab-
lished (i)-(iii).
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For (iv), suppose v’ is another highest weight vector. It must therefore be an eigenvector
for the action of K and hence a scalar multiple of one of the v;. By Lemma 7.12, F
annihilates v; if and only if i+ = 0. But vy = v; thus, v/ is a scalar multiple of v and

therefore has the same weight.

Suppose V' is a non-zero Uy (s(2))-sub-module of V and v’ is a highest weight vector of
V'. Then v’ is also a highest weight vector of V. By (iv) v' must be a non-zero scalar
multiple of v and hence v € V. But v generates V and therefore V' C V'’ implying that
V = V’. This establishes (v), that V is simple.

Finally, for (b), let v be a highest weight vector of V. From what we just established, if V'
is simple, then the submodule generated by v is necessarily identical to V and hence V is
generated by a highest weight vector. It is now easy to see that given finite-dimensional
simple Uy(sl(2))-modules V' and V’, respectively generated by highest weight vectors v

and v’ of weight A, the map v; — v} for all 7 is an isomorphism of modules. O

Note in particular that the above theorem implies that V = €, VA, Tt also implies that
there is a unique (up to isomorphism) simple U,(s[(2))-module of dimension n+ 1 which
is generated by a highest weight vector of weight +¢". Let’s denote this module by V. .,

where € = +1. Denote the corresponding algebra morphism by

Pen  Ug(sl(2)) — End(Ve )

With respect to the basis {vy, ..., v, }, we now give the representations for the action of

generators I, F' and K on V,. Since K is diagonalizable we have

_qn . -
0 ¢"? 0
Pe,n(K) =*
0 @?™™ 0
0 q"
For F¥ and F we have
0 ] 0o ... 0] [0 ]
0 0 [n—=1] ... O 1 o0 ... 0
pe,n<E)::|: ) pe,n(F): 0 [2] 0 0
[1] : :
i 0 0] |00 [n] q
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7.5.1.1 Verma Modules

Suppose we now fix an arbitrary non-zero value for A\. Let V(A) be the infinite-

dimensional vector space having denumerable basis {v;};cn. For p > 0, set

Kup := A\g Pv,, K v, := A%, (7.15)
PN — gP\ !
Evpy1 = %%, Fup :=[p+1vpy1, FEvy:=0 (7.16)

Lemma 7.14. The infinite-dimensional vector space V(X) is a Uy(sl(2))-module under
the relations (7.15) and (7.16). Furthermore, V(\), as a module, is generated by v
which is a highest weight vector of weight X.

Proof. First, note that

KK v, = K(A\'¢*v,)
= A_lquKvp
— A—qup)\q—QpUp

Similar reasoning results in K 1K vp = vp. Next, we have

KEK v, = KE(\"'¢%Pv))

l—p)\i p—l)\—l
_ q q
= 1q2PK< R vp_l)
17p)\ _ pfl)\fl
_ q q
=A"1g? P N
1 PN\ — P 1)\ 1
AL 2p4d Q_l )\q2_2pvp,1
q—4q
2@ PA— gPm N
=q — p—1
q—q "
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Similar reasoning produces KFK~! = ¢~ %F vp. Finally, consider that

E, Flv,=FEFv,— FEv
P p p

ql—p)\ _ qp—l)\—l
Up_1>

= B(lp+ 1Jup1) - F( .

q—q
g PA— P! gt PN — PN
=p+1————v —[p] v
qg—q ' 7 q—q ! b
gttt — gt P — gPA ! @ —q P gt PA— gt INE
— . UV — . v,
q—q7! g—q ' P q-q! q—q7! g
B q1—2p)\ _ q—(2p+1))\ 4+ q2p—1)\—1 _ q2p+1)\—1
a (¢g—q71)? Up
Cg=gH@PA—¢PAY
- (G—aF 7
K- K1
= —)v
g—q ' "

This shows that V/(X) is a U,(sl(2))-module. Now, it is easily seen that Kvy = Avy and,
by definition, Fvg = 0, so vg is a highest weight vector of weight A. To show that vy
generates V'()), note that Fv, = [p + 1Jvp41 implies that vy = ﬁF vp and hence
that v, = ﬁva,l. Applying F' to both sides yields Fv, = ﬁszp,l. By substitution,
this turns into [p + 1jvp41 = ﬁFQUp_l, which then becomes vy = mF%p_l. In
turn, this implies that v, = m
that v, = ﬁF”UO for all p. But vg = v, so it generates all of V(). O

F2vp_2. Iterating this procedure eventually yields

This infinite-dimensional Uy,(s[(2))-module is what we call a Verma module of highest
weight A. The technical definition of a Verma module need not concern us here, but one

may consult [13] for a more thorough treatment of the topic.
Verma modules are important because they generate highest weight modules.

Proposition 7.15. Any highest weight Uy (s((2))-module of highest weight X is a quotient
of the Verma module V(X).

Proof. Let V' be an arbitrary highest weight Ug,(s[(2))-module generated by highest
weight vector v. Let f: V(A) — V be the linear map defined by

1 Py
f(vp) == WF
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By Lemma 7.12, f is a U,(s((2)) - morphism, since

f(KUp) = f()‘qizpvp)

+ FpE> v [by Lemma 7.5]

= )\q_ZPf(”p)
1
— )\q—2p7va
[p]!
1
=\ P—FPX\1Kv
[p]!
— q_QPLFpKU
[p]!
and
Kf(v,) = K- F
v,) = K—FPv
P [p]!
1
= —KFPv
[p]!
oy 1
=q¢ P—FPKv
[p]!
Also
l—p)\_ p—l)\—l
q q
[(Buy) = f ( . _1)
(Evp) p— »
lfp)\_ pflAfl
q q
= q— qfl f(vpfl)
1-py _ ,p—1y—1 1
= q A q—l A . Fp_l'U
q—q [p—1]!
and
Loy
Ef('l}p) = EwF v
_ 1 EFP
Tt
1 g PK — P KT
= o (b S
[p]! q—q
1 1pr _ pflel
- N IR
[p—1]! q—q

1—p)\ _ p—l)\—l 1
= q q,l . 'Fp_l’U
q-q [p—1]!
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Finally,

and

Furthermore, f is surjective since f(vg) = v generates V. The First Isomorphism The-

orem therefore yields

O

As an example we have that the simple finite-dimensional module V., is a quotient of
the Verma module V(£q").

7.5.2 When ¢ is a Root of Unity

When ¢ happens to be a root of unity, the resulting theory becomes less tame. In
other words, matters become more convoluted. Nevertheless, let us dive in and see what
becomes of it. Suppose ¢ is a root of unity, though not 1 so that ¢® # 1. Let d > 2

represent the order of q. Next, define

P d/2, if dis even
“C 1 d, ifdis odd
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Note that [de | = 0, since

d —d
q e,0 __ q e,o
[dejo) = ———7—
q—4q
If d is odd, then we have
gleo — g e _ ¢ — g 0
q—q! q—q!
and if d is even we get
qde,o _ q—de,o _ qd/2 _ q—d/2
q—q! q—q*

/2 | g2 — g=d/2
q?  q—q!

__a'=q
q%%(q—q7)

B ) U
q%%(q—q)

Things aren’t so bad if the dimension of a simple Uy(s((2))-module is sufficiently low.
When this is the case, we get essentially the same modules as when ¢ is not a root of

unity. But how low is sufficiently low?

Proposition 7.16. Any simple non-zero Uy(sl(2))-module of dimension < de, is iso-

morphic to a module of the form Ve, where 0 <n < de,.

Proof. Observe that when n < d., we get distinct scalars 1, ¢, ....,¢*". The rest of the

proof proceeds as in Theorem 7.13. ]

Things are quite different when the dimension of the module exceeds d.,. We unveil

this difference after establishing a few lemmas.

Lemma 7.17. The elements B9, Fdeo and K% are members of Z, (i.e. the center

of Ug(s1(2)))-

Proof. Because each follows a similar line of reasoning using the results of Lemma 7.5,

we’ll consider it sufficient to demonstrate the centrality of E%-°. We have

Ede,o K — q_2de,o KEder
= 1KE%>
= K Efee
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The result holds similarly for K~! and E is obvious. We therefore proceed to check F.
de,o—lK - ql_de’oK_l
q—q*

=0+ FE%° [[d.,] = 0]

EeoF = [dg o) B4 + FEdeo

= FE%e

O

Lemma 7.18. If z € Z,, then z acts on any finite-dimensional simple Uy(s((2))-module

V' by scalar multiplication.

Proof. Let p, be the endomorphism of V' induced by the action of z. Note that this will
be a Uy(s(2))-morphism, since z is central. That is, for any u € Uy(s[(2)) and v € V

pz(uv) = zuv = uzv = up,(v)

Now, because V is finite-dimensional and we are working over C, the endomorphism p,
has an eigenvalue A. This means that Ker(p, — Aidy) is a non-trivial submodule of V.
But V is simple. Therefore, Ker(p, — Aidy) = V. It follows that z acts on V' by scalar

multiplication. ]

Proposition 7.19. There is no simple finite-dimensional Uy(sl(2))-module of dimension

greater than de .

Proof. Let’s suppose that there does exist a simple finite-dimensional U,(s[(2))-module

V' of dimension > d .

Suppose there exists a non-zero eigenvector v € V for the action of K such that Fv = 0.
Consider, then, the subspace V' of V generated by v, Ev, ..., E%°~y. As a subspace it
has dimension at most d. , and if we can show that it is also a sub-module of V', then we
will have a contradiction. To show that V' is indeed a submodule we will demonstrate
that it is stable under the actions of the generators K, F and F. Clearly, V' is stable

under the action of K, since

K(EPv) = KEPv
= ¢’ EPKv  [by Lemma 7.5
= ¢*PA\EPy
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For E we have E(EPv) = EPtly, which is clearly in V' if p + 1 < de,. If, however,
p+ 1 =dc,, then we will have Edeoy, which, by the previous two lemmas, is equal to

cv for some constant c¢. Thus, V' is stable under E.

Finally, for F' we have

F(EPv) = FEPv

pflK _ 17pK71
= <EPF - [p]Ep_lq q_l > v [Lemma 7.5
q—q
_ prpy— [p 1€ Ke PR
q—q*
- e A
q—q!
A A e,

q—qt

So, V' is also stable under F. This shows that V' is a non-zero submodule of V of
dimension < d, ,, which contradicts the fact that V' is simple. Thus, we cannot suppose

that there is a non-zero eigenvector v € V for the action of K such that Fv = 0.

Despite there being no non-zero eigenvector v € V for the action of K such Fv = 0,
there is still a non-zero eigenvector v € V' for the action of K (but Fv # 0). Let V" be
the subspace of V generated by v, Fv, ..., F%o~ 1y, As in the case above, V" is stable
under the action of K. It is also stable under F' by similar reasoning to the previous case
with stability under E. The more interesting case is stability under F in this context.

First, if p > 0, then

E(FPv) = EF(FP~ 1)
-1 _
= <FE Y _?) Frly
q—q
gK + ¢ 'K gK+¢'K1' K1-K o1
a—a 9>  \ (a—q¢1? q—q! e

=@E+

. gK+q 1K1 . . . . .
Let Cy = FE + Tamg The reason for introducing this Cy is that it is actually

a very important element called the quantum Casimir element. While interesting, the

only thing we need to know about Cj is that it belongs to the center of U,(sl(2)) (see
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[7]). Thus, by Lemma 7.18, C, acts by scalar multiplication on V. We therefore have

-1 -1 1
B(FP) = (Cq gK+q 'K (+ (4 —132 (E !~ K)> ey
q—q
K '+q¢ 'K
= (C0 Tt )
_ -1 gK '+ q 'K
= Cqu v — WFP v
K1 1K
= cFP~1y — q(—i_ql)sz_lv [c a scalar]
q—q

and this is an element of V", since K stabilizes V”. Now, if p = 0, then we may employ
the same argument, but with the substitution v = ¢/"1F%.y for some scalar ¢/. This
holds by Lemma 7.17 and Lemma 7.18. In other words, F%e is central and so acts by

scalar multiplication.

Therefore, V" is a non-zero submodule of V', which again is a contradiction. It must
therefore be that there are no simple finite-dimensional U, (s[(2))-modules of dimension

greater than de . ]

So, for sufficiently low dimension (less that d.,) we recover the modules obtained when
q is not a root of unity. On the other hand, there is a point (greater than d.,) at which
no such modules exist. But what about the dividing line itself? In other words, what
happens if the dimension is de,? In this case, it turns out that there are only three

“kinds” of modules up to isomorphism. These are given in the following list:

1. V(X a,b) with b# 0

2. V(\,a,0) where \ is not of the form +¢/~! for any 1 < j <d., — 1

3. V(£¢* 7, c) withe#0and 1 < j <d.,—1

The notation V' (A, a,b) is meant to indicate that modules of this kind depend on the
three complex numbers A, a and b, where X is assumed non-zero. These modules have

basis {vo, ..., 4, ,—1} and for 0 <p < de, — 1
Kuvy, = )\q*2pvp

—P) — P!
- <qq_qql[P+ 1] +ab> Up

Fup, = vp11

and Evy :=avg, ,—1, Fvg, ,—1 :=bvg and Kvg, .1 := )\q_Q(de"’_I)vde ,—1 otherwise.
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The modules denoted by XN/(,u, ¢) depend on two scalars  and ¢ where o # 0. These too
have basis {vo, ..., V4, ,~1}, but £, F and K, in this case, act by

Koy := ug*v,
¢ Pt — 4P
Foyp1i=————[p+1v
D e L L
Evy = vpia

2

if 0 <p<deo—1and Fvg:=0, Bvg, ,—1 := cvg and Kuvg, ,—1 := p1q" “vq, ,—1 otherwise.

These modules are all indecomposable (see [7]).

7.5.3 Action on the Quantum Plane

Enter once more the quantum plane. We now describe how U, (s[(2)) acts on this mys-

terious object.

Let A be an algebra. For any a € A, let a, represent right multiplication by a. Similarly,
let ay represent left multiplication by a. Now, if « is an automorphism of A, then we
have

aoap=cala)yoa and «aoa, =ala),oa
We now define an even more generalized kind of derivation as follows:

Definition 7.20. Given any two automorphisms « and o of an algebra A, we say that

a linear endomorphism %, is a («a, o)-derivation if
Dao(ab) = a(a)Doo(b) + Doo(a)o(b)
for all a,b € A.
Note that Zy s © ap(b) = P (ab), which allows us to write
Doooar=a(a);0 Doo+ PDao(a)ioo
Using right multiplication we also have
Do oar =0(b)r 0 Dag+ Pao(b)roa

Lemma 7.21. Let P4, be a (a,0)-derivation of A and a € A. If there exist algebra

automorphisms o' and o’ such that

/ /
aroa =apoa and ago0 =a,00
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then the linear endomorphism a;o P4 is a (!, 0)-derivation and a, © Do is a (o, 0')-

derivation.

Proof. For the first,

(ag © Da,o)(ab) = ar(a(a)Da,s(b) + Da,o(a)a (b))
= a(a(a)Za,o(b) + Za,o(a)a(b))
= a0(a)Pa,s(b) + 6D o (a)o(b)
= (a¢° @)(a)Za,o(b) + (ar © Do) (a)o(b)
= (ar 0 a')(@)Za,0 (0) + (ar © Do 0)(a)o (D)
= /(0)a%e5(b) + (a0 Do »)(a)o (b)
= a/(a)(ar © Zao)(b) + (ar © Da,g)(a)o(b)

For the second,

(ar © Dap)(ab) = ar((a)Za.o(b) + Dao(a)o (b))

O]

From here on, let us assume that the algebra A is the quantum plane k4[x,y]. Define

algebra automorphisms o, o, of K4z, y] by

oo(x) :=qx, 0.(y):=y Uy(y) =qy, Uy(m) =T

Clearly these automorphisms reduce to the identity morphism when ¢ = 1. Now just as
there are partial derivatives in the classical case, we also get g-analogues for the quantum
plane, which, according to our pattern thus far, we denote by d,/0x and 9,/0y. Define
these as follows: For all m,n > 0 set

m—1, n aq(xmyn)

M = [m]x Y and T = {n]x Yy

oz
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That this is an analogue should be stressed, since one might find it troubling that the
classical partial derivative is not recovered when ¢ = 1. Nevertheless, the imitation of

the power rule keeps things rather tame or well behaved as in the classical case.

Through patient calculation it can be shown that the following commutation relations

hold amongst the maps x(, Zr, Y¢, Yr, 0z, 0y, Og/Ox and Jy/0y (see [7]):

Yoy = qTeYe, TrlYr = qQYrZy

OxZyyr = qTeyrO0xy, OyYor = qQYrrOy

0 15) 15) 0
aq%.aa: = quailq%J aizay = qoy 8;
aq 6q q 8(1
%W qyé%, 8*%’ = quéTy
0 _ 0, _
87;%[ =q 13728; + 0z —q:cg—q —|—le

LT A R R
8y T T 8:{/ Yy T ay Yy
Besides this, one can also show that

0, op—o;} o, oy—o,!
Tyt = % and y, o = 7}1
dx q—q dy  q—q

All other commutations between these are trivial in the sense that they commute per-
fectly. We now connect these g-partial derivatives to the modified derivations we defined

above.

Proposition 7.22. The endomorphism 9,/0x is a (0, tooy, 0,)-derivation, while ,/0y

. 71 . .
is a (0y, 0, 0 0, ")-derivation.

Proof. Let a,b € A and D a linear endomorphism of A be such that
Doay :OZ(CL)ZOD—{—D((I)EOO'

and

Dobg:a(b)gOD+D(b)gOU
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Then we have

Do (ab)e(c) = D
D

(ab)c)

ag o by(c))

= (D oagoby)(c)

= ((a(a)eo D+ D(a)g o a) o by)(c)

= (a a)eODObé)( )+ (D(a)¢ oo oby)(c)

= (a(a)go (a(b)go D+ D(b)goc))(c)+ (D(a)g oo oby)(c)
= (

= (

= (

= (

—_

(

(a)

a(@)eoa( )eo D)(c) + (a(a)e o D(b)g o o)(c) + (D(a)e o o o be)(c)

a(ab), o D)(c) + a(a)D(b)o(c) + D(a)o(b)o(c)

a(ab), o D)(c) + (a(a)D(b) + D(a)o(b))o(c)
(ab)e o D)(c) + (D(ab)¢ o 0)(c)

a(ab

Since ¢ was arbitrary we get the same relation for the product ab. Because of this,
we now check to see if the (a, o)-derivation relations hold for our g-partial derivatives
when a = x and b = y. If so, then it will hold for the product xy and since x and y
generate the quantum plane, it will follow that the g-partial derivatives are the desired

derivations. Consider d,/0x. Using the commutation relations above we find that

0 Oy 0 19)
-1 Yq q _ 1. Y% _ Y%
(Um O-y)(x)f or + ( O >K x=4q Xy O +0g arxf
and Oy 19) 0y 0Oy
_ Y
(079 (W) 87+ <8qx>4 _qw@x &r‘w
The case for 9,/0y holds similarly. O]
Theorem 7.23. For any P € rqlx,y|, set
0, P 0, P
EP =2, FP:=""— 7.17
KP:=(0,00,")(P), K 'P:=(0y00,")(P) (7.18)

(i) Under the above formulas kqlx,y] is a Uq(sl(2))-module-algebra.

(11) The subspace kq[z,y]n of homogeneous elements of degree n is a Uy(s((2))-submodule
of the quantum plane. It is generated by the highest weight vector x™ and is iso-

morphic to the simple module V1 .

Proof. (i) First we need to check that the action is well-defined. For computational

purposes, we shall suppress the “o” symbol. Now, clearly (KK )P = (K~'K)P = P.
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Next, using the commuting relations listed above we have

(KEK )P = (axafl)(x&)(ayafl)]?

Y T

dy
19)
-1, Yq -1
P
Y xgayayaw )
~104

200, —0y)P

(0,0

-1

(020,

That (KFK')P = ¢ 2FP is similarly proved.

Finally, we again use the above relations to show that

[E,F|P =

9

%
(“ay%@x - y’"a:c”ay) P

0,

9y 9y

0,

0y> gjc —Yr <q71$68*; + 035)

9y 9y

—1 Yq Yq
YrZe ar Oy

—4q

9q
dy

—YrOgx

P
9y

0

)7

So kqlz,y] is a Uy(sl(2))-module. To show that it is a Uy(s((2))-module-algebra we shall

make use of Lemma 6.2, which requires that for any u € U,(sl(2))

ul =e(u)l

(7.19)
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as well as

K(PQ) = K(P)K(Q) (7.20)
E(PQ) = PE(Q) + E(P)K(Q) (7.21)
F(PQ) = K~ (P)F(Q) + F(P)Q (7.22)

for any P, Q € kq[z,y].

For (7.19), since { E*FY K"}, jeneez is a basis for Uy (sl(2)) and ¢ is an algebra morphism,
e(u) = 0 for all u € Uy(sl(2)) involving non-zero powers of E and/or F' given that

e(E) =&(F)=0. Now K -1 = (0,0,')(1) = 1 and likewise K~' -1 = 1. For E we have

and likewise F'-1 = 0. From these it follows that, for « containing non-zero powers of
E and/or F, u-1=0 and hence u-1=¢(u) - 1.

If, however, u is in terms of powers of K only, then because ¢(K) = e(K~!) = 1 and
K- 1=K '.1=1, we again have that u -1 = &(u) - 1. Thus, (7.19) holds.

Relation (7.20) is obvious since K acts as an algebra automorphism. The remaining
cases of (7.21) and (7.22) follow from Lemma 7.21 and Proposition 7.22.

(ii) First note that Ex" = xaqazn = 0. Next,

Ka" = (0,0, ") (z")

= 0z(0y Yz)™) o, ! an algebra automorphism]|

= o, (z")

n

=o.(z)" [0, an algebra automorphism)]

n

= (qx)

— qnxn

So, ™ is a highest weight vector of weight ¢”. Finally, note that

o,x"
Fn: q
v (%Uy

= [n]z" "y
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and then
F?2™ = F([n]a" " 1y)
= [ F""y)
Ogx" Ly
= ][ — 1]a"2?
Iterating this process yields FPz" = [n][n—1]--- [n—(p—1)]a" PyP. From this it follows
that

1
[p]!

Thus, k4[x,y|n is a submodule of the quantum plane generated by the highest weight

n
Py — [ ]wnpyp
p
vector 2" and is therefore isomorphic to Vi ;. O

7.5.4 Duality between U,(sl(2)) and SL,(2)

In this section we explore the quantum analogue of the duality between U(sl(2)) and
SL(2) established in Chapter 5. Again, our goal is to construct an appropriate algebra
automorphism 1, first from My (2) into U;(sl(2)). Having such a morphism would be

equivalent to possessing a matrix

B| . .
| with 4.B,C, D € U (s1(2))

In this case we shall make use of the simple U,(s[(2))-module V; ; of highest weight ¢,
with basis {vg,v1} and representation p;;. Computing the matrix representations of

the generators yields

R AR N A

For an arbitrary element u € Uy(s[(2)) we have that p; ;(u) is some 2 x 2 matrix and,

as before, we shall write this as

p1,1(u) =

We shall now start from the above matrix with entries A, B, C, D and work backwards

to see if we get the desired morphism 1 that will give us the duality inducing bilinear
form (u,x) = ¥ (x)(u).

A Bl . _
Lemma 7.24. [C’ D] is a Uy (sl(2))-point of My(2).
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Proof. The proof of this is direct, albeit tedious. So, to obviate unnecessary length to

an already lengthy thesis, the reader is directed to [7] for a complete proof. O

Proposition 7.25. The bilinear form (u,x) = ¥ (x)(u) realizes an imperfect duality
between the bialgebras Uq(sl(2)) and My(2).

Proof. The proof follows the same line of reasoning used in the classical case. O

Lemma 7.26. For the quantum determinant det, of My(2), we have that ¢ (dety) =1

Proof. As in the classical case, det, is a grouplike element. Thus, (—, det,) is an algebra
morphism. Our task, again, is to show that for u € U,(sl(2)), (u,det,) = e(u), which is
true if it holds for the generators of U,(sl(2)). For our purposes, however, we’ll content

ourselves with showing that it holds for F and K.

¥(dety)(E) = (E,ad — ¢~ "bc)

= (F,ad) — ¢ (E, bc)

= (A( )a®d>—q YA(E),b®c)

= (E®K+1®E,a®d) —q¢ {HEQK+1QE,b®c)
—(EQK,ad)+(1®E,a®d) —q¢g HEQK,b®@c)—q (1R E,b®c)
= (B, a)(K,d) + (1,a)(E,d) — ¢ (B, b)(K,¢) — ¢ ' (1,b)(E, ¢)

= A(E)D(K) + A(1)D(E) — ¢ 'B(E)C(K) — ¢~ 'B(1)C(E)
=0-¢g'41-0-¢t1-0-¢1-0-0

=0=¢(F)

For K we have

,ad — g tbe)
aad> - q_ <K’ bC)

(dety) (K) =
=
= (A(K),a®d) — ¢ " (A(K),b®c)
=
=

K
K
K®K,a®d) —q¢ (K®K,b®c)
K7a><K7d> - q_1<K7b><K7C>

— A(K)D(K) - ¢ B(K)C(K)
=qq ' —q 00



Chapter 7. The Quantum Enveloping Algebra Uy (s((2)) 317

Now, because ¢ (dety) = 1, it factors through SL,(2) = M,(2)/(det, — 1) and so we get
an induced morphism of algebras 1 : SLy(2) — Uy (s1(2)).

Theorem 7.27. The bilinear form (u,x) = 1(z)(u) realizes a duality between the Hopf
algebras Uy(s((2)) and SLy(2).

Proof. Again, the proof here is nearly the same as in the classical case. There is, however,

some novelty concerning the antipodes.

So, we end up with

Consider now that

S(a) S(b) B d —qb
Ef S(d)>—<E,f Y a]>
_s| Ba (B-w)
(B,~q'¢) (E,a)
B f' D(E)  —qB(E)
T |-¢'oB)  D(E)
— _0 -4
_f_o 0
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Thus, (S(E), f) = (E,S(f)). The result for F' is checked similarly. Also, since K and
K~ are sufficiently similar, we’ll finish by checking K.

On the one hand we have

_f'A(K*l) B(K™Y)
oY DK
el oo
1| q]

and on the other hand

g 'c a
[ o) s
—¢'C(K)  A(K)
_ a0
—f 0
Thus, (S(K), f) = (K, 5(f). n

The above theorem is a nice symmetric way to finish off our discussion, given our work
in Chapter 5. There is a great deal more that could be said and explored, but as we
have seen, it takes a lot of work and it only gets more difficult and abstract. Hopefully
the reader has gained some understanding from playing around in the shallow end of the
quantum group “pool”. As stated at the beginning of this chapter, the quantum group
explored here is a significant one. However, there are other very interesting kinds of
quantum groups as well. For instance, there are bicrossproduct quantum groups, which

are directly relevant to quantum mechanics and Planck-scale physics.

With the basis we have established in this thesis, one can now proceed to study the
famous Yang-Baxter equation. This involves notions of universal R-matrices, braided
and cobraided bialgebras as well as braided categories. In fact, we have barely scratched
the surface. Nevertheless, I hope this thesis was enlightening and spurs the reader on to

study this exciting and fascinating world in greater and greater detail.
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